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Introduction 

Cambridge International Examinations (CIE) Advanced Level Mathematics has been 
created especially for the new CIE mathematics syllabus. There is one book 
corresponding to each syllabus unit, except for this book which covers two units, the 
second and third Pure Mathematics units, P2 and P3. 

The syllabus content is arranged by chapters which are ordered so as to provide a viable 
teaching course. The first eleven chapters are required for unit P2; all the chapters are 
required for unit P3. This is indicated by the vertical grey bars on the contents page. 

A few sections include important results that are difficult to prove or outside the syllabus. 
These sections are marked with an asterisk(*) in the section heading, and there is usually a 
sentence early on explaining precisely what it is that the student needs to know. 

Some paragraphs within the text appear in this type style. These paragraphs are usually 
outside the main stream of the mathematical argument, but may help to give insight, or 
suggest extra work or different approaches. 

Graphic calculators are not pe_rmitted in the examination, but they are useful aids in learning 
. mathematics. In the book the authors have noted where access to a graphic calculator would 

be especially helpful but have not assumed that they are available to all students. 

Numerical work is presented in a form intended to discourage premature approximation. 
In ongoing calculations inexact numbers appear in decimal form like 3.456 ... , signifying · 
that the n'umber is held in a calculator to more places than are given. Numbers are not 
rounded at this stage; the full display could be, for example, 3.456123 or 3.456 789. 
Final answers are then stated with some indication that they are approximate, for 

. example ' 1.23 correct to 3 significant figures_'. 

There are plenty of exercises, and each chapter ends with a Miscellaneous exercise 
which includes some questions of examination standard. There are two Revision 
exercises for the material common to units P2 and P3, and a further Revision exercise 
for unit P3. There 'are also two Practice examination papersfor unitP2 at the end of 
P2&3, and two Practice examination papers for unit P3 at the end of P3. 

Some exercises foclude questions that go beyond the likely requirements of the 
examinations, either in difficulty or in length or both. In the P2&3 chapters some 
questions may be more appropriate for P3 than for P2 students. Questions marked with 
an asterisk require knowledge of results or techniques outside the syllabus. 

Cambridge University Press would like to thank OCR (Oxford, Cambridge and RSA 
Examinations), part of the University of Cambridge Local Examinations Syndicate (UCLES) 
group~ for permission to use past examination questions set in the United Kingdom. 

The authors tha\}k UCLES and Cambridge University Press, in particular Diana Gillooly, 
for their help in producing this book. However, the responsibility for the text, and for any 
errors, remains·with the authors. 



Unit P2 and Unit P3 
The subject content of unit P2 is a subset of the subject content of unit P3. 
This part of the book (pages 1-158) comprises the subject content ofunit P2, 
and is required for both units P2 and P3. The additional material required to 
complete unit P3 is contained in the second part of the book. · 
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1 Polynomials 

This chapter is about polynomials.which include linear and quadratic expressions. 
When you have completed it, you should 

• be able to add, subtract, multiply and divide polynomials 
• understand the words 'quotient' and 'remainder' used in dividing polynomials 
• be able to use the method of equating coefficients 
• be able to use the remainder theorem and the factor theorem. 

1.1 Polynomials 
You already know a good deal about polynomials from your work on quadratics in 
Chapter 4 of Pure Mathematics 1 (unit Pl), because a quadratic is a special case of a 
polynomial. Here are some examples of polynomials. 

3x3 -2x2 +1 
2x4 

3 
1-2x+3x5 

4-2x 
-J2x2 

x2 
lxl7 
2 

A (non-zero) polynomial, p(x), is an expression in x of the form 

axn +bxn-I + ... + jx+k 

x 

where a, b, c, ... ,k are real numbers, a :;e 0, and n is a non-negative integer. 

The number n is called the degree of the polynomial. The expressions axn, bxn-I , ... , jx 

and k which make up the polynomial are called terms. The numbers a, b, c, ... ,j and k are 
called coefficients; a is the leading coefficient. The coefficient k is the constant term. 

Thus, in the quadratic polynomial 4x2 
- 3x + 1 , the degree is 2; the coefficients of x2 

and x, and the constant term, are 4, - 3 and 1 respectively. 

Polynomials with low degree have.special names: ifthe polynomial has 
• degree 0 it is called a constant polynomial, or a constant 
• degree 1 it is called a linear polynomial 
• degree 2 it is called a quadratic polynomial, or a quadratic 
• degree 3 it is called a cubic polynomial, or a cubic 
• degree 4 it is called a quartic polynomial, or a quartic. 

When a polynomial is written ~s a.xn + bxn-I + ... + jx + k, with the term of highest 
degree first and the other terms in descending degree order finishing with the constant 
term, the terms are said to be in descending order. If the terms are written in the reverse 
order, they are said to be in ascending order (or ascending powers of x). For example, 
3x4 + x2 

- 1x + 5 is in descending order; in ascending order it is 5- 1x + x 2 + 3x4
. It is 

the same polynomial whatever order the terms are written in. 
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The functions _!_ = x-1 and -JX = x+ are not polynomials, because the powers of x are 
x 

not positive integers or zero. 

Polynomials have much in common with integers. You can add them, subtract them and 
multiply them together and the result is another polynomial. You can even divide a 
polynomial by another polynomial, as you will see in Section 1.4. 

1.2 Addition, subtraction and multiplication of polynomials 

To add or subtract two polynomials, you simply add or subtract the co(,!fficients of 
corresponding powers; in other words, you collect like terms. Suppose that you want to 
add 2x3 + 3x2 

- 4 to x2 
- x - 2. Then you can set out the working like this: 

2x3 + 3x2 
- 4 

x 2 
- x - 2 

2x' + 4x2 
- x - 6 

Notice that you must leave gaps in places where the coefficient is zero. You need to do 
addition so often that it is worth getting used to setting out the work in a line, thus: 

(2x 3 + 3x2 -4) + (x2 
- x -2) = (2 + O)x3 + (3 + l)x2 + (0 + (-l))x + ((-4) + (-2)) 

= 2x3 + 4x2 
- x - 6. 

You will soon find that you can miss out the middle step and go straight to the answer. 

The result of the polynomial calculation (2x3 + 3x1 
- 4 )-( 2x3 + 3x2 

- 4) is 0. This is 
a special case, and it is called the zero polynomial. It has no degree. 

Look back at the definition of a polynomial, and see why the zero polynomial was not 

included there. 

Multiplying polynomials is harder. It relies on the rules for multiplying out brackets, 

a(b+c+ ... + k) =ab +ac+ ... +ak and (b +c+ ... +k)a = ba+ca+ ... +ka. 

To apply these rules to multiplying the two polynomials 5x + 3 and 2x2 
- 5x + 1 , 

replace 2x2 
- 5x + 1 for the time being by z. Then 

(5x + 3)(2x2 
- 5x + 1) = (5x + 3)z 

= 5xz+3z 

= sx( 2x2 
- 5x + 1) + 3( 2x2 

- 5.x' + 1) 

= (10x3 -25x2 + sx) +(6x2 -15x + 3) 

= 10x3 -19x2 
- lOx + 3. 

In practice, it is easier to note that every term in the left bracket multiplies every term in 
the right bracket. You can show this by setting out the steps in the following way. 
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2x2 - 5x + 1 x 

10x3 - 25x2 + 5x 5x 

+ 6x2 - 15x + 3 +3 

10x3 + (-25+6)x2 + (5-15)x + 3 

giving the result 10x3 -19x2 
- lOx + 3. 

It is worth learning to work horizontally. The arrows below show the term 5x from the 
first bracket multiplied by -5x from the second bracket to get -25x2

. 

(5x+3)(2x 2-5~5x+ 1)+~2x 2 -5x+ 1) 

= (10.X -25x2 + 5x)+ (6x2 -15x +3) 

=10x3 -"-19x2 -10x+3. 

You could shorten the process and write 

(5x + 3)( 2x2 
- 5x + 1) = 10x3 

- 25x2 + 5x + 6x2 -15x + 3 

= 10x3 -19x2 
- lOx + 3. 

If you multiply a polynomial of degree m by a polynomial of degree n, you have a 
calculation of the type 

( m b m-1 )(Axn B n-1 ) Axm+n ax + x +... + x + ... =a + ... 

in which the largest power of the product is m + n . Also the coefficient aA is not zero 
because neither of a and A is zero. This shows that: 

5 

;;;~1ifif:'J'.'iOJ5I/IE&".lJ't'c'ilID'Ki~~~~ Exercise lA ~'~~milfJ[\D~~~m 

1 State the degree of each of the following polynomials. 

(a) x 3 -3x2 +2x-7 (b) 5x+l 

(d) 3 (e) 3-5x 

(c) 8+5x-3x2 +7x+6x4 

(f) XO 

2 In each part firid p(x) + q(x), and give your answer in descending order. 

(a) p(x)=3x2 +4x-1, q(x)=x2 +3x+7 

(b) p(x)=4x3 +5x2 -7x+3, q(x)=x3 -2x2 +x-6 

(c) p(x)=3x4 -2x3 +7x2 -1, q(x)=-3x-x3 +5x4 +2 

(d) p(x) = 2-3x3 +2x5
, q(x) = 2x4 +3x3 -5x2 +1 

(e) p(x) = 3+ 2x-4x2 -x3, q(x) = 1-7x+2x2 

"" 
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3 For each of the pairs of polynomials given in Question 2 find p(x)- q(x). 

4 Note that p(x) + p(x) may be shortened to 2p(x). Let p(x) = x3 - 2x2 + 5x - 3 and 
q(x) = x2 -x + 4. Express each of the following as a single polynomial. 

(a) 2p(x)+q(x) (b) 3p(x)-q(x) (c) · p(x)-2q(x) (d) 3p(x)-2q(x) 

5 Find the following polynomial products. 

(a) (2x--:: 3)(3x +l) 

(c) (x 2 +x-3)(2x+3) 

(e) (x2 +2x-3)(x2 +1) 

(g) (x 3 +2x2 -x+6)(x+3) 

(i) (1+3x-x 2 +2x3)(3-x+2x2 ) 

(k) (2x + 1)(3x- 2)(x + 5) 

(b) (x 2 +3x-l)(x-2) 

(d) (3x-1)(4x2 -3x+2) 

(f) (2x2 -3x+1)(4x2 +3x-5) 

(h) (x3 -3x2 +2x-l)(x2 -2x-5) 

(j) ( 2 - 3x + x2 
)( 4 - 5x + x3

) 

(1) (x2 +l)(x-3)(2x2 -x+l) 

6 In each of the following products find the coefficient of x and the coefficient of x 2• 

(a) (x+2)(x2 -3x+6) (b) (x-3)(x2 +2x-5) 

(c) (2x+ 1)(x2 -5x+l) (d) (3x-2)(x2 '--2x+7) \ 

(e) (7y -3)(3x 2 -6x+l) (f) (2x-5)(3x3 -x2 +4x+2) 

(I!\ (x2 -L2x-3)(x2 +3x-4) (h) (3x2 +1)(2x2 -5x+3) 

(i) (x2 +3x-l)(x3 +x2 -2x+l) (j) (3x2 -x+2)(4x3 -5x+l) 

7 In each of the following the product of Ax+ B with another polynomial is given. Using the 
fact that A and B are constants, find A and B. 

(a) (Ax+B)(x-3)=4x2 -llx-3 (b) (Ax+B)(x+5)=2x2 +7x-.15 

(c) (Ax+ B)(3x-2) = 6x2 -x-2 

(e) (Ax+ B)(x2 -1) = x3 +2x2 -x-2 

(g) (Ax+ B)(2x2 -3x+4) = 4x3 -x+12 

/ 

(d) (Ax+ B)(2x + 5) = 6x2 + llx-10 

(f) (Ax+B)(x 2 +4)=2x3 -3x2 +8x-12 

(h) (Ax+B)(3x2 -2x-1)=6x3 -7x2 +1 

1.3 Equations and idegtities 
In this chapter so far you have learned how to add, subtract and multiply polynomials, 
and you can now carry out calculations such as 

(2x + 3) + (x - 2) = 3x + 1, 

( x2 
- 3x - 4 )-(2x + 1) = x2 

- 5x - 5 and 

(1-x)(l+ x+ x2
) = l-x3 

fairly automatically. 

However, you .should realise that these are not equations in the normal sense, because 
they are true for all values of x. 
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In Pl Section 10.6, you saw that when two expressions take the same values for every 
value of the variable, they are said to be identically equal, and a statement such as 

(1- x)(l + x + x2
) = 1- x 3 

is called an identity. 

To emphasise that an equation is an identity, the symbol = is used. The statement 
(1-x)(l + x + x2

) = 1- x3 means that (1-x)(l + x + x2
) and 1-x3 are equal for all 

values of x. 

But now suppose that Ax+ B = 2x + 3. What can you say about A and B? As 
Ax + B = 2x + 3 is an identity, it is true for all values of x . In particular, it is true for 
x = 0 . Therefore Ax 0 + B = 2 x 0 + 3 , giving B = 3. But the identity is also true when 
x = 1, so Ax1+3 = 2x1+3, giving A= 2. Therefore: 

If Ax+ B = 2x + 3, then A= 2 and B = 3 .. 

This is an example of the process called equating coefficients. The full result is: 

If axn + bxn-l + ... + k = Axn + Bxn-l + ... + K, 

then a= A, b = B, ... , k =K. 

The statement in the box says that, if two polynomials are equal for all values of x, then 
all the coefficients of corresponding powers of x are equitl. 

This result may not surprise you, but you should be aware that you are using it. Indeed, it 

is very likely that you have used it before now without being aware of it. 

Example 1.3.1 
One factor of 3x2 

- 5x - 2 is x - 2. Find the other factor. 

There is nothing wrong in writing down the answer by inspection as 3x + 1. 
But the process behind this quick solution is as follows. 

Suppose that the other factor is Ax+ B. Then (Ax+ B)(x - 2) = 3x2 
- 5x - 2, 

and, multiplying out, you get 

Ax2 +(-2A+ B)x-2B = 3x2 -5x-2. -

By equating coefficients of x2
, you get A = 3 . Equating coefficients of x0

; the 
constant term, you get -2B = -2 , giving B = 1. Therefore the other factor is 
3x+l. 

You can also check that the middle term, -2A + B = -6 + 1 = -5 , is correct. 

You should continue to write down the other factor by inspection if you can. However, in 

some cases, it is not easy to see what the answer will be without intermediate working. 

7 
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Example 1.3.2 
If 4x3 + 2x2 +3 = (x-2)(Ax2 + Bx+C)+ R, find A, B, C and R. 

Multiplying out the right side gives 

4x3 + 2x 2 + 3 = Ax3 +(-2A+ B)x2 +(-2B+ C)x + (-2C+ R). 

Equating coefficients of x 3 : 

Equating coefficients of x 2
: 

Equating coefficients of x: 

Equating coefficients of x 0 : 

4=A. 

2 =-2A+ B =-2x4 +B =-8+B, so B =10. 
0 =-2B+C =-20+C, so C = 20. 
3 =-2C + R =-40+ R, giving R, = 43. 

Therefore A = 4, B = 10 , C = 20 and R = 43 , so 
4x3 + 2x2 + 3 = (x - 2)( 4x2 + lOx + 20) + 43. 

In practice, people often use the symbol for equality, =, when they really mean the symbol 

for identity, =. The context usually suggests which "meaning-is intended. 

~~'1•£~~i~0i~i;~W,fi&~~ Exercise lB ~~1@%~~~ 

1 In each of the following quadratic polynomials one factor is given. Find the other factor. 

(a). x 2 +x-12=(x+4)( ) (b) x 2 +14x~51=(x-3)( 

(c) 3x2 +5x-22=(x-2)( ) (d) 35x2 +48x-27=(5x+9)( ) 

(e) 2x2 -x-15=(2x+5)( ) (f) 14x2 +31x-10=(2x+5)( ) 

2 In each of the following identities find the values of A , B and R. 

(a) x 2 -2x+7=(x+3)(AxtB)+R (b) x 2 +9x-3=(x+I)(Ax+B)+R 

(c) 15x2 -14x-8 = (5x+2)(Ax+ B)+ R (d) 6x2 + x-5 = (2x + l)(Ax + B)+ R 

(e) 12x2 -5x+2=(3x-2)(Ax+B)+R (f) 2Ix2 -llx+6=(3x-2)(Ax+B)+R 

3 In each of the following identities find the values of A , B, C and R. 

(a) x 3 -x2 -x+12 = (x+_J)(Ax2 +Bx+ C)+ R 

(b) x 3 - 5x2 + lOx + 10 = (x - 3)( Ax2 +Bx+ C) + R 

(c) 2x3 +x2 -3x+4=(2x-I)(Ax2 +Bx+C)+R 
( 

(d) 12x3 + llx2 -7x + 5 = (3x +2)(Ax2 +Bx+ C)+ R 

(e) 4x3 +4x2 -37x+5=(2x-5)(Ax2 +Bx+C)+R 

(f) 9x3 +12x2 -)5x-10 = (3x + 4)(Ax2 +Bx+ C) + R 

4 In each of the following identities find the values of A , B, C , D and R. 

(a) 2x4 +3x3 -5x2 + llx-5 = (x+ 3)(Ax3 + Bx2 + Cx+ D)+ R 

(b) .4x4 -7x3 -2x2 -2x+7 = (x-2)(Ax3 + Bx2 + Cx+ D)+ R 

(c) 6~4 +5x3 -x2 + 3x +2 = (2x + l)(Ax3 + Bx2 + Cx+ D)+ R 

(d) 3x 4 - 7x3 +17x 2 -14x + 5 = (3x - l)(Ax 3 + Bx2 + Cx + D) + R 

~"1?.Jfi''?i.~~~;;2;S"1?2m:¥...~~~~~~~~W1:~W.~&~;-rep-;~-;:;l!1-\:~Th~~,.:.~~~~{":"$t~~~~~~:;-~~1'J~~~T.2-~~.?~~~~..S 
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1.4 Division of polynomials 
You can, if you wish, carry out division of polynomials using a layout liKe the one for 
long division of integers. You may already have seen and used such a process. However, 
you can also use the method of equating coefficients for division. 

When you divide 112 by 9, you get an answer of 12 with 4 over. The number 9 is called 
the divisor, 12 is the quotient and 4 the remainder. You can express this as an equation in 
integers, 112=9x12 + 4. The remainder r has. to satisfy the inequality 0 ~ r < 9. 

Now look back at Example 1.3 .2. You will see that it is an identity of just the same 
shape, but with polynomials instead of integers. So you can say that, when 
4x 3 + 2x 2 + 3 is divided by the divisor x - 2, the quotient is 4x2 + lOx + 20 and the 
remainder is 43 . The degree of the remainder (in this case 0) has to be less than the 
degree of the divisor. The degree of the quotient 4x2 + lOx + 20, which is 2, is equal to 
the difference between the degree of the polynomial 4x3 + 2x2 + 3, which is 3, and the 
degree of the divisor x - 2 , which is 1. 

When a polynomial, a(x), is divided by a non-constant divisor, b(x), the 
quotient q ( x) and the remainder r( x) are defined by the identity 

a(x) = b(x)q(x) + r(x), 

where the degree of the remainder is less than the degree of the divisor. 

The degree of the quotient is equal to the degree of a( x) - the degree of b( x) . 

Example 1.4.1 
Find the quotient and remainder when x 4 + x + 2 is divided by x + 1. 

Using the result in the box, as the degree of x4 + x + 2 is 4 and the degree of 
x + 1 is 1, tli.e degree of the quotient is 4 - 1 = 3. And as the degree of the 
remainder is less than 1, the remainder is a constant. 

Let the quotient be Ax 3 + Bx 2 + Cx + D , and let the remainder be R. Then 

x 4 + x + 2= (x + I)(Ax3 + Bx 2 + Cx+ D) +R, 

so x 4 + x + 2= Ax4 +(A+ B)x 3 + (B + C)x2 + (C + D)x+ D+ R. 

Equating coefficients of x4
: 

Equating coefficients of x 3 : 

Equating coefficients of:x 2
: 

Equating coefficients of x: 

Equating coefficients of x 0
: 

I =A. 

O=A+B, soB=-A, givingB=-1. 

0 = B + C, so C = -B, giving C =I. 
I =C +D, soD = 1-C, givingD =0. 

2=D+R, soR=2-D, givingR=2. 

The quotient is x 3 
- x2 + x and the remainder is 2 . 

'\ 
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Example 1.4.2 
Find the quotient and remainder when x 4 + 3x2 

- 2 is divided by x 2 
- 2x + 2. 

The result in the box states that the degree of the remainder is less than 2, so 
assume that it is a linear polynomial. Let the quotient be Ax2 + Bx + C, and the 
remainder be Rx + S. Then 

x4 +3x2 -2 = (x2 -2x+2)(Ax2 +Bx+ c) +Rx+ S, 

so x4 + 3x2 -2 = Ax4 + (-2A+ B)x3 +(2A-2B+ C)x 2 

+ (2B- 2C + R)x + 2C + S. 

Equating coefficients of x4
: 

Equating coefficients of x 3 : 

Equating coefficients of x 2 : 

Equating coefficients of x: 

Equating coefficients of x 0 : 

l=A. 

0 = -2A + B, so B = 2A, giving B = 2. 

3 = 2A - 2B + C, so C = 3 '- 2A + 2B, giving C = 5. 
0 = 2B - 2C + R, so R = -2B + 2C, giving R = 6. 

-2=2C+S, soS=-2-2C, givingS=-12. 

The quotient is x 2 + 2x + 5 and the remainder is 6x -12. 

When you are dividing by a linear polynomial, there is a quick way of finding the 
remainder. For example, in Example 1.4.1, when x 4 + x + 2 was divided by x + 1, the 
first line of the solution was: 

x4 +x+2 = (x+l)(Ax 3 +Bx2 +Cx+ D)+ R. 

Since this is an identity, it is true for all values of x and, in particular, it is true for 
x = -1. Putting x = -i in the left side, you get (-1)4 + (-1) + 2 = 2; putting x = -1 in 
the right side, you get Ox (A(-1) 3 + B(-1)2 + C(-1) + D) + R, which is simply R. 
Therefore R = 2. 

Similar reasoning leads to the remainder theorem. 

Remainder theorem 
When a polynomial p(x) is divided by x - t, 
the remainder is the constant p(t). 

Proof When p(x) is divided by x - t, let the quotient be q(x) and the 
remainder be R. Then 

p(x) = (x -t)q(x) + R. 

Putting x = t in this identity gives p(t) = 0 x q(t) + R = R, so R = p(t). 

Example 1.4.3 
Find the remainder when x3 

- 3x + 4 is divided by x + 3. 

Let p(x) = x 3 -3x +4. Then p(-3) = (-3)3 -3x(-3)+4 = -27 +9+4 = -14. 
By the remainder theorem, the remainder is -14. 
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Example 1.4.4 
When the polynomial p(x) = x 3 - 3x2 +ax+ b is divided by _x -1 the remainder is -4. 
When p(x) is divided by x - 2 the remainder is also -4. Find the remainder when 
p(x) is divided by x-3. 

By the remainder theorem, when p(x) is divided by x -1, the remainder is 
p(l) = 13 

- 3 x 12 + a + b = a + b - 2 . Therefore a + b - 2 = -4 , so a + b = -2 . 

Similarly, p(2) = 23 -3 x 22 + 2a + b = 2a + b- 4, so 2a + b- 4 = -4 and 
2a+b=O. 

Solving the equations a+ b = -2 and 2a + b = 0 simultaneously gives a= 2 and 
b = -4, making the polynomial p(x) = x 3 - 3x2 + 2x - 4. 

The remainder on division by x-3 is p(3) = 33 
- 3 x 32 + 2 x 3- 4 = 2. 

The. remainder theorem is us~ful for finding the remainder when you divide a 
polynomial by a linear polynomial such as x - 2, but it doesn't tell you how to find the 
remainder when you divide by a linear polynomial such as· 3x - 2. To do this, you need 
the extended form of the remainder theorem. 

Remainder theorem: extended form 
When a polynomial p(x) is divided by sx - t; 

the remainder is the constant p ( ~) . 

Proof When p(x) is divided by sx- t, let the quotient be q(x) and the 
remainderbe R. Then p(x)=(sx-t)q(x)+R. 

Putting x = !.. in this identity, 
s 

pG)=(sx~-t)xqG)+R=OxqG)+R=R, so R=pG). 

This proves that the remainder is the constant p ( ~) . 

Example 1.4.5 
Find the remainder when x 3 

- 3x + 4 is divided by 2x + 3 . 

Let p(x) = x 3 -3x+4. Then p{-~) = {-~)3 -3x(-~)+4 = - 2l +~ +4 = si. 
By the remainder theorem in its extended form, the remainder is 5 i . 

11 
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~r.,m,~~~~1 Exercise lC ~;;gwem1eratWJfffi 1 

1 Find the quotient and the remainder when 

(a) x2 - 5x + 2 is divided by x - 3, 

(c) 2x 2 +3x-lisdividedby x-2, 

(e) 6x2 -x-2 is divided by 3x+l, 

(b) x2 + 2x - 6 is divided by x + 1 , 

(d) 2x2 +3x+1 is divided by 2x-1, 

(f) x 4 is divided by. x 3
. 

2 Find the quotient and the remainder when the first polynomial is divided by the second. 

(a) x 3 + 2x2 - 3x + 1 , x+2 (b) x 3 -3x2 +5x-4, 

(c) 2x3 +4x-5, x+3 (d) 5x3 -3x+1, 

(e) 2x3 -x2 -3x-1, 2x+l (f) 6x3 +17x2 -17x +5, 

3 .Find the quotient and the remainder when 

(a) x 4 -2x3 -7x2 +7x+5 is divided by x2 +2x-1, 

(b) x 4 -x3 +7x+2 is divided by x 2 +x-i, 

(c) 2x4 -4x3 +3x2 +6x+5isdividedby x 3 +x2 +1, 

(d) 6x4 +x3 +13x + 10 is divided by 2x2 
- x + 4. 

4 Find the remainder when the first polynomial is divided by the second. 

(a) x 3 - 5x2 + 2x - 3 , x-1 (b) x 3 +x2 -6x+5, 

(c) 2x3 -3x+5, x-3 (d) 4x3 -5x2 +3x-1, 

(e) x 3 +'3x2 -2x+1, 2x-1 (f) 2x3 +5x2 -3x+6, 

(g) x 4 - x 3 + 2x2 - 7 x - 2, x-2 (h) 3x4 +x2 -7x+6, 

x-5 

x-4 

3x-2 

x+2 

x+4 

3x+l 

x+3 

5 When x 3 + 2x 2 - px + 1 is divided by x -1 the remainder is 5. Find the value of p. 

6 When 2x3 + x 2 - 3x + q is divided by x - 2 the remainder is 12. Find the value of q. 

7 When x 3 + 2x2 + px - 3 is divided by x + 1 the remainder is the same as when it is divided 
by x - 2 . Find the value of p . 

8 When x3 + px2 - x - 4 is divided by x -1 the remainder is the same as when it is divided 
by x + 3 . Find the value of p . 

9 When 3x3 - 2x2 +ax+ b is divided by x -1 the remainder is 3. When divided by x + 1 
the remainder is -13. Find the values of a and b. 

10 When x 3 + ax2 +bx+ 5 is divided by x ~ 2 the remainder is 23. When divided by x + 1 
the remainder is 11. Find the values of a and b . 

11 When x3 + ax2 +bx - 5 is divided by x -1 the remainder is -1. When divided by x + 1 
the remainder is - 5 . Find the values of a and b. 

12 When 2x3 --' x2 +ax+ b is divided by x - 2 the remainder is 25 . When divided by x + 1 
the remainder is -5. Find the values of a and b. 

~~1!-~~~£°'Y<I~r~1:;::;:1:;.,~a1a;.--£~Jr~~'£,"';;tf.!.2'£€G~i-~~i".I~!:~~~~~~ 
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1.5 The factor theorem 

When you solve an equation p(x) = 0 by factors, writing p(x) = (x- t)(x - u)(x- v) ... , 
you deduce that x = t or x = u or x = v or .... So when you substitute x = t in p(x), you 
find that p(t) = 0. The converse is not so obvious: that if p(t) = 0, then x - t is a factor of 
p(x). This result, a special case of the remainder theorem, is called the factor theorem. 

Let p(x) be a polynomial. Then 
(a) if x-t isafactorof p(x),then p(t)=O; 

(b) if p(t)=O,then x--:t is a factor of p(x). 

The second of these results is called the factor theorem. 

Proof 
(a) If x-t is a factor of p(x), then p(x) = (x-t)q(x), where q(x) is a 
polynomial. Putting x = t into this identity shows that p(t) = (t- t)q(t) = 0. 

(b) When p(x) is divided by x - t, let the quotient be q(x) and the remainder be 
R. Then p(x) = (x-t)q(x) + R. 

Putting x = t into this identity gives p(t) = R (this is the remainder theorem 
again). Thus if p(t) = 0, R = 0, so x - t is a factor of the polynomial p(x). 

You can use the factor theorem to search for factors of a polynomial when its 
coefficients are small. 

When you search for factors of a polynomial such as x3 
- x 2 

- 5x - 3, you need only try 
factors of the form x - t where t divides the constant coefficient, in this case 3. Thus 
you need only try x - l, x + 1, x - 3 and x + 3. 

Example 1.5.1 
Find the factors of x3 

- x 2 
- 5x - 3, and hence solve the equation x3 - x 2 - 5x - 3 = 0 . 

Denote x3 
- x 2 -5x- 3 by p(x). 

Could x - l be a factor? p(l) = 13 -12 
- 5x1- 3 = -8 * 0, so x- l is not a factor. 

Try x+l as a factor. p(-l)=(-1)3.-(.:...1)2 -Sx(-1)-3=0,so x+i is a factor. 

Dividing x3 
- x 2 

- 5x - 3 by x + 1 in the usual way, you find 

x 3 -x2 -5x-3=(x+l)(x2 -2x-3). 

Since x 2 - 2x - 3 = (x + l)(x-3), you can now factorise x3 
- x 2 

- 5x - 3 
completely to get 

x3 -x2 -Sx-3 = (x+ l)(x+ l)(x-3) = (x+ 1)2 (x-3). 

The solution of the equation x 3 - x 2 - 5x - 3 = 0 is x = -1 (repeated) and x = 3. 

13 
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Example 1.5.2 
Find the factors of x 4 + x 3 - x -1 and solve the equation x 4 + x 3 - x -1 = 0 . 

Let p(x)=x4 +x3 -x-l. 

Since p{l) = 1+1-1-1=0, x -1 is a factor of p(x). 

Writing x 4 + x 3 - x -1 = (x -1)( Ax3 + Bx2 + Cx + D) and multiplying out the 
right side shows that 

x4 +x3 -x-1= Ax4 +(B-A)x3 +(C-B)x2 +(D-C)x-D. 

Equating coefficients of x4 and the constant terms gives A= 1 and D = 1, and 
you can see by inspection that the other coefficients are B = 2 and C = 2 . So 

p(x) = (x-l)(x3 +2x2 +2x+1). 

Let q(x)=x 3 +2x 2 +2x+l. Then q{l):;eO, so x-1 is not a factor of q(x), but 
q{-1)=-1+2-2+1=0,so x+l isafactorof q(x). 

Writing x3 + 2x2 + 2x + 1=(x+1)( Ex2 + Fx + G) and equating coefficients shows 
that E = 1, G = 1 and F = 1. 

Therefore x4 +x3 ~x-1 = (x-l){x+l)(x2 +x+l). 

As the discriminant of x2 +x+l is 12 -4xlxl=-3<0, x2 +x+l does not 
split into linear factors, so (x - l){x + 1){ x2 +x+1) cannot be factorised further. 

Also the equation x 2 + x + 1 = 0 doesn't have real roots. So the solution of the 
equation x4 + x 3 - x -1 = 0 is x = 1 or x = -1. 

Like the remainder theorem, the factor theorem has an extended form. 

Let p(x) be a polynomial. Then 

(a) if sx - t is a factor of p(x), then pG) = 0; 

(b) if p(fl = 0, then sx- tis a factor of p(x). 

The second result is the extended form of the factor theorem. 

To prove this, modify the proof of the factor theorem on page 13 in the same way as the proof 
of the remainder theorem was modified in Section 1.4. Simply replace p(x) = (x-t)q(x) 

by ·p(x) = (sx-t)q(x), and put x = !_ in the identity .. 
s 

You can save a lot of effort when you apply this form of the factor theorem by using the fact 
that, if the coefficients of p(x) = axn + bxn-l + ... + k are all integers, and if sx - t is a factor 
of p(x), then s divides a and t divides k. (This can be proved by using properties of prime 
factors in arithmetic, but the proof is not included in this course.) 
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Example 1.5.3 
Find the factors of p(x) = 3x3 + 4x2 + 5x - 6. 

Begin by noting that, if sx - tis a factor, s divides 3 and t divides 6 . So s can 
only be ±1 or ±3 , and t can only be ±1 , ±2, ±3 or ±6. 

You can further reduce the number of possibilities in two ways. 
• sx - t is not really a different factor from -sx + t. So you need consider only 

positive values of s . 
• The factors can't be 3x ± 3 or 3x ± 6 since then 3 would be a common factor 

of the coefficients of p(x), which it isn't. 

So there are only twelve possible factors: x + 1, x + 2 , x + 3, x + 6 , 3x + 1 and 
3x + 2 . You can test these by evaluating p(x) for x = ±1 , ±2, ±3 , ±6, ± j and 
±j until you get a zero. 

Working through these in tum, you will eventually find that 

'p(~) = 3x (~) 3 
+ 4x (~) 2 + 5x ~-6=~+1& + 10 -6 = 0 3 3 3 3 993 . 

So 3x - 2 is a factor, and by division p(x) = (3x - 2)( x 2 + 2x + 3). 
Since x2 + 2x + 3=(x+1)2 + 2, which has no factors, p(x) doesn't factorise 
further. 

Exercise lD 

1 Use the factor theorem to factorise the following cubic polynomials p(x). In each case 
write down the real roots of the equation p( :x) = 0 . 

(a) x 3 +2x2 -5x-6 (b) x 3 -3x2 -x+3 (c) x 3 -3x2 -13x+15 

(d) x 3 -3x2 -9x-5 (e) x 3 +3x2 -4x-12 (t) 2x3 +7x2 -5x-4 

(g) 3x3 -x2 -12x+4 (h) 6x3 +7x2 -x-2 (i) x 3 + 2x2 
- 4x + 1 

2 Use the factor theorem to factorise the following quartic polynomials p(x). In each case 
write down the real roots of the equation p( x) = 0 . 

(a) x 4 -x3 -7x2 +x+6 (b) x 4 +4x3 -x2 -16x-12 

(c) 2x4 -3x3 -12x2 +7x+6 (d) 6x4 +x3 -17x2 -16x-4 

(e) x 4 -2x3 +2x-l (t) 4x4 -l2x3 +x2 +12x+4 

3 Factorise the following. 

(a) x 3 -8 (b) x 3 +8 (c) x 3 -a3 

(d) x 3 +a3 (e) x 4 -a4 (t) ;ts+ as 

4 (a) Show that x - a is a factor of xn - an. 

(b) Under what conditions is x +a a factor of xn +an? Under these conditions, find the 
other factor. 
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f;~~~~_c~:C:~~~2{:7T-~~::;«?~5Z~-"i~.·c1: Miscellaneous exercise 1 :.·-~~-~/'=~~~: ~~---,'.'' j{,:1;~~-.:~~?;:~;i-; 

1 It is given that 

(x+a)(x2 +bx+2) = x3 -2x2 -x-6 

where a and b are constants. Find the value of a and the value of b. (OCR) 

2 Find the remainder when (1 + x )4 is divided by x + 2. 

3 Show that (x -1) is a factor of 6x3 +1 lx2 
- 5x -12, and find the other two linear factors 

of this expression. (OCR) 

4 The cubic polynomial x3 + ax2 +bx -8, where a and b are constants, has factors (x + 1) 
and (x + 2). Find the values of a and b. (OCR) 

5 Find the value of a for which (x - 2) is a factor of 3x3 + ax2 + x - 2. 

Show that, for this value of a, the cubic equation 3x3 + ax2 + x - 2 = 0 has only one real 
root. (OCR) 

6 Solve the equation 4x3 + 8x2 + x - 3 = 0 given that one of the roots is an integer. (OCR) 

7 The cubic polynomial x3 
- 2x2 

- 2x + 4 has a factor (x - a), where a is an integer. 

(a) Use the factor theorem to find the value of a. 

(b) Hence find exactly all three roots of the cubic equation x3 
- 2x2 

- 2x + 4 = 0. (OCR) 

8 The cubic polynomial x3 
- 2x2 

- x - 6 is denoted by f(x). Show that (x - 3) is a factor of 
f(x). Factorise f(x). Hence find the number ofreal roots of the equation f(x) =0, 
justifying your answer. 

Hence write down the number of points of intersection of the graphs with equations 

y=x2 -2x-1 and 

justifying your answer. 

6 
y=~, 

x 

9 Given that (2x + 1) is a factor of 2x3 + ax2 + 16x + 6, show that a= 9. 

Find the real quadratic factor of 2x3 +9x 2 +16x + 6. By completing the square, or 

(OCR) 

otherwise, show that this quadratic factor is positive for all real values of x. (OCR) 

10 Show that both (x--J3) and {x+-J3) arefactorsofx4 +x3 -x2 -3x-6. 

Hence write down one quadratic factor of x4 + x3 
- x 2 

- 3x - 6, and find a second 
quadratic factor of this polynomial. (OCR) 

11 The diagram shows the, curve 

y =-x3 +2x2 +ax-10. 

The curve crosses the x-axis at x = p , x = 2 
and x=q. 

(a) Show that a= 5. 
(b) Find the exact values of p and q . 

(OCR) 

y 

x 
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12 The polynomial x 3 + 3x2 +ax+ b leaves a remainder of 3 when it is divided by x + 1 and 
a remainder of 15 when it is divided by x - 2. Find the remainder when it is divided by 
(x-2)(x+l). 

13 Find the quotient and the remainder when x4 + 4 is divided by x2 
- 2x + 2. 

14 Let p(x)=4x3 +12x2 +5x-6. 

(a) Calculate p(2) and p(-2), and state what you can deduce from your answers. 

(b) Solve the equation 4x3 + 12x2 + 5x - 6 = 0. 

15 It is given that f(x) = x4 
- 3x3 + ax2 + 15x + 50, where a is a constant, and that x + 2 is a 

factor of f(x). 

(a) Find the value of a. 

(b) Show that f(5) = 0 and factorise f(x) completely into eiact linear factors. 

(c) Findthesetofvaluesof xforwhich f(x)>O. 

16 The diagram shows the graph of y = x2 
- 3 

2 
and the part of the graph of y = - for x > 0 . 

x 
The two graphs intersect at C , and A and B 
are the points of intersection of y = x2 

- 3 
with the x-axis. Write down the exact 
coordinates of A and B. 

Show that the x-coordinate of C is given by the 
equation x 3 -3x-2 = 0. 

Factorise x3 
- 3x - 2 completely. 

Hence 
(a) write down the ~x-coordinate of C, 
(b) ·describe briefly the geometrical 

relationship between the graph of 

y = x2 
- 3 and the part of the graph of 

y = ~ for which x < 0 . 
x 

(OCR) 

':C 17 The polynomial x 5 
- 3x4 + 2x3 

- 2x2 +3x+1 is denoted by f(x). 

(a) Show that neither (x-1) nor (x + 1) is a factor of f(x). 

(b) By substituting x = 1 and x = -1 in the identity 

f(x) = (x2 -l)q(x)+ax+b, 

where q(x) is a polynomial and a and b are constants, or otherwise, find the 
remainder when f(x) is divided by (x2 -1). . 

(c) Show, by carrying out the division, or otherwise, that when f(x) is divided by 
( x2 + 1) , the remainder is 2x . 

(OCR) 

x 

(d) Find all the real roots of the equation f(x) = 2x. (OCR) 
™~~~~TETE aa~~-~~~~?~.'.~~ii£E.£~.~J::'l§g.:~~~ 
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2 The modulus function '-

This chapter introduces the modulus function, written as Ix I· When you have completed 
it, you should 

• know the definition of modulus, and recognise Ix I as a function 
• know how to draw graphs of functions involving modulus 
• know how to use modulus algebraically and geometrically 
• be able to solve simple equations and inequalities involving modulus. 

2.1 The modulus function and its graph 

You met the modulus notation briefly in Pl Section 3 .4, and have used it from time to time 
since then. Since I x I is defined for all real numbers x' it is another example of a function of 
x . Its domain is the set of real numbers, IR (see P 1 Section 11.3), and its range is IR, y ;;=: 0 . 

The modulus of x , denoted by I x I • is defined by 

lxl=x 

lxl=-x 

ifx~ 0, 

ifx < 0. 

On some calculators the modulus function is [mod]; on others 
it is [abs], short for 'the absolute value of x '.This book 
always uses the notation I x I · 

Fig. 2.1 shows the graph of y =Ix I· The graph has a 'V' 
shape, with both branches making an angle of 45° with the 
x-axis, provided that the scales are the same on both axes. 

2.2 Graphs of functions involving modulus 

Suppose that you want to draw the graph of y =Ix - 21. You can 
do this directly from the definition of modulus. When x ~ 2, 
x - 2 ~ 0 , so I x - 2 I = x - 2 . For these values of x , the graphs of 
y = Ix - 2 I and y = x - 2 are the same. 

When x <2, x-2<0, so !x-2 I =-(x-2) = 2-x. So for 
these values of x , the graph of y = I x - 2 I is the same as the 
graph of y = 2-x. 

Another way of dealing with the case x < 2 is to note that the 
graph of y = -( x - 2) is the reflection of y = x - 2 in the .X-axis. 
So you can draw the graph of y = I x - 2 I by first drawing the 
graph of y = x - 2 and then reflecting in the x-axis that part of 
the line which is below the x-axis. This is illustrated in Fig. 2.2. 

-3 -2 -1 0 1 2 3 x 

Fig. 2.1 

-~l i ........ ~ ......... 2 3 4 x 

-2,.. y=x-2 .. 
Fig. 2.2 
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This method can always be used to get the graph of y = I f(x) I from the graph of 
y = f(x). In the definition of Ix I .in the box on page 18, you can write any expression in 
place of x . So, replacing x by f ( x) , 

I f(x) I= f(x) if f(x) ~ 0, and I f(x) I= -f(x) if f(x) < 0. 

It follows that, for the parts of the graph y = f(x) which are on or above the x-axis, the 
graphs of y = f(x) and y =I f(x) I are the same. But for the parts of y = f(x) below the 
x-axis, y =I f(x) I= -f(x) is obtained from y = f(x) by reflection in the x-axis. 

A nice way of showing this is to draw the graph of y = f(x) on a transparent sheet. 
You can then get the graph of y =I f(x) r by folding the sheet along the x-axis so that 
the negative part of the sheet lies on top of the positive part. 

Example 2.2.1 
Sketch the graphs of (a) y=l2x-31, (b) y=l(x-l)(x-3)1. 

Figs. 2.3 and 2.4 show·the graphs of (a) y = 2x-3 and (b) y = (x - l)(x - 3) with 
the part below the x-axis (drawn dotted) reflected in the x-axis to give the graphs 
required. 

011/ 2 -1 _,/ 

-2 _, .... 
/y= 2x-3 

-3; .. 

Fig. 2.3 

y 

3 x 

\,''····<::,_,Xx-~ 
Fig. 2.4 

Graphs which involve the modulus function are likely to have sharp comers. If you have 
access to a graphic calculator, show the graphs in Example 2.2.1 on it. 

Example 2.2.2 
Sketch the graph of y = I x - 2 I + I 1 - x I · 

With two moduli involved it is usually best to go back to the definitiop. of 
modulus. For Ix - 2 I you have to consider x - 2 ~ 0 and x - 2 < 0 separately, and 
for I 1 - x I you have to consider 1- x ~ 0 and 1- x < 0 . So altogether there are 
three intervals to investigate: x :,;;; 1, 1 < x < 2 and x ~ 2 . 

When xo;;;l, lx-21=-(x-2) and 11-xl=l-x,so y=-x+2+1-x=3-2x. 
When l<x<2, lx-21=-(x-2) and ll-xl=-(1-x),so y=-x+2-l+x=l. 
When x~2, lx-2l=x-2 and ll-xl=-(1-x),so y=x-2-l+x=2x-3. 

19 
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The graph is therefore in three parts, as shown in Fig. 2.5. y 
3 

2 You may sometimes also want to get the graph of y = fG x I) 
from the graph of y = f(x). From the definition, fG x I) is the 
same as f(x) when x~O,but fGxl)=f(-x) when x<O.So 
the graph of y = fG x I) is the same as the graph of y = f(x) to 
the right of the y .-axis, but to the left of the y-axis it is the 
reflection in the y-axis of y = f(x) for x > 0. 

-1 0 1 . 2 3 4 x 

Fig. 2.5 

Example 2.2.3 
Sketch the graph of y = sin I x 1-

To the right of the y-axis, where x > 0, the graph is the same as the graph of 
y =sin x. The graph is completed to the left of the y-axis, where x < 0 , by 
reflecting in the y-axis the graph of y = sin x for x > 0 . Fig. 2 .6 shows the result. 

y 

I 

~~•IDl•I 
-~ir ~ir x /~ir~ 

-1 

Fig.2.6 

2.3 Some algebraic properties 

Let a and b be two real numbers. Since I a I is always equal to either -a or a, it 
follows that a is always equal to -I a I or I a\ . Similarly, b is always equal to -I b I or 

I b 1- So a x b is always equal to I a Ix I b I or -I a Ix I b I· And since I a Ix I b I is positive 
or zero, you can deduce that I ax b I =I a Ix I b 1-

A similar argument holds for division. 

If a and b are real numbers, 

laxbl=lalxlbl and 1 ~1-~ b -lbl 
(provided that b of. 0 ) . 

_ ,~, .. ·-· "-· ~:- ·_,·..:'.o~.l~i-~~-- ;;_ -.:-

Example 2.3.1 
Show that (a) l4x+6l=2xl2x+31, (b) 13-xl=lx-31. 

(a) I 4x+ 61=I2(2x+ 3) I =I 2lxl 2x+ 31=2xl 2x+ 31. 

(b) I 3-x I= I (-1) x (x - 3) I= 1-1 Ix Ix - 3 I =l x Ix - 3 I= Ix - 3 I. 
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But beware! Similar rules don't hold for addition and subtraction. For example, if a= 2 

and b=-3, la+bl=l2+(-3)l=l-ll=l,but lal+lbl=2+3=5.So,forthese 
values of a and b , I a + b I does not equal I a I+ I b I· See Exercise 2A Question 5. 

2.4 Modulus on the number line 

Some results about modulus can be illustrated by the distance between points on a 
number line. Let A and B be two points on a line with 
coordinates a and b (which can be positive, negative or 

· zero) relative to an origin 0, as in Fig. 2.7. Then the 
distance AB is given by b - a if b ~a, or b - a~ 0; 
and by a-b,whichis -(b-a),if b<a,or b-a<O. 

You will recognise this as the definition of I b - a I· 

0 A 

a 

Fig.2.7 

B 

b 

As a special case, if a point X has coordinate x, then Ix I is the distance of X from the 
origin. This is used in the next example. , 

Example 2.4.1 
What can you deduce about x if you know that (a) I x I = 3, (b) I x I :;;;;: 3? 

(a) If Ix I = 3, X is a point 3 units from 0. But the only two points 3 units from 
0 are x = 3 or x = - 3 , so if I x I = 3 , then x = 3 or x = - 3 . 

Theconverseisalsotrue:Forif x=3 or x=-3,then lxl=3. 

Therefore 

lxl=3 is equivalent to x=3 or x=-3. 

(b) If Ix I:;;;;: 3, Xis a point 3 units or less from 0. So x is between -3 and 3 
(inclusive). It follows that if Ix I:;;;;: 3, then - 3:;;;;: x:;;;;: 3. 

If - 3 :;;;;: x :;;;;: 3 , then X is 3 units or less from 0 , so I x I :;;;;: 3 . 

Therefore 

I x I :;;;;: 3 is equivalent to - 3:;;;;: x :;;;;: 3. 

, You can prove the result in Example 2.4.l(b) more formally from the definition of Ix I· 
If I x I :;;;;: 3 , then either x ~ 0 and x = I x I :;;;;: 3 , so 0 :;;;;: x :;;;;: 3 ; or x < 0 and 
x =-Ix I~ - 3, so -3:;;;;: x < 0. In either case, - 3:;;;;: x:;;;;: 3. 

The converse kalso true. For if you know that - 3:;;;;: x:;;;;: 3, you have - 3:;;;;: x and 
x:;;;;: 3. This is the same as -x:;;;;: 3 and x:;;;;: 3. Since Ix I is equal to either -x or x, it 
follows that I x I :;;;;: 3. 

21 
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Putting the two results together gives 

I x I ::;;;; 3 is equivalent to - 3 ::;;;; x ::;;;; 3. 

The phrase 'is equivalent to' connecting two statements means that each can be 
deduced from the other. In any mathematical argument you can then replace the first 
statement by the second, or the second by the first. 

You can also say that two statements are equivalent by saying that one statement is true 

'if and only if' the other is true. 

You can use the argument in Example 2.4.l(b) to show that 

if a > 0 , then I x I ::;;;; a is equivalent to - a ::;;;; x ::;;;; a . 

What happens if a = 0 ? In that case I x I ::;;;; a means that I x I ::;;;; 0 , so x = 0 , and 
'-a ::;;;; x ::;;;; a means that - 0 ::;;;; x ::;;;; 0 , so x = 0 . Combining this result with the previous 

one gives: 

If a ~ o, then I x I ::;;;; a. is equivalent to - a ::;;;; x ::;;;; a . 

Taking this a little further, you can deduce a useful generalisation about the inequality 
I x - k I ::;;;; a . Let y = x - k, so that I y I ::;;;; a . Then -a ::;;;; y ::;;;; a , so ~a ::;;;; x - k ::;;;; a and 
k-a:s;; x:s;; k+a. 

Working in reverse, if k - a::;;;; x::;;;; k +a, then -a::;;;; x - k::;;;; a and -a::;;;; y::;;;; a, so 

I y I ::;;;; a , that is I x - k I ::;;;; a . 

This has proved that: 

If a ~ 0, then I x - k I ::;;;; a is equivalent to k - a ::;;;; x ::;;;; k + a . 

This kind of inequality is involved when you give a 
number correct to a certain number of decimal places. 
For example, to say that x = 3.87 'correct to 2 decimal 
places' is in effect saying that Ix - 3.87 I::;;;; 0.005. 
The statement Ix - 3.87 I::;;;; 0.005 is equivalent to 

3.87 -0.005::;;;; x::;;;; 3.87 + 0.005, 

or 3.865::;;;; x::;;;; 3.875. 

This is illustrated in Fig. 2.8. 

- 0.005 -- 0.005 -

3.865 x 3.87 3.875 

Fig. 2.8 
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Eli t ~ Exercise 2A ~¥1~t .... ~~.,,1~l:-r.~ ~~~~·~\~~~~·!g_l'~f. '>::J:,~"";' :~"'~'-;,~"" ~ _),,,._•...; 

1 Sketch the following graphs. 

~Ca) y =Ix+ 3 I (b) y = I 3x -1 I (c) y=lx-51 

(d) y =I 3- 2x I (e) y=2lx+ll (f) y=3lx-21 

,_, (g) y=-212x-ll (h) y = 3l 2-3xl (i) y =I x+4 l+l 3-x I 

U) y=l6-xl+Jl+xl (k) y =I x - 21 + I 2x -1 I v--(1) y = 21 x - l I-I 2x + 3 I 

2 Sketch each of the following sets of graphs. 

___,{a) y=x2 -2andy=lx2 -2I -(b) y=sinxandy=lsinxl 

(c) y=(x-l)(x-2)(x-3) and y=l(x-l)(x-2)(x-3)I 

(d) y=cos2x and y=lcos2xl and y=cosl2xl (e} y=lx-21 and y=llxl-21 

3 Write the given inequalities in equivalent forms of the type a < x < b or a,;;; x,;;; b. 

(a) lx-31<1 (b) lx+21,;;;0J (c) l2x-3l,;;;0.001 (d) l4x-3l,;;;8 

4 Rewrite the given inequalities using modulus notation. 

(a) i,;;;x,;;;2 (b) -l<x<3 (c) -3.8,;;;x,;;;-3.5 (d) 2.3<x<3.4 

5 Investigate the value of I a+ b I for various positive and negative choices for the real 
numbers a and b, and make a conjecture about the largest possible value for I a + b J . 

See also if you can make a conjecture about the smallest possible value of J a+ b 1-

6 Construct an argument like that on page 20 to show that / .~ I = 1
1
: I · provided that b_ #:- 0 . 

~~~~......-~~gmlililllllillill!lli!llili!ll!illl!lllllllll&lllilliilllllllllllllll!llalillll 

2.5 Equations involving modulus 

You can now use the results of the preceding sections to solve equations which involve 
the modulus function. 

The examples which follow use several methods of solution. 

• Method 1 is graphical. 
• Method 2 uses the definition of modulus. 
• Method 3 uses the idea that I x - a I is the distance of x from a . 

Not all the methods are used for each example. 

Example 2.5.1 
Solve the equation I x - 2 J =; 3 . 

Method 1 From the graphs of y = J x - 2 J and 
y = 3 in Fig. 2.9, the solution is x = -1 or x = 5. 
Method 2 J x - 2 I = 3 means that x - 2 = 3 or 
-(x - 2) = 3. Thus the solution is x = 5 or x = -1. 
Method 3 Ix - 2 J is the distance of x from 2. If 
this distance is 3, then, thinking geometrically, 
x = 2 + 3 = 5 or x = 2 - 3 = -1 . 

y 
4 y=lx-21 

-I 0 I 2 3 4 5 x 

Fig.2.9 
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Example 2.5.2 
SolVe the equation \ x - 2 \ = \ 2x -1 \. 

Method 2 Either x - 2 = 2x -1, giving x = -1 

or x-2=-(2x-1), giving x=l. 

The solution is x = -1 or x = 1. 

Method 3 Since \ 2x -1 \ = I 2( x -!) I = \ 2 \ x I x -i I · the equation can be 

written as \ x - 2 \ = 2 x I x -i I · This means that you want the points x on the 
number line such that the distance of x from 2 is 
twice the distance of x from i (see Fig. 2.10). It is 
easy to see that, if x is between i and 2 then 
x = 1; and if x is to the left of i , then x = -1. 

2.6 Inequalities involving modulus 

-2 -I 0 ! I 

Fig. 2.10 

The examples which follow use a variety of methods for solv.ing inequalities. 

• Method 1 is graphical. 
• Method 2 uses the definition of modulus. 

2 3 x 

• Method 3 uses the result 'If a ;3 0, then \ x \,;;; a is equivalent to - a ,;;; x,;;; a.' 

Not all the methods are used for each example. 

Example 2.6.1 
Solve the inequality \ x - 2 \ < 3. 

Method 2 From the definition of modulus, you have to separate the cases x < 2 
and x ;3 2. 

When x < 2, \ x - 2 \ = -(x - 2) < 3; this gives x > -1, which together with x < 2 
gives -1 < x < 2 . When x ;3 2, \ x - 2 \ = x - 2 < 3; this gives x < 5, which 
together with x ;3 2 gives 2 ,;;; x < 5. 

Therefore -1 < x < 5 . 

Method 3 From the result 'If a ;3 0, the inequalities \ x - k \,;;; a and 
k - a,;;; x,;;; k +a are equivalent', the solution is 2- 3 < x < 2 + 3, which is 
-l<x<5. 

Example 2.6.2 
Solve the inequality \ x - 2 \ ;3 \ 2x - 3 \. y 

Method 1 Consider the graphs of y = \ x - 2 \ 
y=l2x-3v 

and y = \ 2x - 3 \.These were drawn in Figs. 2.2 and 
. 2.3. They are reproduced together in Fig. 2.11; the 
graph of y = \ 2x - 3 \ is shown with a dashed line. 

The solid line is above or coincides with the dashed 
line when 1,;;; x,;;; 1 ~ . 

' ' 

-I 0 I 2 3 4 x 

Fig.2.11 
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Method 2 In I x - 2 I you have to separate the cases x < 2 and x ;;,. 2; and in 

I 2x ...:. 3 I you have to separate x < 1 ! and x ;;,. 1 ! . So it is necessary to consider the 
cases x < 1 ! , 1 ! ,,;:; x < 2 and x ;;,. 2 . 

When x<l!, lx-21=-(x-2) and l2x-31=-(2x-3),so -x+2;;,.-2x+3, 
giving x ;;,. 1 . So the inequality is satisfied when 1 ,,;; x < 1 ! . 

When 1!:;:;x<2, lx-21=-(x-2) and l2x-31·=2x-3,so -x+2;;,.2x-3, 

giving x ,,;:; 1 j. So the inequality is satisfied when 1 ! :;:; x :;:; 1 j. 

When x ;;,. 2, I x - 2 I = x - 2 and I 2x - 3 I = 2x - 3, so x - 2 ;;,. 2x - 3 , 
giving x ,,;:; l . This is inconsistent with. x ;;,. 2. 

Since the inequality is satisfied when 1 ,,;; x < 1 ! and when l ! :;:; x ,,;; l j , the 1 

complete solution is l :;:; x :;:; 1 j . 

Example 2.6.3 
Solve the inequality Ix - 2 I;;,. 2x + 1. 

Method 1 Consider the graphs of 

y = I x - 2 I and y = 2x + 1, shown in 
Fig. 2.12. 

The solid line is above or on the dashed 
line when x ,,;; j . 

y 
4 

-2 -1: 0 

y=2x+l 

2 3 x 

Fig. 2.12 

Method 2 If x < 2 , then I x - 2 I = 2 - x , so 2 - x ;;,. 2x + 1 , giving x ,,;; j . So 
the inequality is satisfied when x ,,;; j . 

If x;;,. 2, then Ix - 2 I = x - 2, so x - 2;;,. 2x + l , giving x,,;; - 3. This is 

inconsistent with x ;;,. 2 . 

So the complete solution is x ,,;; j . 

2.7 Squares, square roots and moduli 

You know that, if xis any real number, then x 2
;;,. 0. It follows that I x 2 I= x 2

. Also, 

from the rule I ax b I= I a Ix I b I. it follows that I x 2 
I= I x Ix Ix I =Ix 1

2
. 

If x is any real number, I x
2

I=Ix1
2 

= x 2
• 

Now since Ix 1
2 

= x 2
, and Ix I is positive or zero, it follows that Ix I is the square root 

of x 2
. You can show this by evaluating the composite function 

x ~ [ square l ~ x 2 ~ [ ,f ] ~ R 
on your calculator with various inputs for x, positive or negative. If you put x = 3, say, 
then you will get the display sequence 3, 9, 3. But if you put x = -3, you will get -3, 9, 3, 

25 
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because .[ always gives the positive square root. That is, V is equal to x when x ~ 0, 
but equal to -x when x < 0 . This is just the definition of I x I· It follows that: 

If x is any real number, V =Ix I· 

If you have access to a graphic calculator, verify this identity by displaying the graphs of 

y = V and y =I x I on it. In fact, if your calculator does not have a key for the modulus 

function, use y = V . 

Example 2.7 .1 
Find the distance between the points with coordinates (a,k) and (b,k). 

Method 1 Both points have the same y-coordinate, so the distance is the same as the 
distance between points with coordinates a and b on the number line, which is I b - a I · 
Method 2 By the formula for the distance between two points in 
Pl Section 1.1, the distance is 

~(b-a)2 + (k-k) 2 = ~(b-a)2 + 0 = ~(b-a)2 =lb-a I. 
using V =lxl with x=b-a. 

Useful results connecting squares with moduli can be got from the identity 

x2 - a 
2 = I x 12 -I a 12 = a x 1-1 a DO x I + I a D. 

Suppose first that a*- 0. Then I a I> 0, so Ix I+ I a I> 0. It then follows that 

x2 -a2 = 0 is equivalent to Ix 1-1aI=0, 
x2 -a2 > 0 is equivalent to Ix 1-1aI>0, 
x2 -a2 < 0 is equivalent to Ix 1-1aI<0. 

You can easily check that the first two of these are also true when a = 0 ; but the third is 
impossible if a= 0, since it gives x 2 < 0, which can never occur for any real number x. 

It is useful to introduce the symbol <=> for 'is equivalent to'. 

Ix I= I a I <=> x2 = a2' 
\xl>lal <=> x2 >a2; 
if a-:F-0, lxl<lal <=> x2 <a2. 

These relations are sometimes useful in solving equations and inequalities. They are 
effective because, although squaring is involved, the two sides are logically equivalent. 



CHAPTER 2: THE MODULUS F'uNCTION 

The usual warning that squaring may introduce extra roots which don't satisfy the 
original equation (see Pl Example 4.7.2) doesn't apply. 

Example 2.7.2 (see Example 2.5 .2) 

Solve the equation I x - 2 I =I 2x -1 J. 

J x -2 I= I 2x -1 I ¢::> (x.,... 2)2 = (2x -1) 2 

¢::> x2 
- 4x + 4 = 4x 2 

- 4x + 1 

¢::> 3x 2 
- 3 = 0 

¢::> 3{x + l){x -1) = 0 

¢::> x=-1 or x=l. 

Example 2.7.3 (see Example 2.6.2) 
Solve the inequality / x - 2 / ;;;o / 2x - 3 /. 

lx-2l;;;ol2x-3I ¢::> {x-2)2 ;;;.(2x-3)2 

2 ~2 

¢::> x -4x+4;;;o4x -12x+9 

¢::> 3x 2 -8x+ 5,,;; 0 

¢::> {x-1)(3x-5),,;;; 0 

¢::> 1 .;;; x .;;; l l 
This method is very quick when it works, but there is a drawback. It can only be used 
for a very specific type of equation or inequality. It is easy to fall into the trap of 
assuming it can be applied to equations and inequalities of forms other than 
I f(x) I= I g(x) I or I f(x) I< I g(x) I, and this can have disastrous consequences. 

Example 2.7 .4 
Solve the equation I x - 2 I+ I 1- x J = 0. 

It is obvious from the answer to Example 2.2.2 that this equation has no solution. 

False solution 

lx-21+11-xl=O ¢::> lx-21=-ll-xl 

¢::> (!) (x - 2) 2 = (1- x) 2 

¢::> x2 
- 4x + 4 = 1- 2x + x2 

¢::> 2x = 3 

¢::> x=li. 

There is no justification for the step marked(!). The previous line has the form 
Ix I =-I a I, not Ix I= I a I, so the result in the box can't be used. 

27 
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,;,~~:~:c:L: ,_::;; i:1~;,,~,;_:if\tk~''E1~t'[i~~~ Exercise 2B 

1 Solve the foll~wing equations, using at least two methods for each case. 

(a)., lx+2l=5 (b) lx-11=7 

(c) l2x-3l=3 (d) l3x+ll=10 
(e) Ix+ 1I=I2x - 3 I (f) Ix - 3 I= I 3x +I I 
(g) I 2x + l I = I 3x + 9 I (h) I Sx + l j = j 11- 2x j 

2 Solve the following inequalities, using at least two methods for each c~se. 

(a) lx+2j<1 (b) jx-3j>5 
( c) j 2x + 7 j ~ 3 ( d) J 3x + 2 j ;;;. 8 

(e) Ix+ 21<I3x+ l J cf) J 2x+ sJ >Ix+ 2J 
(g) j x j > j 2x - 3 j (h) J_4x + l j ~ j 4x -1 I 

lf:)olve the equations 

ca) Ix+ l I+ 11- x I= 2, (b) lx+ll-ll-xl=2, (c) -Ix+ l I+ jl-x I= 2. 

Volve the equations 

ca) Ix I= 11- x I+ 1, Cb) I x -1 I = I x I + 1 , (c) I x-1 I+ I xi= 1. 

5 Are the following statements true or false? Give a counterexample where appropriate. 

(a) The graph of y =I f(x) I never has negative values for y. 

(b) The graph of y = fQ x I) never has negative values for y . 

mJ2~~~!.0::ti;:ilit~-:~:~S~2E:~~;,~~~~~ .;·:~~3;·:7I~~:~ Miscellaneous exercise 2 

~ 1 Solve the inequality Ix+ l I< Ix - 21. 

r> 2 Find the greatest and least values of x satisfying the inequality I 2x -1 I ~ 5. 

3 Sketch, on a single diagram, the graphs of x + 2y = 6 and y =Ix+ 21. Hence, or 

otherwise, solve the inequality I x + 2 I < i ( 6 - x) . 

4 Solve the equation Ix J =I 2x + 11. 

5 Sketch the graph of y =Ix+ 2 j and hence, or otherwise, solve the inequality 

I x + 21 > 2x + i. 

(OCR) 

(OCR) 

(OCR) 

(OCR) 

(OCR) 
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6 Solve the equation 4 I x I = I x -11. 

On the same diagram sketch the graphs of y = 4 I x I and y =I x -1 I, and hence, or 

otherwise, solve the inequality 4 Ix I> Ix -11. 

29 

7 Sketch, on separate diagrams, the graphs of y =Ix 1, y =Ix - 3 rand y =Ix - 3 I+ I x + 3 I. 

Find the solution set of the equation Ix - 3 I+ Ix+ 3 I = 6. (OCR) 

8 The functions f and g are defined on the set of real numbers as follows: 

f:x HI 2sinx0 I, g:x H sinl 2x0 1-

(a) (i) Make clearly labelled sketches of the graphs of y = f(x) and y = g(x) in the 
interval -270,,;; x,,;; 270. 

(ii) State the range of each function. 

(b) qecide whether or not each function is periodic and, if so, state its period. 

c 9 Solve the inequality I x I < 4 I x - 3 I . 

(OCR) 

10 Rewrite the function k(x) defined by k(x) =Ix+ 3 I+ I~~ x I for the following three cases, 
without using the modulus in your answer. 

(a) x > 4 (b) -3,,;; x,,;; 4 (c) x < -3 

11 Solve the equations {a) x+l2x-ll=3, (b) 3+l2x-Il=x. 

12 Sketch the graph of y = I 2x - 3 I + I 5 - xi-
(a) Calculate the y-coordinate of the point where the graph cuts the y-axis. 

(b) Determine the gradient of the graph where x < -5. (OCR, adapted) 

13 A graph has equation y = x +I 2x -11. Express y as a linear function of x (that is, in the 
form y = mx + c for constants m and c) in each of the following intervals for x . 

(a) x>i (b) x<i (OCR) 

14 Sketch the graphs of the following functions. 

(a) y = sin3x0 (b) y =I sin3x0 I 

15* Solve the following inequalities. 

x+l 
(a) -<4 

x-1 
I xl+l 

(b) --<4 
lxl-1 

(c) y /= sinl 3x 1° 

I 
x+l I (c) - <4 
x-1 

(OCR) 

ll!llll!Bll!l!ll!il!!llllii'!l!!il!l!!lBll!!!iili'f.!!i?!ll!lli!i!lEl!lD!i!!i'miE>'J;!l:i!il'"1!Jl~1i>ll$:l~$l'~~:k:£4&&1W&JBJIJPw!t?!~~~ 



3 Exponential and logarithmic functions 

This chapter investigates the function bx which appears in the equation for exponential 
growth, and its inverse logb x . When you have completed it, you should 

• understand the idea of continuous exponential growth and decay 
• know the principal features of exponential functions and their graphs 
• know the definition and properties of logarithmic functions 
• be able to switch between the exponential and logarithmic forms of an equation 
• understand the idea and possible uses of a logarithmic scale 
• be familiar with logarithms to the special bases e and 10 
• be able to solve equations and inequalities with the unknown in the index 
• be able to use logarithms to identify models of the forms y = abx and y = ax" . 

3.1 Continuous exponential growth 
In Pl Section 14.4 you met the idea of exponential growth and decay, defined by an 
equation of the form U; = ari. In this equation a is the initial value; r is the rate of 
growth if r > 1, or the rate of decay if r < 1; and i is the number of time-units after the 
start. The equation defines a geometric sequence with common ratio r, but with the first 
term denoted by u0 instead of u1 . 

Exponential growth doesn't only occur in situations which increase by discrete steps. 
·Rampant inflation, a nuclear chain reaction, the spread of an epidemic and the growth of 
cells are phenomena which take place in continuous time, and they need to be described 
by functions having the real numbers rather than the natural numbers for their domain. 

For continuous exponential growth, the equation u; = ari, where i E N, is replaced by 

f(x) = abx, where x E IR and x > 0. 

In this equation a stands for the initial value when x = 0, and b is a constant which 
indicates how fast the quantity is growing. (The idea of a 'common ratio' no longer 
applies in the continuous case, so a different letter is used.) In many applications the 
variable x represents time. The graph of f(x) is shown in Fig. 3.1. 

f(x) f(x)= abx, f(x) 

a 

a 

x 

Fig. 3.1 Fig. 3.2 
x 
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For exponential growth b has to be greater than 1. If 0 < b < 1 the graph takes the form 
shown in Fig. 3.2; for large values of x the graph gets closer to the x-axis but never reaches 
it. This then represents exponential decay. Examples of this are the level of radioactivity in a 
lump of uranium ore, and the concentration of an antibiotic in the blood stream. 

Example 3.1.1 
The population of the USA grew exponentially from the end of the War of Independence 
until the Civil War. It increased from 3.9 million at the 1790 census to 31.4 million in 1860. 
What would the population have been in 1990 if it had continued to grow at this rate? 

If the population x years after 1790 is P million, and if the growth were exactly 
exponential, then P and x would be related by an equation of the form 

P= 3.9bx, 

where P = 31.4 when x = 70 . The constant b therefore satisfies the equation 
I 

31.4 = 3.9b 'sob= - = 1.030 .... 70 ( 31.4 )
70 

3.9 
At this rate the population in 1990 would have grown to about 
3.9x1.030 ... 200 million, which is between 1.5 and 1.6 billion. 

You can shorten this calculation as follows. In 70 years, the population multiplied by 
3

1.
4

. 
3.9 

200 

In 200 years, it would therefore multiply by (
3

1.
4

)
10

. The 1990 population can then 
:l!lQ 3.9 

be calculated as 3.9 x ·(
3

1.
4

) 
70 

million, without working out b as an intermediate step. 
3.9 

Example 3.1.2 
Carbon dating in archaeology is based on the decay of the isotope carbon-14, which has 
a half-life of 5715 years. By what percentage does carbon-14 decay in 100 years? 

The half-life of a radioactive isotope is the time it would take for half of any sample of 
the isotope to decay. After t years one unit of carbon-14 is reduced to b1 units, where 

bs11s '-' a.s (since 0.5 units are left after 5715 years) 
_L_ 

so b = 0.55715 = 0.999 878 721. 

31 

When t = 100 the quantity left is b100 ""0.988 units, a reduction of 0.012 units, or 1.2%. 

3.2 Exponential functions 
In the equation y = abx for exponential growth the constant a simply sets a scale on the 
y-axis. The essential features of the relationship can be studied in the function 

f(x) =bx, where x E IR. 

A function of this form is called an exponential function, because the variable x 

appears in the exponent (another word for the index). 
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This definition needs some points of explanation. First, it makes sense only if b is 
positive. To see this, note that, for some values of x, bx has no meaning for negative b; 

for example, b! = ./b. Secondly, if b = 1, bx has the constant value 1. So the . 
definition of an exponential function applies only if b > 0 , b 7:. 1. With this restriction, 
the values of bx are always positive. 

However, there is no need to restrict x to 
positive values. Since b0 = 1, the graphs of all 
exponential functions contain the point {0:1). 
Notice also that 

b-x = blx =Gr 
Therefore if bx is greater than 1 then b-x lies 
between 0 and 1. A further consequence of this 
relationship is that the reflection in the y-axis 

of the graph of y =bx is y = GJ 
These points are illustrated in Fig. 3.3, which 
shows the graph of exponential functions for 
several values of b. Note that the functions are 
increasing if b > 1 , and decreasing if 0 < b < 1. 

-4 .-3 -2 -I 0 

Fig. 3.3 

Lastly, you should notice that up to now the expression 

2 3 4 x 

bx has only been defined when x is a positive or negative fraction (that is, x is rational). So 
the definition has to be extended to all of IR by filling in the gaps where x is irrational. 

As an example, suppose that you want to give a meaning to 2n . Now n is an irrational 
number (3.141592 65 ... ), but you can find pairs ofrational numbers very close together 
such that n lies between them. For example, since 3.141592 6 < n < 3.141592 7, 2n 

31415926 31415927 

ought to lie between 2'0000000 and 2'°000000
, that is between 8.824 977 499 ... and 

8.824 97811...; so 2n = 8.824 98 correct to 5 decimal places. If you want to find 2n to 
a greater degree of accuracy, you can sandwich n between a pair of rational numbers 
which are even closer together. 

You could, if you wished, define 2ir as the limit, as n tends to infinity, of a sequence 
2u, 'where u, is a sequence of numbers which tends to n. It can be proved that this 
definition gives a unique answer, and that values of 2x defined in this way obey the 
rules for working with indices given in Pl Section 2.3. 

33 Logarithmic functions 

The graphs in Fig. 3.3 show that the exponential function x H bx has for its natural 
domain the set of all real numbers, and the corresponding range is the positive real numbers. 
The function is increasing if b > 1, and decreasing if b < 1; in either case it is one-one. 
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It follows that this function has an inverse whose domain is the set of positive real 
numbers and whose range is all real numbers. (See Pl Section 11.6.) This inverse 
function is called the logarithm to base b, and is denoted by logb. 

~~~h~c~I~~~~2:1t~~:I@~~~}:WJ~::;;~t~~~~~f{~~~\~ 

y =bx~ x = logb y, where x E IR,y E IR,y > 0. 

To draw the graph of y = logb x you can use the 
general result proved in Pl Section 11.8, that the 
graphs of y = f(x) and y = C 1(x) are reflections 
of each other in the line y = x . This is illustrated 
in Fig. 3.4, which shows graphs of y =bx and 

y = logb x using the same axes. 

The figure is drawn for b = 3, and it is typical of the 

graphs for any base b > 1. The definition of logb is 

still valid if 0 < b < 1, in which case the graphs have 

a different form; bui this is not important, since in 

practice logarithms are rarely used with bases less 

than l. 

Notice that, since the point (0,1) lies on y =bx, 
its reflection (1,0) lies on y = logb x for every 
base b . That is: 

logb 1=0. 

Fig. 3.4 

Other points on y =bx are (l,b), (2,b2
) and (-1,i-), so that other points on 

y = logb x are (b,l), (b2 ,2) and G ,-1). That is, 

logb(b) = 1, 1ogb(b2
) = 2 and logbG) = -1. 

These are important special cases of the following statement: 

For any n , logb bn = n. i'! 

This is simply an application of the general result given in Pl Section 11.6, that C 1 f is 
the identity function. With f: x H v and C 1 

: x H logb x, it follows that 

C 1f : x H logb bx is the identity function. 

33 

x 



34 PuRE MATHEMATICS 2 & 3 

Example 3.3.1 

(c) log3(
8
\} (d) log181. Find (a) log3 81, (b) log81 3, 

(a) Since 81=34
, log3 81=4. (b) 3=81!,so log81 3=t· 

(c) Jr= r 4
, so log3(8\) = -4. 1 ( )-4 (d) 81= (l/

3
) 4 = i ,so log181=-4. 

?Jb,;i; .. '-:,:: " '~ ,· ~' ·: ~ Exercise 3A 

1 A rumour spreads exponentially through a college. 100 people have heard it by noon, and 
200 by 1 p.m. How many people have heard it 

(a) by 3 p.m., (b) by 12.30 p.m., (c) by 1.45 p.rn.? 

2 An orchestra tunes to a frequency of 440, which sounds the A above middle C. Each octave 
higher doubles the frequency, and each of the 12 semitones in the octave increases the 
frequency in the same ratio. 

(a) What is this ratio? (b) Find the frequency of middle C. 

(c) Where on the scale is a note with a frequency of 600? 

3 A cup of coffee at 85 °C is placed in a freezer at 0 °C. The temperature of the coffee 
decreases exponentially, so that after 5 minutes it is 30 °C. 

(a) What is its temperature after 3 minutes? 

(b) Find, by trial, how long it will take for the temperature to drop to 5 °C. 

4 A radioactive substance decays at a rate of 12% per hour. 

(a) Find, by trial, after how many hours half of the radioactive material will be left. 

(b) How many hours earlier did it have twice the current amount ofradioactive material? 

5 With the same axes, sketch the graphs of 

(a) y = l.25x, (b) y = 0.8X, (c) y=0.8-x. 

6 Write each of the following in the form y = bx. 

(a) log2 8 = 3 (b) log3 81=4 (c) log5 0.04 = -2 

(d) log7 x = 4 (e) logx 5 = t (f) logP q = r 

7 Write each of the following in the form x = logb y . 

(a) 23 =8 (b) 36 = 729 (c) 4-3 =~ 

(d) a 8 =20 (e) h9 = g (f) mn =p 

8 Evaluate the following. 

(a) log216 (b) log4 16 (c) log7 -k 
(d) log4 1 (e) log

5 
5 (f) log211 

(g) log
16 

8 (h) log2 2,)2 (i) log.J2 8-J2 
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9 Find the value of y in each of the following. 

(a) log 49 = 2 y (b) log.ty=-3 (c) log3 81=y 

(d) log10 y=-1 (e) log2 y = 2.5 (f) logy 1296 = 4 

(g) log1 y=8 (h) log I 1024 = Y (i) logy27 =-6 
2 2 -"" 

3.4 Properties of logarithms 

It was shown in Pl Section 2.3 that expressions involving indices can be simplified by 
applying a number of rules, including the multiplication and division rules and the 
power-on-power rule. There are corresponding rules for logarithms, which can be 
deduced from the index rules by using the equivalence 

logb x = y ¢:::> x = by. 

These rules hold for logarithms to any base b, so the notation logb x has been 
simplified to log x . 

Power rule: 

nth root rule: 

Multiplication rule: 

Division rule: 

Here are proofs of these rules. 

Power rule 

log xn = n log x 

nr 1 
log'Vx = -logx 

n 

log(pq) = log p + log q 

log(~) = log p - log q 

If logx=r,then x=b';so xn =(b'r =brn. 

In logarithmic form this is log xn = rn = n log x. 

In this proof n can be any real number, although the rule is most often used with 
integer values of n. 

nth root rule 
I 

This is the same as the power rule, since the nth root of x is x". 

Multiplication rule 
If log p =rand log q = s, then p = b' and q = bs, so pq = b'bs = br+s. 

In logarithmic form this is log(pq) = r + s = log p + log q. 

Division rule 
The proof is the same as for the multiplication rule, but with division in place of 
multiplication and subtraction in place of addition. 
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Example 3.4.1 
If log2=r and log3=s, express in terms of r and_s (a) log16, (b) log18, (c) log13.5. 

(a) log16=log24 =4log2=4r. 

(b) log 18 = lo~(2x 32
) = log2 + log32 = log2 + 2log3 = r + 2s. 

33 
(c) log13.5 =log-= log33 -log2 = 3log3- log2 = 3s- r. 

2 

Example 3.4.2 
Find the connection between logb c and loge b . 

I ! I 1 
logbc=x <=> c=bx <=> c' =(bx)x =b1 <=> b=c' <=> logeb=-. 

x 
1 b- - . Therefore loge - logb c 

Historically logarithms were important because for many years,_ before calculators and 
computers were available, they provided the most useful form of calculating aid. With a 
table of logarithms students would, for example, find the cube root of 100 by looking up 
the value of log 100 and dividing it by 3. By the nth root rule, this gave log~, and 
the cube root could then be obtained from a table of the inverse function. 

You could simulate this process on your calculator by keying in [100, log,+, 3, =, lOx], 
giving successive displays 100, 2, 0.666 666 6 ... and the answer 4.641. 588 83 .... But 
of course you don't need to do this, since your calculator has a special key for working 
out roots directly. 

\'~'·',;:="~~!~2'ri8.S5:".~~R~~~,i::lf~§fil~i"l~i1~itifill~i1l Exercise 3B ~~~'~ 

1 Write each of the following in terms of logp, logq and logr. The logarithms have base 10. 

(a) logpqr (b) logpq2r3 (c) logl00pr5 

(d) logt~r 
p 

(g) log~ 

(e) logpq 
r2 

(h) log qr
7 
P 

10 

1 
(f) log-

pqr 

(i) log~lO~IOr 

2 Express as a single logarithm, simplifying where possible. (All the logarithms have base 
10, so, for example, an answer of log 100 simplifies to· 2 .) 

(a) 2log5+log4 (b) 2log2+log150-log6000 

(c) 3log5+5log3 

(e) log24 '-- ilog9 + log125 

(g) i log16 + j log8 

(d) 2log4-4log2 

(f) 3log2 + 3log5-log106 

(h) log64-2log4+ 5log2-log27 
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3 If log3 = p, log5 = q and loglO = r, express the following in terms of p, q and r. (All 
the logarithms have the same unspecified base.) 

(a) log2 (b) log45 (c) log-J90 

(d) log0.2 (e) log750 (f) log60 

(g) Iod (h) log4.05 (i) log0.15 

.'~\:~ ~~"': :·: .. -: -~~.:'.:...:; -,-," ·., :/,,.J_;s·.:,;~; .-;::.-·:~:;~:1~'.:::;.,.--~:_:-:-,.;;:~;~::.~;,:,J~ ;,,.-.: ~~~'~;..__:: __ -0 '.··-"·"'' ;: -·::·::~;~~C.E:-2..;::.:.~t;_.:~~2:::":~ ,:!t:E~;:-.-~c':.:·3~·::::;~;>\~-::,:;:~~~~'?J-~:::::;r:;::.",E~.;~...:!-1-?:_..2 

3.5 Special bases 
Although the base of the logarithm function can be any real positive number except], only 
two bases.are in common use. One is a number denoted by e, for which the logarithm 
function has a number of special properties; these are explored in the next chapter. Logarithms 
to base e are denoted by 'In', and can be found using the [LN] key on your calculator. 

The other base is 10 , which is important because our system of writing numbers is based 
on powers of 10. On your calculator the key labelled [LOG] gives logarithms to base 10. 
In Sections 3.5 to 3.9, if no base is specified, the symbol' log' will stand for log10 • 

When logarithms were used to do calculations, students used tables which gave logx 
only for values of x between 1 and 10. So to find log3456, you would use the rules in 
Section 3 .4 to write 

log3456=log(3.456x10 3
) = log3.456 + logl03 = log3.456 + 3. 

The tables gave log3.456 as 0.5386 (correct to 4 decimal places), so log3456 is 
3.5386. Notice that the number 3 before the decimal point is the same as the index 
when 3456 is written in standard form. 

Logarithms to base 10 are sometimes useful in constructing logarithmic scales. As an 
example, suppose that you want to make a diagram to show the populations of countries 

which belong to the United Nations. In 1999 the largest of these was China, with about 1.2 
billion people, and the smallest was San Marino, with 25 000. If you represented the 
population of China by a line of length 12 cm, then Nigeria would have length 1.1 cm, 
Malaysia just over 2 mm, and the line for San Marino would be only 0.0025 mm long! 

Fig. 3.5 is an alternative way of showing the data. 

103 104 105 106 

Fig. 3.5 

107 108 109 

China 

India 

USA 

Nigeria. 

UK 

Kenya 

Malaysia 

Zimbabwe 

Mauritius 

Antigua 

San Marino 
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Fig. 3.5 uses a logarithmic scale, in which a country with population P is shown by a 
line of length log P cm . China now has a length of just over 9 cm , and San Marino a 
length of between 4 and 5 cm. You have to understand the diagram in a different way; 
an extra cm in length implies a population 10 times as large, rather than 100 million 
larger. But the countries are still placed in the correct order, and the population of any 
country can be found as lOx where x is the length of its line in centimetres. 

3.6 Equations and inequalities 

You know that log2 2 = 1 and log2 4 = 2 , but how can you find log2 3? 

Suppose that log2 3 = x. Then from the definition, 

2x = 3. 

So the problem is to solve an equation where the unknown appears in the index. 
The trick is to use logarithms and to write the equation as 

log2' """log3. 

This is often de<>cribed as 'taking logarithms of both sides of the equation'. You can now 
use the power rule to write this as 

x log 2 = log 3 . 

Using.the [LOG] key on the calculator, this is 

xx 0301... "'0.477 ... ' 

h. h . 1 3 °·477 ··· 158 3 . "fi fi w 1c gives x = og2 = = . , correct to s1gm 1cant 1gures. 
0.301... 

This type of equation arises in various applications. 

Example 3.6.1 
Iodine--131 is a radioactive isotope used in treatment of the thyroid gland. It decays so 
that, after t days, 1 unit of the isotope is reduced to 0.9174 1 units. How many days 
does it take for the amount to fall to less than 0.1 units? 

This requires solution of the inequality 0.9174 1< 0.1. Since log is an increasing 
function, taking logarithms gives 

log(0.9174 1
) < log0.1 <=> tlog0.9174 < log0.1. 

Now beware! The value of log0.9174 is negative, so when you divide both sides 
by log0.9174 you must change the direction of the inequality: 

t > log0.1 
·log0.9174 = 26.708 .... 

The amount of iodine-131 will fall to less than 0.1 units after about 26.7 days. 
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Example 3.6.2 
How many terms of the geometric series 1 + 1.01 + 1.012 + 1.013 + ... must be taken to 
give a sum greater than 1 million? 

The sum of n terms of the series is given by the formula (see Pl Section 14.2) 

l.Oln -1=100(1.0ln -1) · 
1.01-1 

The problem is to find the smallest value of n for which 

l.Oln -l = 100(1.0ln -1) > 1000 000, which gives l.Oln >IO 001. 
1.01-1 

Taking logarithms of both sides, 

logl.Oln >log IO 001, so nlogl.01>logIO001. 

Since logl.01 is positive, 

log IO OOl = 925.6 .... 
n > logl.01 

The smallest integer n satisfying this inequality is 926 . 

3.7* A relation between logarithmic functions 

The equation 2x = 3 in Section 3.6 was solved using logarithms to base 10, but the steps 
leading to 

x = logb 3 
logb 2 

could have been made with any base b. For example, you could choose base e_, using 
the [LN] key on your calculator to give 

ln3 1.098... 1 58 3 . 'fi fi x = - = = . , correct to s1gm icant igures. 
ln2 0.693 ... 

The answer is the same, because logarithms to different bases are proportional to each other. 

Suppose that your calculator had a [LN] key but no [LOG] key, and that you wanted to 
calculate a value for logx. Then you could argue as follows. 

In exponential form, y = logx becomes IOY = x. 

The equation 1QY = x can be solved by taking logarithms to base e of both sides, giving 

ln(IOY) = lnx; 

that is, 

ylnlO=lnx. 

~ 
~ -~-

\ 

'\/ 

39 
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So 
lnx 

\og x = Y = Jn 10 · 

Since In 10 = 2 .302 ... , -
1
- = 0 .434 ... , 

lnlO 
so log x = 0 .434 ... x In x. 

This is illustrated by the graphs in 
Fig. 3.6. The y-values for logx are just 
0 .434 ... times the those for In x . That 
is. you can get the logx graph by scaling_ 
down the graph of In x in the 
1·-direction by a factor of 0.434 .... 

This relation is true more generally. If b 
and c are any two different bases, then 

}" 

logr x is a constant multiple of logb x as x varies. 

x 

Fig.3.6 

~~];ll.lfili"~~~ Exercise 3C ~~~~;D~~~~~~~~4~~~~ff 

1 So.Ive the following equations, giving inexact answers correct to 3 significant figures. 

(a) Y =5 (b) 7x =21 (c) 62x =60 

(d) 52x-l = 10 (e) 4!x = 12 (f) 2x+l = Y 

( ) (
I )3x+2 

g 2 =25 (h) 2x X 2x+l = 128 (i) wzx-1=7 

2 Solve the following inequalities, giving your answers correctto 3 significant figures. 

(a) 3x > 8 (b) 5x < 10 (c) 72x+5 :s; 24 

(d) 0.5X < 0.001 (e) 0.4X < 0.0004 (f) o.2x > 25 

(g) 4x x43- 2x :s; 1024 (h) 0.82x+S ~ 4 (i) 0.8l-3x ~ 10 

3 How many terms of the geometric series 1 + i + 4 + 8 + ... must be taken for the sum to 

exceed 1011 ? 

4 How many terms of the geometric series 2+6+18 + 54 + ... must be taken for the sum to 

exceed 3 million? 

· 5 How many terms of the geometric series 1 + ~ + t + ~ + ... must be taken for its sum to 
differ from 2 by less than 10-s? 

.1J ~ow many ~erms of t~e ge?metric series 2 +~+ft+ 168 + ... must be taken for its sum to 
differ from its sum to mfimty by less than 10-5 ? 

7 A radioactive isotope decays so that after t days an amount 0.82 1 units remains. How 
many days does it take for the amount to fall to less than 0.15 units? 

(81 Jacques is saving for a new car which will cost $29 000. He saves by putting $400 a month 
into a savings account which gives 0.1 % interest per month: After how many months will 
he be able to buy his car? Assume it does not increase in price! 
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9 To say that a radioactive isotope has a half-life of 6 days means that 1 unit of isotope is 

reduced to ~ unit in 6 days. So if the daily decay rate is given by r, then r6
. = 0:5. 

(a) For this isotope, find r. 

(b) How long will it take for the amount to fall to 0.25 units? 

(c) How long will it take for the amount to fall to 0.1 units? 

10 A biological culture contains 500 000 bacteria at 12. noon on Monday. The culture 
increases by 10 % every hour. At what time will the culture exceed 4 million bacteria? 

41 

11 A dangerous radioactive substance has a half-life of 90 years. It will be deemed safe when· 
its activity is down to 0.05 of its initial value. How long will it be before it is deemed safe? 

12 Finding log3 10 is equivalent tq solving the equation x = log3 10, which itself is equivalent 
to solving 3x = 10 . Find the following logarithms by forming and solving the appropriate 
equations. Give your answers correct to 3 significant figures. 

(a) log
4 

12 

(d) log 1 250 
2 

(b) log; 100 

(e) log3 TC 

(c) log8 2.75 

(f) log I 0 .04 
;;: 

€:.,i~~~~,,.?~~~!~'@~;~~~~~~~~~~'!$:.0~~~~!~ 

3.8 Graphs of exponential growth 
The technique of taking logarithms is often useful when you are dealing with economic, 
social or scientific data which you think might exhibit exponential growth or decay. 

Suppose that a quantity y is growing exponentially, so that its value at time t is given by 

y=ab1
, 

where a and bare constants. Taking logarithms of both sides of this equaticm, to any base, 

logy = log( ab1
) = log a + log b1 = log a + t log b . 

.• 

The expression on the right increases linearly .with t. So"if logy is plotted against t, the 

graph would be a straight line with gradient log b and intercept log a. 

Example 3.8.1 
If logy = 0 .322 - 0 .531 t, where logy denotes log10 y , express y in terms of t. 

Equating the right side to log a+ tlogb, log a= 0.322 and logb = -0.531. So, 
since the logarithms are to base 10,. a= 10°322 = 2.10 and b = 10~0 ·531 = 0.294 
(both to 3 significant figures). In exponential form the equation for y is therefore 

Y = 2.lOx 0.294'. 

An alternative way of writing this calculation is based on the property that if 
logy= x then y = lOx, so y = 1010

gy. Therefore 

Y = 101ogy = 100.322-0.5311 = 100.322 X (10-0.531 )'= 2.10 X 0.294'. 

~·. 
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Example 3-.8.2 
An investffient company claims that the price of its shares has grown exponentially over 
the past six years, and supports its claim with Fig. 3 .7. Is this claim justified? 

Price 
(p) 

400 

300 

200 

100 

0 2 3 4 5 6 Year 

Fig. 3.7 

Price 
(p) 

500 

200 

100 

50 

20 

10 

0 2 3 4 5 6 Year 

Fig.3.8 

If the graph is drawn with the price shown on a logarithmic scale, you get Fig. 3.8. If 
the claim were true, this graph would be a straight line. This seems approximately true 
for the first three years, but more recently the graph has begun to bend downwards, 
suggesting that the early promise of exponential growth has not been sustained. 

The ideas of the last two examples can be combined, not just to investigate whether there 
is an exponential relationship, but also to find the numerical constants in the equation. 

Example 3.8.3 
Use the following census data for the USA to justify the statement in Example 3 .1.1, 
that the population grew exponentially from 1790 to 1860. 

Year 1790 1800 1810 1820 1830 1840 1850 1860 

Population 
(millions) 

3.9 5.3 7.2 

If you plot these figures on a graph, 
as in Fig. 3.9, it is clear that the 
points lie on a smooth curve with a 
steadily increasing gradient, but this 
doesn't by itself show that the 
growth is exponential. 

9.6 

To approach the question 
scientifically, the first step is to 
choose appropriate notation. For the 
population, you may as well work in 
millions of people, as in the table; 

12.9 17.0 23.2. 31.4 

Population 
(millions) 

30 

20 

IO 

1790 1800 18i0 !SW 1830 1840 1850 1860 Year 

Fig.3.9 
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there is no point in cluttering the data with lots of zeros, which would in any case 
give a false illusion of accuracy. So let P stand for the number of millions of 
people in the population. As for the date, since you are only interested in the 
period from 1790 to 1860, it is better to choose a variable t to stand for the 
number of years after 1790 rather than the actual year number. The theory then 
being investigated is that P and t are related by an equation of the form 

P=ab1 for 0.;;; t.;;; 70. 

To convert this into a linear equation, take logarithms of both sides of the 
equation. You can use logarithms to any base you like; if you choose e, the 
equation becomes 

lnP=lna+tlnb, 

in which the independent variable is t and the dependent variable is ln P . So 
make a new table of values in terms of these variables. 

t .o 10 20 30 40 50 60 70 

lnP 1.36 1.67 1.97 2.26 2.56 2.83 3.14 3.45 

These values are used to plot the graph in 
Fig. 3.10. You can see that the points very 
nearly lie on a straight line, though not 
exactly so; you wouldn't expect a 
population to follow a precise mathematical 
relationship. However, it is quite close 
enough to justify the claim that the growth 
of the population was exponential. 

lnP 

3 

2 

,,,...• 
. "" ,,,.......-! 

...... ~ i 
.,,,,. .,,,.. i l.5 

2./ i 
·················50·················.l 
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The dashed line in Fig. 3.10 is an attempt to 
draw by eye a line that best fits the plotted 
points. By measurement, it seems that the 

0 10 20 30 40 50 60 70 t 

Fig. 3.IO 

intercept on the vertical axis is about 1.37; and, by using a suitable gradient triangle 

(shown with dotted lines), you can find that the gradient is about ~-~ = 0.03. 

So the line has equation 

lnP = 1.37 +0.03t, 

which is of the desired form lnP =Ina +tlnb with Ina =d.37 and lnb == 0.03. 
To find a, remember that ln a is loge a-, and foge a == 1.37 ¢=> a == e1.37

• You can 
calculate this using the [ex ] key on your calculator, which gives a== 3.94. 
Similarly b == e0

.D3 == 1.03. 
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It follows that, over the period from 1790 to 1860, the growth of the population 
could be described to a good degree of accuracy by the law 

p = 3 .94 X 1.03 I. 

An equation like P ~ 3 .94 x 1.03 1 is called a mathematical model. It is not an exact 
equation giving the precise size of the population, but it is an equation of a simple form 
which describes the growth of the population to a very good degree of accuracy. For 
example, if you wanted to know the population in 1836, when t = 46, you could 
calculate 3 .94 x 1.0346 = 15 .3 ... , and assert with confidence that in that year the 
population of the USA was between 15 and 15~ million. 

Example 3.8.4 
A thousand people waiting at a medical centre were asked to record how long they had 
to wait before they saw a doctor. Their results are summarised as follows. 

Waiting time 
(minutes) 

Number of 
people 

0 to 5 5 to 10 10 to 15 15 to 20 20 to 30 30 to 60 more than 60 

335 218 155 90 111 85 

Show that the proportion p of people who had to wait at least t minutes can be 
modelled by an equation of the form p = e -kt, and find the value of k . 

6 

Obviously all of the people had to wait at least 0 minutes; all but 335, that is 
1000- 335 = 665, had to wait at least 5 minutes; of these, 665- 218 = 447 had to 
wait at least 10 minutes; and so on. So you can make a table of p, the proportion 
that had to wait at least t minutes, for various values of t . 

p-

0 

1 

5· 10 15 20 30 60 

0.665 0.447 0.292 0.202 0.091 0.006 

If you plot these values for yourself, you will see that they aIJpear to fit an 
exponential decay graph; but to show this conclusively it is necessary to rewrite 
the equation so that it can be represented by a straight line. 

Now if p = e -kt as suggested in the question, In p = -kt, so ~ graph of In p 

against t would be a straight line through the origin with gradient -k . So make a 
table of values of In p: 

t 

Inp 

0 

0 

5 10 15 20 30 60 

-0.41 -0.81 -1.23 ~l.60 -2.40 -5.12 

These val,ues are plotted in Fig. 3 .11. 
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lnp 

0 ·. 
This example differs from Example 3 .8 .3 in that 
you know that the graph must pass through the 
origin. So draw the best line that you can through 
the origin to fit the plotted points. From Fig. 3.11 
the gradient of this line is about -0 .082. 

··• .. IO 20 30 40 50 60 I 

•····•· ..• 
······ ...• 

-I 

-2 

So the proportion who had to wait more than t 

minutes is modelled by the equation p = e - 0
·
0821 

. 

-3 

-4 

-5 

"• ..................... , ...... . 
Fig. 3.11 

3.9 Power law models 
Another type of model which can be investigated using logarithms is the power law, 
where one variable is related to another by an equation of the form y = axn. In this case, 
when you take logarithms (to any base) of both sides, you get 

logy = log( axn) = log a + log xn = log a + n log x . 

With such a law, if you plot values of logy against log x , you get a straight line with 
gradient n and intercept log a . 

You know quite a few examples of power laws in geometry. For example, the surface 
area of a cube of side x is given by A = 6x 2

, and the volume of a sphere of radius r is 
v = -1 nr3

; laws of this kind also occur frequently in experimental science, and in 
modelling situations in geography and economics. 

Example 3.9.1 
These figures have been given for the typical daily metabolic activity of various species 
of mammal. 

Weight (kg) Energy expended 
(calories per kg) 

Rabbit 2 58 

Man 70 33 

Horse 600 22 

Elephant 4000 13 

Investigate the relation between the energy expenditure ( E calories per kg) and the 
weight (W kg) of the various animals. 

This is the kind of situation where a power law model, of the form E = aW n, may 
be appropriate, so try plotting logE against logW. Using logarithms to base 10, 
the corresponding values for the four animals are: 

logW 0.30 

logE 1.76 

1.85 

1.52 

2.78 

1.34 

3.60 

1.11 

'\ 

-. 
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These are plotted in Fig. 3.12. There are four points, one for each animal. 

logE 

2 

··;; .................• 

Since all the figures are statistical averages, 
and energy expenditure can't be very precisely 
measured, you wouldn't expect the points to lie 
exactly on a straight line. However, they do 
suggest a trend that might be generalised to 
apply to other mammals in a similar 
environment. This is expressed by the equation 
of the line, which is approximately 

~·-.... .. ,'-, .... ,, 
o+-~~~r----..~-.-~-+ 

0 2 3 4 logW 

log E = 1.84 - 0 .19 log W . 
Fig. 3.12 

This is of the form 

logE =log a+ nlogW 

ootained by taking logarithms in the power equation E = a W n , with log a = 1.84 

and n = -0.19. This gives a= 101.84, ""69, so the power equation is 

approximately E = 69W-o.19
• 

The uncertainty of the data, and the approximations shown up by the graph, mean that 
this model can do little more than suggest an order of magnitude for the dependent 
variable E. It would therefore be unwise to give the coefficients in the model to more 

·than 1 significant figure, since that would suggest a degree of accuracy that couldn't be 
justified. The best you can assert is that, on the evidence of the data, the daily energy 
expenditure of a range of mammals of widely differing sizes can be modelled 
approximately by the formula 70W - 0

·
2 calories per kilogram. 

Exercise 3D ~· UUIDHM 

1 (a) If log10 y = 0.4 + 0.6x, express y in terms of x. 

(b) If log10 y=12- 3x, express y in terms of x. 

(c) If log10 y=0.7+1.7 x, express y in terms of x. 

(d) If log10 y = 0.7 + 2 log10 x, express y in terms of x. 

(e) If log10 y = -0.5 - 5 log10 x, express y in terms of x. 

2 Repeat Question l, replacing log10 in each part by ln. 
I 

@ Population census data for the USA from 1870 to 1910 were as follows. 

Year 

Population 
(millions) 

1870 

38.6 

1880 

50.2 

1890 

63.0 

1900 

76~0 

1910 

92.0 

,,.. 

Investigate how well these figures can be described by an exponential model. 

,,,,,,, 
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4 For the model in Example 3 .9 .1, calculate the values given by the equation E = 7ow-0
·
2 

for the four animals, and compare these with the numbers given in the table. 

47 

ll !!) The table shows the mean relative distance, X, of some of the planets from the Earth and 
the time, T years; taken for one revolution round the sun. By drawing an appropriate graph 
show that there is an ~pproximate law of the form T = axn , stating the values of a and n . 

x 
T 

Mercury 

0.39 

0.24 

Venus 

0.72 

0.62 

Earth 

1.00 

1.00 

Mars 

1.52 

1.88 

Saturn 

9.54 

29.5 

cC 6 Jack takes out a fixed rate savings bond. This means he makes one payment and leaves his 
money for a fixed number of years. The value of his bond, $B, is given by the formula 
B = Axn where A is the original investment and n is the number of complete years since 

··he opened the account. The table gives some valµes of B and n. By plotting a suitable 
graph find the initial value of Jack's investment ~d the rate of interest he is receiving. 

12· 

B 

2 

982 

3 

1056 

5 

1220 

8 

1516 

10 

1752 

7 In a spectacular experiment on cell growth the following data were obtained, where N is 
the number of cells at a time t minutes after the start of the growth. 

N 

1.5 

9 

2.7 

19 

3.4 

3'2 
8.1 

820 

At t = 10 a chemical was introduced which killed off the culture. 

10 

3100 

The relationship between N and t was thought to be modelled by N = ab1
, where a and 

b are constants. 

(a) Use a graph to determine how these figures confirm the supposition that the 
relationship is of this form. Find the values of a and b, each to the nearest integer. 

(b) If the growth had not been stopped at t = 10 and had continued according to your 
model, how many cells would there have bee~ after 20 minutes? 

• (c) An altemativ~ expression for the relationship is N = mekt. Find the values of 

m and k . (MEI, adapted) 

' 
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8 It is believed that two quantities, z and d , are connected by a relationship of the form 
z = kdn, where k and n are constants, provided that d does not exceed some fixed (but 
unknown) value, D. An experiment produced the following data. 

d. 

z 
750 

2.1 

810 

2.6 

870 

3.2 

930 

4.0 

990 

4.8 

1050 

5.6 

1110 

5.9 

1170 

6.1 

,., 

(a) Plot the values of log10 z against log10 d . Use these points to suggest a value for D . 

... (b) It is known that, for d < D, n is a whole number. Use your graph to find the value of 
n. Show also that k "' 5 x 10-9

. 

11 (c) Use your value of n and the estimate k"' 5x 10-9 to find the value of d for which 
z = 3.0. (MEI, adapted) 

tJ~~~2'1f~t1,~y~;.·~r~~~;t~~~~~'.ih=f~:0; Miscellaneous exercise 3 t~~~_::T.:.'~;r'.'1'~r':~;.r:', ~;;;~~-:-:.:' ;~-;""t-~-~:~-:t .. ;~· :-~-"' 

1 Solve each of the following equations to find x in terms of a where a > 0 and a * 100. 

(a) ax= 102x+I (b) 2log(2x) = 1 +log a (OCR, adapted) 

2. Solve the equation 32x = 4 2-x, giving your answer to three significant figures. (OCR) 

.VTh~ ~u~ction f is_ give~ b_y f :x H log(l + x), where x E !R1 and x» -1. Express the 
defm1t10n of f- 1 ma similar form. (OCR, adapted) 

4 Find the root of the equation 102- 2
x = 2x10-x giving your answer exactly in terms of 

logarithms. (OCR, adapted) 

5 Given the simultaneous equations 

2x = 3Y, 

x+ y = 1, 

log3 
show that x = -- . 

log6 
(OCR, adapted) 

6 Express log(2.Ji0)- ~log0.8- log(1*) in the form c + logd where c and d are rational 
numbers and the logarithms are to base 10. (OCR, adapted) 

7* Prove that logb ax loge bx loga c = 1, where a, b and c are positive numbers. 

8 Prove that log(~ J + log(~)+ log(; J = 0. 

9 If a, b and c are positive numbers in geometric progression, show that log a, log b and 
log care in arithmetic progression. 

10* If log p = q and log r = p, prove that log p = pq. 
~ q q 

11 Express log2 (x + 2)- log2 x as a single logarithm. Hence solve the equation 
log2 (x + 2) - log2 x = 3. 
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12 The strength of a radioactive source is said to 'decay exponentially'. Explain briefly what is 

meant by exponential decay, and illustrate your answer by means of a sketch-graph. 

After t years the strength· S of a particular radioactive source, in appropriate units, is given 

by S = 10 000 x T 0
·
00141

. State the value of S when t = 0, and find the value of t when 

the source has decayed to.one-half of its initial strength, giving your answer correct to 

3 significant figures. (OCR, adapted) 

13 Differing amounts of fertiliser were applied to a number of fields of wheat of the same size. 

The weight of wheat at harvest was recorded. It is believed that the relationship between 

the amount of fertiliser, x kg, and the weight of wheat, y tonnes, is of the form y = kxn, 

where k and n are constants. 

(a) A plot of ln y against ln x is drawn for 8 such fields. It is found that the straight line 

of best fit passes through the points ( 4,0) and (0,-1.6). Find the values of k and n. 

(b) Estimate how much wheat would be obtained from the use of 250 kg of fertiliser. 

(MEI, adapted) 

14 An experiment was conducted to discover how a heavy beam sagged when a load was hung 

from it. The results are summarised in a table, where w is the load in tonnes and y is the 
sag in millimetres. 

w 

y 18 

2 

2} 

3 

39 

4 

56 

5 

82 

(a) A suggested model for these data is given by y =a+ bw2
, where a and b are 

constants. Use the results for w = 1 and w = 5 to find estimates of a and b, correct to 
one decimal place. Calculate the sag predicted by this model when the beam supports a 

load of 3 tonnes. 

(b) A second model is given by y =kc w, where k and c are constants. By plotting ln y 

against w, estimate the values of k and c. 

( c) Compare the fit of the two models to the data. (MEI, adapted) 

'" ::~::-:::::-,',_ -·, .:;;, ~",,... 'E;.,;;.;:~~!",'':'~:T~::;.1;·-:.:.::J.'%~:.'f::~~~!~,.':!'~;'GSiSS~~~:::-;:;;:;:'3:,2;:~.:£SI2::':!:"'!:'\::1~~'!iil 



4 Differentiating exponentials and logarithms 

This chapter deals with exponentials and logarithms as functions which can be 
differentiated and integrated. When you have completed it, you should 

• 
• 
• 
• 

understand how to find the derivative of bx from the definition 
understand the reason for selecting e as the exponential base 
know the derivative and integral of ex 
know the derivative of In x , and how to obtain it 

• know the integral of _!_,and be able to use it for both positive and negative x 
x 

• be able to use the extended methods from Pl Chapter 12 to broaden the range of 
functions that you can differentiate and integrate. 

4.1 Differentiating exponential functions 

One characteristic of exponential growth is that a quantity increases at a rate 
proportional to its current value. For continuous exponential growth, this rate of growth 
is measured by the derivative. 

It will be simplest to begin with a particular value b = 2, and to consider f(x) = 2x. 

To find the derivative of this function you can use the definition given in Pl Section 6.6, 

f'(x) =Jim f(x + h)- f(x) 
h->0 h 

For this function, as illustrated in Fig. 4.1, 

f(x + h)-f(x) = 2x+h -2x = 2"2h - 2" 

=2"(2h-1). 

So the definition becomes 

f'(x)= lim 2"(2h -1) 
h-70 h . 

Since 2x does not involve h, you can write 

f'(x) = zx lim zh - l. 
h-70 h 

f(x) 

(x+h,2x-th) 

x x+h 

Fig. 4.1 

This shows that f'(x) is the product of two factors: 2x, which is independent of h, and 
a limit expression which is independent of x. 

The limit expression is in fact the gradient of the tangent at the point ( 0, 1) . This is 

because 
2

hh-l isthegradientofthechordjoining (0,1) to (h,2h),andas h tends to 0 
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this chord tends to the tangent. So 

f'(x) = 2x x gradient of the tangent at {0,1) = 2x x f'{O); 

since 2x is f{x), this can be written as 

f'(x) = f{x) x f'(O). 

This result confirms that the rate of growth of f{x) is proportional to its current value. 

The next step is to evaluate the limiting value f'{O). You can do this by calculating 
2

h - l 
for some small values of h, and setting out the results as in Table 4.2. h 

h 

2h -1 

h 

1 

1 

0.1 o.oi 0.001 o.ooo 1 

0.717 73 0.695 56 0.693 39 0.69317 

Table4.2 

These are the gradients of chords to the right of {0,1), which you would expect to be 
greater than the gradient of the tangent. For chords to the left you can take h to be 
negative, as in Table 4.3. 

h 

2h -1 

h 

-1 

0.5 

-0.1 -0.Ql -0.001 -0.000 1 

0.669 67 0.690 75 0.692 91 0.69312 

Table 4.3 

It follows that, for the function f{x) = 2x, the derived function is 

f'(x) =constant x 2x, where the constant is f'{O) = 0.6931.. .. 

The method of finding the derivative for any other exponential function bx is exactly 
the same. The only difference is that the numerical value of the constant f'{O) is 
different for different values of the base b . 

For the general exponential function f{x) =bx, where b > 0 and 
b "# 1, the derived function is f'{x) =constant x bx, where the value 
of the constant, which depends on the base b, is equal to f'(O). 

Example 4.1.1 
Show that, for any exponential function, the graph of y =bx bends upwards. 

If y =bx, dy = f'(O)bx and d
2

; = (f'{0))2 bx. Since b "# 1, f'{O) is not zero, 
dx dx 

so·(f'(0})2 
'.> o., Also,forall .. x-; V > 0. 

51 
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d2 
Therefore -{ > 0 for all x, so the graph bends upwards. 

dx 

If you look back to Figs. 3.1 and 3.2, you can see that f'(O) is positive for b > 1 and 

negative for 0 < b < 1, but in either case the graph bends upwards throughout its length. 

4.2 The number e 

If you carry out the limit calculation lim bh - l for values of b other than 2, you get 
h->0 h 

values for the constant f'(O) like those in Table 4.4 below, reported to 4 decimal places. 

Since the values of f'(O) depend on b, they have been denoted by L(b). 

b 

L(b) 

2 3 

0.693 1 1.098 6 

4 5 6 8 9 10 

1.386 3 1.609 4 1.7918 2.079 4 2.197 2 2.302 6 

Table 4.4 

Before reading on, try working out one or two of these for yourself. If you are working in a 

group, you could share the work and verify the whole table. It is also interesting to find 

L( b) for a few values of b less than l, such as 0 .1 , 0 .2 , 0 .25 and 0 .5 . Look atthe 

answers and keep a record of anything you notice for future reference. 

None of these limits works out to a nice recognisable number; in fact they are all 
irrational numbers. But Table 4.4 shows that between 2 and 3 there should be a number 

for which L(b) is I .This is the number denoted by the letter e, and it turns out to be 

one of the most important numbers in mathematics. 

You can find the value of e more precisely by decimal search. For example, the limit 

calculation shows that L(2.71) = 0.9969 ... , which is too small, and L(2.72) = 1.0006 ... , 

which is too large, so 2.71<e<2.72. However, this is a rather tedious process, and there 

are far more efficient ways of calculating e to many decimal places. 

Note that L(e) = 1, and that L(b) is the symbol used for the constant f'(O) in the statement 

'if f(x) =bx, then f'(x) = f'(O)bx .' 

This means that, if f(x) =ex then f'(O) = 1, so 

if f(x) =ex, then f'(x) =ex. 

It is this property that makes ex so much more important than all tht< other exponential 

functions. It can be described as the 'natural' exponential function, but usually it is 

called' the exponential function' (to distinguish it from bx for any other value of b., 
which is simply 'an exponential function'). 

The function ex is sometimes written as expx, so that the symbol 'exp' strictly stands for 

the function itself, rather than the output of the function. Thus, in formal function notation, 

exp:x Hex. 
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Many calculators have a special key, often labelled [ex], for finding values of this 
function. If you want to know the numerical value of e, you can use this key with an 
input of 1, so that the output is e1 = e. This gives e = 2.718 281828 .... (But do not 
assume that this is a recurring decimal; e is in fact an irrational number, and the single 
repetition of the digits 1828 is just a coincidence.) 

Example 4.2.1 
Find the equations of the tangents to the graph y =ex at the points (a) (0,1), (b) (l,e). 

(a) Since dy =ex, the gradient at (0,1) is e0 = 1. The equation of the tangent is 
dx 

therefore y- f = l(x - 0), which you can simplify to y = x + 1. 

(b) The gradient at (1,e) is e1 = e. The equation of the tangent is 
y-e = e(x-1), which you can simplify to y =ex. 

It is interesting that the tangent at (1,e) passes through the origin. You can demonstrate 
this nicely with a graphic calculator, if you have access to one. 

Example 4.2.2 

Find (a) !(e2x), (b) !(e-x'), (c) !(e2+x). 

These expressions are all of the form ! f(F(x)), with f(x) =ex. So you can use 

the chain rule (see Pl Section 12.2) to find the answers 

(a) e2x X 2 = 2e2x, 
2 2 

(b) e-x x(-2x) =-2xe-x , (c) e2+x x 1 = e2+x. 

For (c) you could write e2+x as e2ex. Since e2 is constant, the derivative is e2ex, or e2+x. 

From ! ex= ex it follows that f ex dx =ex+ k. This Js used in the next example. 

Example 4.2.3 
Find the area under the graph of y = e2

x from x = 0 to x = 1. 

f e2xdx isoftheform f g(ax+b)dx, with g(x)=ex.Theindefiniteintegral 

is therefore _!_ f(ax + b) + k, where f(x) is the simplest integral of g(x). (See 
a 

Pl Section 16.7 .) In this case, f(x) =ex, so that f e2x dx = ! e2x + k. 

The area under the graph is therefore J1 

e2x dx = [ie 2x r = i e2 -ie0 = -!(e2 -1). 
0 0 
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Exercise 4A 

1 Differentiate each of the following functions with respect to x . 

(a) e3x (b) e-x (c) 3e2x (d) 4 -4x - e 
-

(e) e3x+4 (t) e3-2x (g) el-x (h) 3e xe2+4x 
x' I 2 l e -.ix (i) e U) ·e==2x (k) e' (1) 

" 
2 Find, in terms of e, the gradients of the tangents to the following curves for the given 

values of x . -- < 

(a) y=3ex, where x=2 

(c) y=x-e2x,where x=O 

(b) y = 2e-x, where x = -1 

(d) y.:r:: e6- 2x, where x = 3 

3 rind the equations of the tangents to the given curves for the given values of x. 

(a) y =ex, where x = -1 

(c) y = x2 +2e2x, where x = 2 

(b) y=2x-e-x,where x=O 

(d) y = e-2x, where x = ln2 

4 Use the chain rule to differentiate "' 
(a) y = zex2 +x+l 

' 
(b) y=3(e-x+l)5, (c) y=e~ 

5 Given that y = ~, find the value of dy when x = 0 . 
l+e x dx 

6 Find any Stll.tionary points of the graphs of 

(a) y=2-ex, (b) y=Zx-ex, (c) y = 2x2 +e-:x•, 

and determine whether they are maxima or minima. 

7 Find the following indefinite integrals. 

(a) J e3x dx (b) f e-x dx (c) f 3e2x dx (d) f -4e-4x dx 

(e) J e3x+4 dx (t) f e3-2x dx (g) f el-x dx (h) f 3e X e2
+
4x dx 

8 Find each of the following definite integrals in terms of e, or give its exact value. 

(a) Ii2 e2x dx ·' (b) r e-x dx (c) f o 2el-2x dx (d) /J: 2e2x dx 
-1 -2 

rn9 J'n2 
. 1 f9 exln3 dx (e) ex dx (t) o 2el-2x dx (g) f 0 exln2 dx (h) 

ln3 -3 

• 9 Find the area bounded by the graph of y = e2
x, the x- and y-axes and the line x = 2. 

10 Find f: e-x dx. Deduce the value off: e-x dx. 

2 
11 Sketch the graph of y = xe-x for x > 0. Find the area contained between this graph and 

the positive x-axis. 
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4.3 The natural logarithm 
The inverse function of the (natural) exponential function exp is the logarithmic 
function loge . You know from the last chapter that this is denoted by In. It is called the 
natural logarithm. 

y = ex = exp x ¢::> x = loge y = In y for x E IR , y E IR , y > 0. 

lnl=O, lne=l, lnen =n for any n. 

The most important property of the natural logarithm is the derivative of In x. This can 

be deduced from the result _!ex= ex in Section 4.2, but first we need a result from dx . 
coordinate geometry. 

Mini~theorem If a line with gradient m (where m # 0) is reflected in the line y = x, 

the-gradient of the reflected line is _!_. 
, m 

Proof The proof is much like that of the perpendicular line property given in 
Pl Section 1.9. Fig. 4.5 shows the line of gradient m with a 'gradient triangle' 
ABC. Its reflection in y = x is the triangle DEF. Completing the rectangle DEFG, 
DGF is a gradient triangle for the reflected line. GF = DE= AB= 1 and 

DG = EF = BC = m , so the gradient of the reflected line is GF = _!_. 
DG m 

y 

y=x 

Fig. 4.5 Fig.4.6 

Now consider the graphs of y =In x and y =ex in Fig. 4.6. Since these are graphs of inverse 
functions, they are reflections of each other in the line y = x. The reflection of the tangent at 
the point (p,r) on y = Inx is the tangent at the point (r,p) on y =ex, where p = e'. 

Since _!ex= ex, the gradient of the tangent at (r,p) is e' = p. It follows that the 
dx 

gradient of the tangent to y = In x at (p, r) is _!_ • 
p 

" 
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Since this holds for any point (p,r) on y =In x, it follows that: 

d 1 
For x > 0 , - In x = -

dx x 

Example 4.3.1 
Find the minimum value of the function f(x) = 2x - In x. 

The natural domain of f(x) is x >0. Since f'(x) = 2-.!_, f'(x) =0 when x = !· 
x 

Also f"(x) =~,so f"(!) = 4 > 0. So the function has a minimum when x = ! . 
x 

The minimum value is f(!) = 1- ln ! . Since In!= In T 1 = - In 2, it is simpler to 

write the minimum value as 1+In2 . 

Unless you specifically need a numerical answer, it is better to leave it as 1 + In 2 , which 

is exact, than to use a calculator to convert it into decimal form. 

Example 4.3.2 

Find (a) ! ln(3x + 1), 
d 

(b) -ln3x, 
dx 

d 
(c) dx lnx 3

, (d) !in(x+~). 
(a) This expression is of the form f(a.x + b), with f(x) =in x, so the derivative is 

1 3 
3x--=--. 

3x + 1 3x + 1 

(b) You have a choice of method. You can find the derivative as in (a), as 
I 1 d d I 

3 x - = - . Or you can note that In 3x = In 3 + ln x, so that - In 3x = - ln x = - , 
3x x dx dx x 

since ln 3 is constant. 

(c) Begin by writing lnx3 as 3lnx.Then ~lnx3 =~(3lnx)=3x.!_=~. 
. dx dx xx 

d 3 1 2 3 
Or use the chain rule, - ln x = 3 x 3x = -

dx x x 

( 1) x
2 +1 ( ) (d) Either write ln x+-:; =ln-x-=ln x2 +1 -lnx;so 

~ln(x+.!_) =-
1
-x 2x-.!_ =~-.!_; 

dx x x2 + 1 x x2 + 1 x 

or use the chain rule directly, 

d ( 1) 1 ( 1 ) x x
2 

-1 x
2 

-1 
dxln x+-:; = x+.!_ x 1- x2 = x2+lx7= x(x2+1)" 

x 

The two methods give the answer in different forms, but they are equivalent to 
each other. It doesn't matter in which form yoi.I give your answer. 
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~~iKt~E!~tfft~~~~:~tJf~'1.IZ~~l~;f~~~~.:JJ~~~¥~~~~~~ Exercise 4B rI1:-.u ~~l~lZtf!I~~~;~~~ /l}:-~tt}~ft1~~:JE.~;~~jJ 

1 Differentiate each of the following functions with respect to x . 

(a) In2x (b) In(2x-1) (c) In(l-2x) (d) In x 2 

In(a+bx) I 1. 1 2x+l 
(e) (f) n- (g) In-- (h) In--

x 3x+ 1 3x-1 

(i) 3Inx-2 U) ln(x(x + 1)) (k) 1n(x2 (x-1)) (1) 1n(x2 +x-2) 

2 Find the equations of the tangents to the following graphs for the given values of x. 

(a) y =In x, where x = i 
(c) y=ln(-x), where x=-~ 

(b) y = In 2x , where x = i 
(d) y=ln3x,where x=e 

3 Find any stationary values of the following curves and determine whether they are maxima 
or minima. Sketch the curves. 

(a) y=x-lnx 

(c) y=x2 -lnx2 

4 Use the chain rule to differentiate 

(b) y = ~ x 2 ~ In 2x 

(d) y=xn -lnxn for n;;.1 

(a) y=ln(l+x3 ), (b) y = i ln( 2 + x 4 ), (c) y = In(x3 +4x). 

5 Prove that the tangent at x = e to the curve with equation y = ln x passes through the 
origin. 

6 Find the equation of the normal at x = 2 to the curve with equation y = In(2x - 3). 

7 Let f(x) =:= ln(x- 2) + ln(x -6). Write down the natural domain of f(x). 

Find f'(x) and hence find the intervals for which f'(x) is (a) positive, (b) negative. 

Sketch the curve. 

8 Repeat Question 7 for the functions 

(i) f(x)=ln(x-2)+In(6-x), (ii) f(.r) = ln(2-x) + ln(x-6). 

G:~:F~~.:..~~~~J:~;::'-~::5;~~3-fliZ~~~~~'i'!1t"f~B.l:~~~~.&rf,~~~~.!h~1&F£ilr~~:;r,Q~~G..:~2iE 

4.4 The reciprocal integral 

Now that you know that i_ In x = .! , you also know a new result about integration: 
dx x 

~~~~!;.~~~~t1:'.{1~f£~1f;fl:t~;;;_t~~~i-fil~ifi~2 

. f 1 -For x>O, -dx=lnx+k. 
x 

This is an important step forward. You may recall that in Pl Section 16.1, when giving 

the indefihite integral f xn dx = -
1
- xn+I + k, an exception had to be made for 

· n + 1 

the c~se n = -1. You can ~ow see why: f ~ dx i~ an entirely different kind of 
function, the natural logarithm. i' 

/ 
r 
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Example 4.4.1 
1 

Find the area under the graph of y = - from 
x=2tox=4.- x 

Before working out the exact answer, 
notice from Fig. 4.7 that the area should 
be less than the area of theJrapezium 
formed by joining (2,0.5) and (4,0.25) 
with a chord. This area is .,, 

t x 2 x (0.5 +0.25) = 0.75. 

The exact area is given by the integral 

J
4 l 4 
-dx=[lnx] =ln4-ln2 

2 x 2 

= ln~ = ln2. 

y 

4 

3 

2 

o I l," .. , ... ~~,;~,tf.'!1};: r~lN~iJ 
0 • 

2 3 4 s x 

Fig.4.7 

The calculator gives this as 0.69314 ... , which is less than 0.75, as expected. 

Example 4.4.2 
1 

Find the indefinite integral f-- dx . 
3x-1 

This is of the form J g(ax + b)dx, so the integral is ~f(ax + b) + k, where f(x) 

is the simplest integral of g(x). Here, g(x) is .!_,so f(x) = lnx. Therefore 
x 

f 1 1 
--dx =-ln(3x-l)+k. 
3x-1 3 

Note that this integral is only valid if x > ~,since ln(3x -1) only exists if 3x -1 > 0. 

Exercise 4C ~1~'1<" t;-:.tr ~(''.>7 f". J~~,c~}~·, ~ ~ . ~~"'":~-".:~":~1f·•,f;.\; .,i," ~~~"' ,\ >' 

1 Carry out the following indefinite integrations, and state the values of x for which your 
answer is valid. 

(a) f _!_dx 
2x 

(b) J-1
-dx 

x-1 
(c) J-1 dx 

1...:.x 
(d) J~1 -dx 

4x+3 

(e) f 4 dx 
1-2x 

(f) J 4 dx 
1+2x 

(g) J-4-dx 
-1-2x 

(h) J-
4
-dx 

2x-1 

1 
2 Calculate the area under the graph of y = - from 

x 

(a) x=3tox=6, (b) x=4tox=8, 

(c) x=~tox=l, (d) x =a to x = 2a, a>O. 
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3 Calculate the areas under the following graphs. 

1 
(a) y=-- from x=-1 to x=O 

x+2 

2 
(c) y=-- from x = 4 to x=6 

3x-5 · 

1 
(e) y=-- from x=-3 to x=-2 

-x-1 

1 
(b) y=-- from x=2 to x=5 

2x-1 

e 
(d) y=--fromx=4tox=5 

- ex-7 

1 
(f) y = 2 + -- from x = 2 to x = 6 

x-1 

59 

4 Sketch y = -
2

- , and use your sketch to make a rough estimate of the area under the graph 
x+l ' 

between x = 3 and x = 5. Compare your answer with the exact answer. 

5 The region under the curve with equation y = ~ is rotated through four right angles about 

the x-axis to form a solid. Find the volume of the solid between x = 2 and x = 5. 

6 The region under the curve with equation y = b is rotated through four right angles 
-v2x-1 

abou,t the x-axis to form a solid. Find the volume of the solid between x = 3 and x = 8 . 

7 Given that dy = -
3
- and that the graph of y against x passes through the point (1,0), 

dx 2x+l 
find y in terms of x . 

--..J---Acurve has the property that di= - 8
-, and it passes through (1,2). Find its equation. 

dx 4x-3 

9 The graph of y = ~ between .xt= 1 and x = 2 is rotated about the y-axis. Find the volume 
x 

of the solid formed. 
f.&-'E~~~~~~as&!i!JMZW*t'i SAfW¥ Af ta 

4.5 Extending the reciprocal integral 

On a first reading of this chapter you may prefer to skip ahead to Miscellaneous exercise 4 
and come back to this section later. 

You will have noticed that the statements 

d 1 
-lnx=­
dx x 

and J ~dx=lnx 
both contain the condition 'for x > 0 '. In the case of the derivative the reason is 
obvious, since ln x is only defined for x > 0. But no such restriction applies to the 

f 
. 1 

unct10n -. 
x 

This then raises the question, what is J ~ dx when x < 0 ? 

A good guess might be that it is In(-x). This has a meaning if x is negative, and you 

can differentiate it as a special case of ~ f( ax + b) with a = -1 , b = 0 and f(x) = 'ln x . 
dx 

/. 
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This gives ~ ln(-x) = ,---( 
1 

) = _!_ , as required. 
dx -x x 

So the full statement of the reciprocal integral is: 

Notice that the possibility x = 0 is still excluded. You should expect this, as 0 is not in the 

domain of the function _!_. Using the function Ix I, the result can also be stated in the form: 
x 

The function I x I is an even 
function, with a graph symmetrical 
about the y-axis. It follows that the 
graph of In I x I is symmetrical 
about the y-axis; it is shown in 
Fig. 4.8. For positive x it is the 
same as that of In x ; for negative 
x , this is reflected in the y-axis. 

y 

You can see that the gradient of the Fig. 4.8 

graph is positive for x > 0 ~nd d 
1 

negative for x < 0, which is as you would expect since - In\ x \ = - . 
dx x 

y= ln\xl 

Example 4.5.1 
2 

The graphs of y = -- and y = - x -1 intersect where x = 0 and x = 1. Find the area 
x-2 

of the region between them. · 

You can check from a sketch that the curve lies above the line, so that the area is 

J
1

(-
2 

-(-x-1))dx=f
1

(-
2

· +x+l)dx. 
0 x-2 0 x-2 

The trap which you have to avoid is writing the integral of -
2

- as 2 In(x - 2). 
x-2 

Over the interval 0 < x < 1, x - 2 is negative, so ln(x - 2) has no meaning. 

There are two ways of avoiding this difficulty. One is to write -
2

- as -2._ . 
x-2 2-x 

The integral of -
1
-· is -ln(2-x),sotheintegralof -2._ is 2ln(2-x). 

2-x 2-x 
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The area is then 

[ 2 ln(2 - x) + ~ x 2 + x ]~ = ( 2ln1+~+1)-(2 ln 2) 

=~-2ln2. 

The alternative is to use the modulus form of the integral, and to find the area as 

[21nl x-21+ ~x2 + x]~ =(2lnl-1I+~+1)-(2lnl-21) 

= ~ -2ln2. 

You might think from this example that the modulus method has the edge. But it has to 
be used intelligently, as the following 'bogus' example shows. 

Example 4.5.2 
1 

Find the area under the graph of y = - from x = -2 to x = +4. 
x 

False solution 

J
4 1 4 
~2 i dx = [ lnl x IL = ln I 4 I - ln I - 2 I = ln 4 - ln 2 

= ln~ = ln2. 

You only have to draw the graph of y = _!_ to see that there is a problem here. The 
x 

area does not exist for either of the intervals -2 < x < 0 and 0 < x < 4, so it 
certainly cannot exist for -2 < x < 4. The interval of inte~ration contains x = 0, 

for which the rule ~ lnl x I=_!_ breaks down. 
dx x 

4.6* The derivative of bx 

In Sections 4.1and4.2 the derivative of bx was found in the form 

d 
dx bx= L(b)bx , 

where L(b) is a constant whose value depends on b. 

It is now possible to find this constant. As exp and In are inverse function·s, the composite 
function 'exp ln' is an identity function, with domain the positive real numbers. Therefore 

elnb = b. 

Raising both sides to the power x gives 

bx= (elnbr = exlnb, 

by the power-on-power rule. This is of the form eax, where a is constant, so 

~bx =~(exlnb) =(lnb) exlnb =(lnb) bx. 
dx dx 

61 
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Comparing this with the earlier form of the derivative, you find that 

L(b) = lnb. 

You can check this by using your calculator to compare the values of L( b) in Table 4.4 
in Section 4.2 with the corresponding values of ln b. Notice also that Table 4.4 gives a 
number of examples of the rules for logarithms listed in Section 3.4. For example, 

L(4) = 2L(2), 
L(9) = 2L(3), 

L(6) = L(2) + L(3), L(8) = 3L(2), 
L(lO) = L(2) + L(5). 

The reason for this is now clear. 

l~f~~~:'.:~?j-~~~fllIBtf.~;:~~:~}:x :::~--1-~,~:-=~~:~. :~D~-~-·--~~~::, ,:~\i~ Exercise 4D i~~~~-~.;u::ru~1.~i~~~ii~~~~~~3~~1rjj_~-~t-~, ,::.:~:;:·.;.:}~.;; 

1 Calculate the following. r3 1 (a) -dx 
_6 x+2 

(b) f-·_l_dx 
_ 1 2_x-1 

r 2 (c) --d.x 
-1 3x-5 

(d) r-e-d.x 
1 ex-7 

f 1 (e) --d.x 
2 -x-1 

(t) f c 1 
) -I 2+'x-1 d.x 

2 Calculate the value of y = lnl 2x - 3 I for x = -2, and find dy when x = -2. Sketch the 
d.x 

graph of y = lnl 2x - 3 I . 

3* Find the derivatives with respect to x of 2x, 3x , lOx and (!r. 

~~~~~~A~fl:~~H::~}:;~)~1·L·:l:~~~ -~ ,·:~ -:·'~{ .,c~~ Miscellaneous exercise 4 ~~~i~~~~~~~}'.~,~cg~~::"~;::~~- ·:'~::1l{~~ 

1 Differentiate each of the following expressions with respect to x. 

(a) ln(3x-4) (b) ln(4-3x) (c) ex xe2x 

(d) ex+ e2x (e) 
2-x 

(t) ln(3-2x)3 ln--
3-x 

2 Use a calculator to find a number a for which ex > x 5 for all_ x >a. 

3 Find the coordinates of the points of intersection of y = i and 2x + y = 9 . Sketch both 
x 

graphs for values of x such that x > 0 . Calculate the area between the graphs. 

4 A curve is given by the equation y = ~ex + ~ e -Zx . 

(a) Evaluate a definite integral to find the area between the curve, the x-axis and the lines 
x = 0 and x = 1, showing your working. 

(b) Use calculus to determine whether the turning point at the point where x = 0 is a 
maximum or a minimum. (OCR, adapted) 
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5 Find f (2+e-x)d.x. (OCR) 

6 The equation of a curve is y = 2x2 
- In x , where x > 0 . Find by differentiation the 

x-coordinate of the stationary point on the curve, and determine whether this point is a 
maximum point or a minimum point. (OCR) 

7 Show that J'(ex-e-x)dx=(e-1)
2

. 
o e 

(OCR) 

8 Using differentiation, find the equation of the tangent to the curve y = 4+In(x+1) at the 
point where x = 0. (OCR) 

9 The equation of a curve is y = ln(2x) . Find the equation of the normal at the point 
(~,o), giving your answer in the form y = mx+c. (OCR) 

10* (a) Express x - 7 + -
1
-· as a single fraction. 

(x-4)(x-1) x-4 

x-7 
(b) Sketch y = , and calculate the area under the graph between x = 2 and 

x= 3 . (x-4)(x~l) 

11 Find the coordinates of the stationary point of the curve y = In( x 2 
- 6x + 10) and show that 

this stationary point is a minimum. 

12 (a) Show that ex is an increasing function of x for all x. Deduce that ex ;;,1 for. x;;,O. 

(b) By finding the area under the graphs of y =ex and y = 1 between 0 and X, where 

x;;,o, deduce that ex ;;,1 + x for x;;,o; and that ex ;;, 1 + x + ~ X2 for x;;,o. 

13 (a) Find the stationary value of y = Inx -x, and deduce that Inx ~ x -1 for x > 0 with 
equality only when x = 1 . 

(b) Find the stationary value of In x + _!_, and deduce that x - l ~ In x for x > 0 with 
equality only when x = 1 . x x 

( ) B . z h 0 d d N . , . 1· 1 In z - In y 1 c y puttmg x = - w ere < y < z , e uce ap1er s mequa 1ty, - < < - . 
y z z-y y 

14 The diagram shows sketches of the graphs of 
y = 2 - e -x and y = x. These graphs intersect 

at x = a where a > 0 . 

(a) Write down an equation satisfied by a. 
(Do not attempt to solve the equation.) 

(b) Write down an integral which is equal to 
the area of the shaded region. 

(c) Use integration to show that the area' is 

equal to 1 + a - i a2 
• (OCR, adapted) 

y 
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15 Find the coordinates of the three stationary points of the curve y = ex
2 
(x' -is) . 

16 Draw a sketch of the curve y = e-2
x - 3x. The curve crosses the x-axis at A(a,O) and the 

y-axis at B( 0 ,1) . 0 is the origin. 

(a) Write down an equation satisfied by a. 

(b) Show that the tangent at A meets the y-axis at the point whose y-coordinate is 

2ae-2a +3a. 

d2 
(c) Show that -i' > 0, and using the results from parts (a) and (b), deduce that 

dx 

6a2 +3a<1. 

( d) Find, in terms of a , the area of the region bounded by the curve and the line segments 

OA and OB. 

(e) By comparing this area with the area of the triangle OAB, show that 3a2 + 4a > 1. 

Hence show that ~-fl - j < a < 1 ~ .J33 - t . (OCR, adapted) 

17 Find the exact value of J: e 1
-

2
x dx. 

18 The number of bacteria present in a culture at time t hours after the beginning of an 
3 

experiment is denoted by N. The relation between N and t is modelled by N = 100e21
. 

(a) After how many hours will the number of bacteria be 9000? 

(b) At what rate per hour will the number of bacteria be increasing when t = 6 ? (OCR) 

19 Show that,· if x > 0, xn can be written as en lnx. Differentiate this last expression by the. 
d 

chain rule, and deduce that dx xn = nxn-I if n is any real number. 

20* The expression xn only has a meaning when x < 0 if n is a rational number p_ and q is an 
odd integer. q 

Make the substitution u = - x so that, when x < 0 , u > 0 . 
p p p p 

(a) Show that, if x < 0 and q is odd, then x• = -u• if p is odd, and x• = u• if p 

is even. 

(b) Use the chain rule and the result in Question 19 to show that, if p is odd, then 

d ( !!.) p p-q p LJ d ( !!.) p p-q p L1 
dx x• = qu • = qx• ; and that, if pis even, dx x• = -qu • = -qx" . 

(c) Deduce that, for all the values of n for which xn .has a meaning when x is negative, 

! (xn) = nxn-I for x < 0. 

:'.:~-{;;~; .. iff.!;'.y_;5)£'Z:tJ'.~~i?\t"..;;:C':~'<r'~'7,iJ.t:-'5J5i;;::r.:::,h?'<r~!~A:t1F,:t1[:'.~~iJ':f-~'~E::'~·::..-:.· __ :~::,:..· 



5 Trigonometry 

This chapter takes further the ideas about trigonometry introduced in unit Pl. When you 
have completed it, you should 

• know the definitions, properties and graphs of secant, cosecant and cotangent, including 
the associated Pythagorean identities 

• know the addition and double angle formulae for sine, cosine and tangent, and be 
able to use these results for calculations, solving equations and proving identities 

• know how to express a sine+ b cos e in the forms R sin( e ±a) and R cos( e ±a) . 

5 .1 Radians or degrees 
All through your work in mathematics, you have probably thought of degrees as the 
natural unit for angle, but in Pl Chapter 18 a new unit, the radian, was introduced. This 
unit is important in differentiating and integrating trigonometric functions. For this 
reason, a new convention about angle will be adopted in this book; 

If no units are given for trigonometric functions, you should assume that the units are 
radians, or that it doesn't matter whether the units are radians or degrees. 

For example, if you see the equation sin x = 0.5, then x is in radians. If you are asked 
for the smallest positive solution of the equation, you should give x =in . Remember 
the relation: 

Identities such as cos 2 A+ sin 2 A = 1 and sine = tan e , or the cosine formula 
cose 

a2 = b2 + c2 -2bccos A, are true whatever the units of angle. Formulae such as these, 
for which it doesn't matter whether the unit is degrees or radians, will be shown without 
units for angles. 

If, however, it is important that degrees are being used, then notation such as cos A0 and 
sin 8° will be used. Thus one solution of the equation cos 8° = -0 .5 is e = 120 . 

This may seem complicated, but the context will usually make things clear. 

5.2 Secant, cosecant and cotangent 
It is occasionally useful to be able to write the functions .-

1
- , -.-

1
- and -

1
- in 

cosx smx tanx 
shorter forms. These functions, called respectivefy the secant, cosecant and cotangent 
(written and pronounced 'sec', 'cosec' and 'cot') are not defined when the denominators 
are zero, so their domains contain holes. 
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The secant and cosecant are defined by 

1 
secx=-­

cosx 
1 

cosecx=-­
sinx 

provided that cos x :;t 0, 

provided that sin x :;t 0. 

It is a little more complicated to define the cotangent in this way, since there are values of x 

" h" h . d f" d B h f h sin x 1 cos x ior w IC tanx IS un e me . ut you can use t e act t at tanx = -- , so· -- = -.- , 
cosx tanx smx 

except where the denominators are zero. This can be used as the definition of cotx. 

The cotangent is defined by 

cosx 
cotx=-­

sinx 
provided that sin x :;t 0. 

Note that cotx = -
1
- except where tanx = 0 or is undefined. 

tanx 

You won't find sec, cosec or cot keys on your calculator. To find their values you have to 
use the cos, sin or tan keys, followed by the reciprocal key.· 

The graphs of y = sec x , y = co sec x and y = cot x are shown in Figs. 5 .1, 5 .2 and 5 .3. The 
functions sec x and cosec x have period 2n, and the period of cot x is 7r. 

y 
' 

y y 
: y= secx y= cosecx y= cot x 

!' i1t" It", x -It" 

-1!"

1
-j. _, l·r··. -·n1

1 

I I I ' 

' ' ' ' ' ' I • I I 

' ' ' 
' ' ' ' ' ' 

Fig.5.1 Fig. 5.2 Fig. 5.3 

Example 5.2.1 
Find the exact values of (a) sec 17r , (b) cosec ~ 7r, ( c) cot (-17r ). 

You need to find the values of cos 1 n, sin~ n and tan (-1 n), using the symmetry 
properties in Pl Section 18.3 together with the exact values in Pl Section 10.3. 
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(a) cos~n=-cos(n-~n)=-cosln=-! so sec~n=-2 3 3 3 2' 3 . 

(b) sin ~ n = sin( n - ~ n) = sin in = ! , so cosec ~ n = 2 . 

(c) tan(-jn) = tan(-jn + n) = tan1n = .J3, so cot(-~n) = ,1 = j-J3. 

There are new forms of Pythagoras' theorem in trigonometry using these new 
trigonometric functions. For example, if you divide every term in the identity 

cos2 (} + sin2 (} = 1 by cos2 (},you get 

cos2 (} sin 2 (} 1 . 2 2 
--2-+--2- = --2-, that is, 1 +tan (}=sec (}. 
cos (} cos (} cos (} 

Similarly, if you divide every term of cos2 (} + sin2 (} = 1 by sin2 (},you get 

cos 2 (} sin 2 (} 1 . 2 2 
--2-+--2-=-. -2-, that1s, l+cot (}:=cosec e. 
sin e sin (} sin (} 

Summarising: 

1 + tan2 (} = sec2 (}, 

1 + cot2 (} = cosec2(}. 

Example 5.2.2 
Prove the identity 

1 
= sec(}+ tan(} provided that sec(} - tan(} ;t 0 . 

sec (} - tan (} 

There are four ways to approach proving identities: you can start with the left side and 

work towards the right; you can start with the right side and work towards the left; you 

can subtract one side from the other and try to show that the result is 0 ; or you can 

divide one side by the other and try to show that the result is 1. If you use one of the first 

two methods, you should generally start with the more complicated side. 

Use the fourth method, and consider the right side divided by the left side. 

You need to show that (sec(}+ tan(}) + 
1 

is equal to 1. 
sec (} - tan (} 

1 
(sec(}+ tan(})+ = (sec(}+ tan(})(sec (} - tan(}) 

sec (} - tan (} 

= sec2 (} - tan2 (} = 1, 

using the first line in the box above. 

1 
Therefore = sec (} + tan (} . 

sec (} - tan (} 

The condition sec(} - tan(} ;t 0 is necessary, because if sec(} - tan(} = 0 the left 
side is not defined, and therefore the identity has no meaning. 
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,_-~·~~:~~.:Y"-. ._- - --.-. -·-· ., .. - ---.c;,:;_,,,-,_c:~-- Exercise SA ~-_-,,~:-'"'_, ___ _ -, -_:_'" --=-~-c..:;.>~": ; .. ~ ;;;.<":'-

1 Find, giving your answers to 3 decimal places, 

(a) cot304°, (b) sec(-48)0
, (c) cosec 62°. 

2 Simplify the following. 

(a) sec(!n - x) (b) 
cosx 

(c) - sec(-x) 
sinx 

(d) l+tan 2 x (e) cot(n + x) (f) cosec (n + x) 

3 Find the exact values of 

(a) I sec 4 n, (b) cosec in, (c) 5 cot 6 n, (d) cosec (-% n) , 
(e) cot(-~n), (f) sec !1 n (g) cot(-¥ n), (h) 7 

6 , sec 6 n. 

4 Using a calculator where necessary; find the values of the following, giving any non-exact 
answers correct to 3 significant figures. 

(a) sin ~n (b) I (c) I (d) cosec!ln secmn cot 12 n 6 

(e) cos~n (f) 5 (g) sec(-!ln) (h) cot(-! n) tan 12 n 
12 -

5 Given that sin A= ~,where A is acute, and cos B = -! , where B is obtuse, find the exact 
values of 

1 
(a) secA, (b) cot A, (c) cotB, (d) cosecB. 

Given that cosec C = 7 , sin 2 D = ! and tan 2 E = 4 , find the possible values of cot C , 

sec D and cosec E, giving your answers in exact form. 

Simplify the following. 

(a) ~sec2 if>-1 (b) tanif> 
l+tan2 if> 

(c) tan if> 
sec2 if>-1 

(d) • (e) 
i: 

(f) (cosecif>- l)(cosecif> + 1) 
~1 + cot2 if> ~cosec2if>- l 

8 (a) Express 3tan2 8-sec(} in terms of sec(}. 

(b) Solve the equation 3 tan 2 if> - sec if> = 1 for 0 ~ if> ~ 2n . 

9 Use an algebraic method to find the solution for 0 ~ x ~ 2n of the equation 
Scot x + 2cosec2x = 5. 

10 Find, in exact form, all the roots of the equation 2sin2 t + cosec2 t = 3 which lie between 
0 and 2n. 

11 Prove that cosec A + cot A = 1 
provided that cosec A * cot A . 

cosec A - cot A 

sec(J-1 tane . 
12 Prove that --- = --- provided that tan(} * 0. 

tane sec(}+ 1 -
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5 .3 The addition formulae for sine and cosine 

Suppose that you know the values of sin A , cos A , sin B and cos B. How could you 
calculate the values of sin( A+ B), sin( A- B), cos( A+ B) and cos( A - B) without 
using a calculator to find the angles, which, of course, would only give approximations? 

One way is to find a general formula which applies to all values of A and B by starting 
with the formula for cos( A - B). You may wish to skip the proofs below, and start 
reading from the next set of results in the box on the next page. 

In Fig. 5.4, angles A and Bare drawn from 
the x-axis. The points P and Q then have 
coordinates (cosA,sinA) and (cosB,sinB) 
respectively. 

You can write the distance PQ , or rather an 
expression for PQ2 

, in two ways: by using the 
distance formula in coordinate geometry (see Pl 
Section 1 .1) and by using the cosine formula for 
the trian~le OPQ. These give_ 

0 I x 

Fig. 5.4 

PQ 2 = (cosB-cosA) 2 + (sinB-sinA) 2 and PQ 2 =1 2 +1 2 -2x lx lx cos(A-B), 

so cos2 B-2cosBcosA+cos2 A+sin 2 B-2sinBsinA+sin2 A=2-2cos(A-B). 

Rearrange the left side to get 

( cos2 B + sin2 B)+( cos2 A+ sin2 A)-2cos A cosB-2sinAsinB =2-2cos(A-B). 

But, from Pythagoras' theorem in trigonometry, cos2 B + sin2 B = 1 and cos2 A+ sin2 A= 1. 
So, cancelling and rearranging, 

cos( A- B) =cos A cos B +sin A sin B. 

Although Fig. 5.4 is drawn with angles A and B acute and A> B, the proof in fact 
holds for angles A and B of any size. 

Example 5.3.1 
Verify the formula for cos(A-B) in the cases . (a) B =A, (b) A= in, B =in. 

(a) Put B= A. 

Then cos( A - A) = cos 2 A + sin 2 A and, as cos 0 = 1 , you get Pythagoras' 
theorem, cos 2 A+sin 2 A=1. 

(b) Put A=-! :ir and B =in. 

Then cos A= 0, sin A= 1 , cos B =-! .f:3 and sin B =-!.The formula then gives 

cos A cos B + sin A sin B = 0 x -! .f:3 + 1 x -! = -! , which is consistent with 

cos( A - B) = cos(l n - l n) = cos l n = l 2 6 3 2 . 
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If you replace B by (-B) in the formula for cos( A - B) you get 

cos( A - (-B)) =cos Acos(-B) +sin Asin(-B). 

Recall that cosine is an even function (Pl Section 18.3), so cos(-B) = coslJ, and that sine 
is an odd function, so sin(-B) =-sin B. Writing cos( A - (-B)) as cos(A + B), 

cos(A + B) = cosAcos(-B) +sin Asin(-B) 

=cos A cos B- sip A sin B. 

To find a formula for sin(A + B), first recall that cos(± 1t' - 8) =sin 8 (see Pl Section 10.4 
for the equivalent statement in degrees). Using this with 8 = A+ B , 

sin(A+B) = cos(in-(A+B)) = cos((in-A)-B) 

= cos(in-A)cosB+ sin(in-A)sin B 

=sin AcosB+ cosAsinB. 

You can obtain the formula for sin( A- B) in a similar way. (This is Exercise SB 
Question 6.) .The four formulae are true for all angles A and B, so they are identities. 

For all angles A and B, 

sin( A+ B) =sin AcosB +cos A sin B, 

sin( A- B) =sin A cos B-cosAsin B, 

cos( A+ B) =cos AcosB-sinAsin B, 

cos(A- B) = cosAcosB+sinAsinB. 

These formulae, called the ~ddition formulae, apply whatever units are used for angle. 
They are important and you should learn them, but you need not learn how to prove them. 

Now that you have these formulae, you have a quick method of simplifying expressions 
such as cos(in-8): . 

cos(i n - e) = cos(i n )cos8 + sin(i n )sine 

= 0 x cos e + ( -1) x sine = - sin e. 

Example 5.3.2 
Use the formulae for cos( A± B) to find exact values of cos 75° and cos 15°. 

cos 75° = cos(45 + 30)0 = cos45° cos 30° - sin 45°sin 30° 

= l-.fi. x Lf3-l-.fi. x l = l(~ --12) 2 2 2 2 4 . 

cos 15° = cos(45 - 30)0 =cos 45° cos 30° + sin45°sin 30° 

= l -.fi. x Lfj + l -.fi. x l = l (~ + -.fi.) 2 2 2 2 4 . 

Check these results for yourself with a calculator. 
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Example 5.3.3 
You are given that sin A= f,,, that sin B = H, and that 0 < B < !n <A< 1C. Find the 
exact value of tan( A+ B). 

From the Pythagoras identity, cos2 A+(~ )2 = 1, cos2 A= 1- 268~ = ~~g, so 

cos A = ± H. As ~ n < A < 1C, cos A is negative, so cos A = -H. 

Similarly, cos2 B+(H)2=1, so cosB =±-A. As 0 < B < !n, cosB is positive, 

so cos B = -A . Then 

sin( A+ B) = J_ x 2- + (-12) x 11 = 40-180 _ -140 
17 13 17 13 l 7xl3 - 17xl3 

and cos(A + B) = (-11) x 2- - J_ x 11 = -75-96 _ -171' 
17 13 17 13 17xl3 - 17xl3' 

tan( A+ B) = sin(A + B) = -l
4

o/i7xl3 _ 140 
cos(A + B) -1711 - m · /17xl3 

so 

Example 5.3.4 
Prove that sin( A+ B) +sin( A - B) ~ 2 sin A cos B. 

Starting from the left side, and 'expanding' both terms, 

sin(A + B) + sin(A- B) =(sin A cos B+cos Asin B) +(sin AcosB- cos A sin B) 

= sinAcosB+ cos A sin B +sin AcosB- cosAsinB 

= 2sinAcosB. 

Hence sin( A+ B) + sin(A- B) = 2sin AcosB. 

Example 5.3.5 
Find the value of tan x 0

, given that sin(x + 30)0 = 2 cos(x - 30)0
• 

Use the addition formulae to write the equation as 

sin x0 cos 30° + cos x 0 sin 30° = 2 cos x0 cos 30° + 2 sin x 0 sin 30°. 

Collect the terms involving sin x0 on the left, and those involving cos x 0 on the 
right, substituJing the values of sin 30° and cos 30°: 

sin x 0 x !-J3 - 2 sin x 0 x ! = 2 cos x0 x !-1:3 - cos x 0 x ! ' 

which can be rearranged as 

(!-J3 -1 )sinx0 = (-J3 -!)cosx0 
• 

sin x 0 -J3 - ! _ 2-1:3 - 1 
Hence tan x 0 = --o = 1 r;;;

3 1 
- r;;;3 _ 2 · 

. cosx 2~~- ~~ 
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5.4 The addition formulae for tangents 
sin(A + B) . 

To find a formula for tan(A + B), use tan(A + B) = ( ) together with the 
cos A+B 

identities for cos( A+ B) and sin( A+ B). Thus 

B 
sin( A+ B) sin AcosB+ cos A sin B 

tan\ A- l = = . 
· cos( A+ B) cos A cos B-sin A sin B 

You can get a neater formula by dividing the top and the bottom of the fraction on the 
right by cos A cos B . The numerator then becomes 

sin A cos B + cos A sin B 

cosAcosB 

and the denominator becomes 

sin A cos B cos A sin B A B 
----+ =tan +tan , 
cosAcosB cosAcosB 

cos A cos B-sin A sin B cos AcosB sin A sin B A B ------- - = 1- tan tan . 
cos AcosB cosAcosB cos A cos B 

·i·h c . h f . h (A B) tan A+ tan B ere1ore, puttmg t e raction toget er, tan + = . 
1-tanAtanB 

A similar derivation: or the fact that tan(-B) = -tanB, yields a formula for tan( A- B). 

(A ~) = tan A+ tan B (A_ B) = tan A - tan B tan..,,.,_ , tan - . 
1-tanAtanB l+tanAtanB 

Note that these identities have no meaning if tan A or tan B is 
undefined, of if the denominator is zero. 

Example 5.4.1 
Given that tan(x + y) = 1 and that tan x· = i, find tan y . 

tan(x + y) - tan x 1 - -2
1 11

2 1 tany=tan((x+y)-x)= . =--=n=-. 
l+tan(x+y)tanx l+lx! Yi 3 

Example 5.4.2 
Find the tangent of the angle between the lines 7y = x + 2 and x + y = 3. 

The gradients of the lines are 4 and -1 , so if they make angles A and B with the 
x-axis respectively, tan A = 4 and tan B = -1 . Then 

tan(A-B)= tanA-tanB = 4-(-1) =~=i. 
l+tanAtanB i+4x(-l) ~ 3 

.. J 
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-~:.·~::.- _. Exercise SB ,s· 2·._;-£.~ ~- _,_•;.;:ft_/~~; °;l- ~~~"~~ 

~By writing 75 as 30 + 45, find the exact values of sin 75° and tan 75°. 

2 Find the exact values of 

(a) cos 105°, (b) sin 105° , (c) tan 105°. 

3 Express cos( x + ~ n) in terms of cos x and sin x. Li· e,;) 
,.--. 

\{'·W 4 Use the expansions for sin(A+B) and cos(A+B) to simplify sin(in+_</>) and 
cos(in+<f>). .·.--- · 

\-1 · ~ Express tan(~ n' + x) and tan(% n - x) in terms of tan x . 
y6' Use sin( A- B) = cos(in-(A - B)) = cos((!n -A)+ B) to derive the formula for 

sin( A- B). 

(--t· W. 7 Given that cos A=~- and cos B = ~~ , where A and B are acute, find the exact values of 

(a) tan A, (b) sin B, (c) cos( A - B), (d) tart( A+ B). 

(~ ~ ~8 Given that sin A=~ and cos B = {i, where A is obtuse and B is acute, find the exact 
values of cos( A+ B) and cot(A- B). 

-~f"-

9 Prove that cos( A+ B)- cos( A- B) = -2 sin A sin B. 
7':~7:-''.."i2 _.,_,, • .;_L, ,'; .-._ ,,,_:.-·-,~·-,~- ·;· :__:~" O -e,:.' :i • -··,-.--"---•':_:f''\"'- --::;-·--:,,:;··:, ~~-"::"-:-';.c;~;;.?-:;:-;=i!·~'· :c::-.:;;_v;,..:'-~<'.",C~3~ ,,_~::~-~:-' ---~·-~::;: !:-,~:.-:::-- ,·c:' ;s-··f·.;;.·,r;.:.,'.-;J; 

5.5 Double angle formulae 

If you put A= B in the addition formulae, you obtain identities for the sine, cosine and 
tangent of 2A. The first comes from sin( A+ B) =sin A cosB +cos A sinB, which gives 

sin( A+ A)= sin A cos A+ cos A sin A, or sin2A = 2sinA cos A. 

From cos(A + B) =cos A cosB -sinAsinB you get cos 2A= cos 2 A -sin2 A. There are 
two other useful forms for this which come from replacing cos2 A by 1-sin2 A, giving 

cos2A = cos 2 A-sin2 A= (1-sin2 A)-sin2 A=1-2sin2 A, 

or from replacing sin 2 A by 1- cos2 A, giving 

cos2A = cos2 A-sin2 A= cos2 A-(1-cos 2 A)= 2cos 2 A-1. 

. tanA+tanB 2tanA 
Fmally, the formula tan( A+ B) = becomes tan 2A = 2 . 

1-tanAtanB 1-tan A 

These formulae are called the double angle formulae. 

sin 2A = 2 sin A cos A, 

c&s'.Z-A = cos2 A-sin2 A=1-2sin2 A= 2cos2 A-1, 

2tanA 
tan2A = 2 . 

1-tan A 
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Example 5.5.1 
Given that cos A = ~ , find the exact value of cos 2A. 

cos 2A = 2 cos2 A -1 = 2 x (~)2-1 = 2 x ~ -1 = - ~. 

Example 5.5.2 
Given that cos A=~ , find the possible values of cos J- A. 

Using sos 2A~ = 2 cos2 A -1, with J- A written in place of A , gives 

cos A= 2 cos2 J- A-1. In this case, ~ = 2 cos2 J- A-1, giving 2 cos2 J- A=~. 

This simplifies to cos2 J- A= ~,so cos J-A=±~ = ± 1 f6. 

Example 5.5.3 
Solve the equation 2 sin 28° =sin 8°, giving values of e such that 0 ~ e ~ 360 correct 
to 1 decimal place. 

using the identity sin 28° = 2 sin 8° cos 8° ' 

2 x 2sin 8° cos 8° =sin 8°, so sin 8°( 4 cos8° -1) = 0. 

At least one of these factors must be 0. Therefore either 

SinfJO = 0, giving e = 0, 180, 360 

or 4cos8°-1=0, giving cos8°=0.25,so 8=75.52 ... or284.47 .... 

Therefore the required roots are e = 0, 75.5, 180, 284.5, 360 correct to 1 decimal 
place._ 

Example 5.5.4 
Prove the identity cot A - tan A = 2 cot 2A . 

Method 1 Put everything in terms of tan A. Starting with the left side, 

1 1-tan2 A 
cot A - tan A= -- - tan A=----

tan A tanA 

(
l-tan

2 
A) 1 = 2 x_ = 2 x ----- = 2 cot 2A. 

2tanA tan2A 

Method 2 Put everything in terms of sin A and cos A. Starting with the left 
side, 

cot A_ tan A= cos A_ sin A = cos
2 
A- sin

2 
A= cos 2A = 2 cot 2A. 

sinA cosA sinAcosA J-sin2A 

t 
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Example 5.5.S 
-Prove that cosec x + cot x = cot i x . 

. .. 
Starting with the left side, and putting everything in terms of sines and cosines, 

1 cos x 1 + cos x 
cosec x +cot x = -- + --= ---

sin x sinx sinx 

_ 1+(2cos2 i-x-1) _ 2cos2 ix 

= 2sin ixcosi x = 2sin ix cosi x 

I 
_ COSz-X _ I 
= -. - 1- = cot 2 x. 

Sill zX 
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~~:ilft~~f~~.f3~~lli~c~~~~1i]:%'P~~t1i~~~~ Exercise SC ~~0f~f}}-~~~,~~~~::i"fi~~'f~~ 

1 If sin A=~ and A is obtuse, find the exact values of cos A, sin 2A and tan 2A. 

2 If cos B = i , find the exact values of cos 2B and cos i B . 

3 By expressing sin 3A as sin(2A +A), find an expression for sin 3A in terms of sin A. 

4 Express cos 3A in terms of cos A. 

5 B · . . . f I fi l . . " 1- COS X y wntmg cos x m terms o 2 x , md an a temat1ve expression ior ---
1 + cosx 

6 Prove that 4 sin( x + t n) sin( x - t n) = 3 - 4 cos2 x . 

7 If cos 2A =-Ji-, find the possible values of cos A and sin A. 

8 If tan 2A = ¥ , find the possible values of tan A. 

9 If tan 2A = 1 , find the possible values of tan A. Hence state the exact value of tan 22 i 0 • 

10 Solve these equations for values of A between 0 and 2n inclusive. 

(a) cos2A+3+4cosA=0 (b) 2cos2A+l+sinA=O 

(c) tan2A +Stan A= 0 
m!!Ulli!i!!ilmli!>1!!l!lll!lDl!m=Ramii!ll!*!:E""!l'.!&"l'lt"''1l·"!!W!>'P11'Sl~~~"~1:f:JM-:;m&'t!t..iM~~....JL~~~.,_:::.{2~ .. £.:.'it~ 

5.6 The form asinx+bcosx 

If you draw the graph of y =sin( x + in) , you will see that it is the graph of y =sin x moved 
by in in the negative x-direction. Similarly the graph of y = sin(x +a) has been moved by 
a in the negative x-direction. 

If you compare the graph of y = 2 sin x with that of y =sin x , you will see that the graph of 
y =sin x has been stretched in the y-direction by a factor of 2. Similarly the graph of 
y = R sin x, where R > 0 , stretches y = sin x by a factor of R. 

Draw the graphs of y = 3 sin x + 2 cos x and y = sin x -4 cos x , using an interval of values 
for x of either 2n or 360°, depending on whether you are working in radians or degrees. 
What you see may surprise you: it shows that both these graphs are either cosine or sine 
graphs, first shifted in the x-direction, and then stretched in the y-direction. 
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These observations suggest that you can write y = 3 sin x + 2 cos x in the form 
y = Rsin(x +a), where the graph y = sinx has been shifted by a in the negative 
x-direction, and then stretched in they-direction by the factor R, where R > 0. But 
how do you find the values of R and a? 

If you equate the two expressions y = 3 sin x + 2 cos x and y = R sin(x +a) , you find that 

3 sin x + 2 cos x = R sin x cos a + R cos x sin a . 

Since these are to be identical, they certainly agree for x = -in and 
x = 0. This gives 

3 = Rcosa and 2 = Rsina. 

You can find R and a from these equations. Imagine a right­
angled triangle, which you might think of as a set-square, with 
adjacent sides 2 units and 3 units, and hypotenuse R units. Then 
a is the angle shown in Fig. 5.5. 

R 

a 
3 

Fig. 5.5 

Therefore tan a= t, and R = ~22 + 32 ~..JU. It is important to remember that R > 0. 
The equations 2 = Rsina and 3 = Rcosa then show that cos a and sin a are positive, 
so that the angle a is acute; in radians a= 0.58 .... Then 

3sin x + 2 cos x = (..JU cos0 .. 58 ... )sin x + (..JU sin 0.58 ... ) cosx 

=..JU sin xcos0.58 ... +..JU cosx sin 0.58 ... 

= ..JLlsin(x+0.58 ... ). 

The form ..JU sin( x + 0 .5 8 ... ) , while it may look less friendly than 3 sin x + 2 cos x , is in 
many ways more convenient. Example 5.6.1 shows two applications. 

Example 5.6.1 ,. 
(a) Find the maximum and minimumvalue"'s of 3 sin x + 2 cos x, and find in radians to 2 
decimal places the smallest positive values of x at which they occur. 

(b) Solve the equation 3 sin x + 2 cos x = 1, for -n :;;:; x :;;:; n , to 2 decimal places. 

(a) Since 3sinx + 2cosx = ffi sin(x.+0.58 ... ) , and the maximum and minimum 
values of the. sine function are 1 and -1, the maximum and minimum values of 
3 sin x + 2 cos x are ..JU and -..JU .. ~ since the maximum and minimum 
values of the sine function occur at -! ii ·arid in , the relevant values of x are 

given by x + 0 .58 ... = -in and x + 0 .58 ... = in. Therefore the maximum ..JU 
occurs when x =in -0.58 ... = 0.98, and the minimum -..JU occurs when 
x =in -0.58 ... = 4.12, both correct to 2 decimal places. 

(b) 3sinx+2cosx=l ¢=> ffisin(x+0.58 ... )=1 ¢=> sin(x+0.58 ... )= ~­
\/13 

Using the methods of Pl Section.18.5,thesolutions (between -n and n) are 

x.+ 0.58 ... = 0.28. .. or x + 0.58 ... = 2.86 ... , 

so x = -0.31or2.27, correct to 2 decimal places. 

2 
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In the general case, you can write asinx + bcosx in the form Rsin(x +a) where 

R = -J a2 + b2 and a is given by the equations R cos a = a and R sin a= b. 

There is nothing special about the form Rsin(x +a). It is often more convenient to use 
Rcos(x +a), Rsin(x-a) or Rcos(x -a). Thus, for the values of Rand a in 
Example 5.6.1, with 3 = R cos a and 2 = Rsina, 

3cosx + 2sinx = (Rcosa)cosx + (Rsina)sinx = Rcos(x - a). 

Always try to choose the form which produces the terms in the right order with the 
correct sign. For example, write 3cosx - 2sin x in the form Rcos(x +a), and 
3sinx-2cosx in theform Rsin(x-a). 

Summarising all this: 

~fti~~~1,i\7~~;~~~~:.~'ff~t!4~~~~~..f.i™~~~~~~~~~im 

If a and b are positive, 

a sin x ± b cos x can be written in the form R sin( x ± a) , 

a cos x ± b sin x can be written in the form R cos( x + a) , 

where R = -Ja2 +b2 and Rcosa =a, Rsina = b, with 0 <a< !n. 

You do not need to memorise the results in the box, although it is useful to know that 

R = -J a 2 + b2 
• Learn how to find a and work it out each time you come to it. 

Example 5.6.2 
Express sin8°-4 cos8° in the form Rsin(8-a) 0 giving the values of Rand a. 
Explain why the equation sin8° -4 cos8° = 5 has no solutions. 

Identifying sin 8° - 4 cos 8° with R sin( 8 - a )0 gives 

sin8° -4 cos8° = Rsin8° cosa0 -R cos8°sina0
, 

so Rcosa0 =1 and Rsina0 =4. 

Therefore R=-J12 +42 =m; with cosa0 = ~and sina0 = ~,giving 
o v17 v17 tana = 4 and a= 75.9 .... 

Then sin8°-4 cos8° = ..f0 sin(8-a)0
, where a= 75.9 .... 

The equation sin 8° -4 cos 8° = 5 has no solution since if sin 8° -4 cos 8° = 5, 

then msin(8-a)0 =5,so sin(8-a)0 = b >l. 
· v17 

As there are no values for which the sine function is greater than 1, there is no 

solution to the equation. sin(8 -a)0 = b, and therefore no solution to the 
v17 

equation sin 8° - 4 cos 8° = 5. 

77 
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~~~lY£10~~*l~1~~Wfm;gz~~ Exercise SD ~~-m~~~~ 

1 Find the value of a between 0 and ~nforwhich 3sinx+2cosx=.Ji3sin(x+a) 

2 Find the value of <fJ between 0 and 90 for which 3 cos x 0 
- 4 sin x 0 = 5 cos( x + </J )

0 
• 

3 Find the value of R such that, if tan f3 = ~ , then 5 sin 8 + 3 cos 8 = R ~in{ 8 + {3). 

4 Find the value of R and the value of f3 between 0 and -! n correct to 3 decimal places 
such that 6 cosx +sin x = R~os(x - {3), 

5 Find the value of Rand the value of a between 0 and -!n in each of the following cases, 
where the given expression is written in the given form. 

(a) sinx+2cosx; Rsin(x+a) (b) sinx+2cosx; 

(c) sinx-2cosx; Rsin(x-a) (d) 2cosx-:--sinx; 

Rcos(x-a) 

Rcos(x+a) 

6 . Express 5 cos 8 + 6 sin 8 in the form R cos( 8 - {3) where R > 0 and 0 < f3 < -! n . State 

(a) the maximum value of 5 cos e + 6 sine and the least positive value of e which gives 
this maximum, 

(b) the minimum value of 5 cos e + 6 sine and the least positive value of e which gives 
this m'mimum. 

7 Express 8 sin x0 + 6 cos x0 in the form R sin( x + <fJ )
0

, where R > 0 and 0 < <fJ < 90. Deduce 
the number of roots for 0 < x < 180 of tht: following equations. 

(a) 8sinx0 +6cosx0 =5 • (b) 8sinx0 +6cosx0 =12 

8 ... Solve 3 sin x - 2 cos x = 1 for values of x between 0 and 2n by 

,. (a) expressing 3sinx-2cosx in the form Rsin(x-{3), 

(b) using a graphical method. 

-f~~itAl~ Miscella~eous exercise 5 ~~t11W;,;~ss 

1 (a)· Starting from the identity sin 2 
<fJ + cos2 

<fJ = 1, prove that sec2 
<fJ = 1 + tan 2 

<fJ. 

(b) Given that 180 < <fJ < 270 and that tan ¢0 = ~ , find the exact value of sec ¢0
• (OCR) 

2 Solve the equation tan x0 = 3 cot x0
, giving all solutions between 0 and 360. (OCR) 

3 (a) State the value of sec2 x - tan2 x. 

(b) The angle A is such that sec A + tan A = 2 . Show that sec A - tan A = -! , and hence 
find the exact value of cos A. (OCR) 

4 Let f(A)= cosA
0 

+ l+sinA
0 

1 +sin A0 cosA0 

(a) Prove that f(A) = 2 sec A0
• 

!b) Solve the equation f(A) = 4, giving your answers for A in the interval 0 <A< 360. 
(OCR) 
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S You are given that cos 30° = -J3 and cos 45° = ~ . Determine the exact value of cos 75°. 
2 -v 2 (OCR) 

6 Prove that sin(8 +in)= cos8. 

7 The angle a is obtuse, arid sin a = ~. 

(a) Find the value of cos a. 

(OCR) 

(b) Find the values' of sin 2a and cos 2a, giving your answers as fractions in their lowest 
terms. (OCR, adapted) 

8 Given that sin 8° = 4 sin(O - 60 )0
, show that 2 J:3 cos 8° = sin 8° . Hence find the value of e 

such that 0 < 8 < 180. (OCR) 

9 Solve the equation sin 28° - cos2 8° = 0, giving values of 8 in the interval 0 < 8 < 360. 
(OCR, adapted) 

10 (a) Prove the identity cot i A- tan i A= 2 cot A. 

(b) By choosing a suitable numerical value for A, show that tan 15° is a root of the 
quadratic equation t 2 + 2..J3 t -1=0. (OCR) 

11 (a) By using the substitution t =tan ix , prove that cosec x - cot x =tan ix. 

(b) Use this result to show that tan 15° = 2 - -J3 . 

12 Express sin 8° + -J3 cos 8° in the form R sin( 8 +a )0 
, where R > 0 and 0 < a < 90 . 

Hence find all values of 8, for 0 < 8 < 360 , which satisfy the equation 
sin 8° + -13 cos 8° = 1. 

13 The function f is defined for all real x by f(x) =cos x 0 
- -J3 sin x 0 

• 

(a) Express f(x) in the form Rcos(x + <f>)0
, w,hei;e R > 0 and 0 < </> < 90. 

(OCR) 

(OCR) 

(b) Solve the equation I f(x) I= 1, giving your answers in the interval O~ x~ 360. (OCR) 

14 (a) Express 12cosx+9sinx inthefonriRc~s(x-8),where R>O and 0<8<-in. 

(b) Use the method of part (a) to find the smallest positive root a of the equation 
12cosx + 9sinx = 14, giving your answer correct to three decimal places. (OCR) 

15 Express 2cosx0 +sinx0 intheform Rcos(x-a)0 ,where R>O and 0<a<90.Hence 

(a) solve the equation 2 cos x 0 +sin x 0 = 1, giving all solutions between 0 and 360 , 

(b) find the exact range of values of the constant k for which the equation 
2 cos x0 + sin x 0 = k has real solutions for x. (OCR) 

16 If cos-1(3x+2) = ~n, find the value of x. 

17 (a) Express 5 sin x0 +12 cos x 0 in the form Rsin(x + 8)0
, where R > 0 and 0 < 8 < 90. 

(b) Hence, or otherwise, find the maximum and minimum values of f(x) where 

f(x) = 
30 

. State also the values of x, in the range 0 < x < 360, at 
5 sin x0 + 12 cos x 0 + 17 

which they occur. (OCR) 
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18 Express 3cosx0 -4sinx0 intheform Rcos(x+a)0 ,where R>O and0<a<90.Hence 

(a) solve the equation 3 cos x 0 
- 4 sin x 0 = 2, giving all solutions between 0 and 360, 

(b) find the greatest and least values, as x varies, of the expression 
1 

3 cos x 0 
- 4 sin x 0 + 8 

19 (a) Find the value of tan-1 .J3 + tan-1
(- -1} 

(b) If x = tan-1 A and y = tan-1 B, find tan( A+ B) in terms of x and y. 

20 If A= sin -I x, where x > 0, 

(a) show that cos A= ,/1 - x 2 
, 

(b) find expressions in terms of x for cosec A and cos 2A. 

21 (a) Find the equation of the straight line joining the points A(0,1.5) and B(3,0). 

(OCR) 

(b) Express sin 8° + 2 cos 86 in the form r sin( 8 +a )0
, where r is a positive number and 

a 0 is an acute angle. 

(c) The figure shows a map of a moor-land. 
The units of the coordinates are 
kilometres, and the y-axis points 
due north. A walker leaves her car 
somewhere on the straight road 
between A and B. She walks in a 
straight line for a distance of 2 km 
to a monument at the origin 0 . 
While she is looking at it the fog 
comes down, so that she cannot see the 
way back to her car. She needs to 

y 
A l(0,1.5) 

e: ... ········~·~···· 
.·· 

0 

work out the bearing on which she should walk. 

(3,0) 
B x 

Write down the coordinates of a point Q which is 2 km from 0 on a bearing of 8° . 
Show that, for Q to be on the road between A and B, 8 must satisfy the equation 
2 sin 8° + 4 cos 8° = 3 . Calculate the value of 8 between 0 and 90 which satisfies this 
equation. (OCR) 

22 Let a and b be the straight lines with equations y = m1x + c1 and y = m2x + c2 where 
m1 m2 -:t:- 0 . Use appropriate trigonometric formulae to prove that a and b are 
perpendicular if and only if m1 m2 = -1 . 
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23 The figure shows the graphs 

{1} y = 5cos2x0 + 2 
and 

{2} y = cosx0 

for O:;;;;x:;-;;;180. 

(a) Find the coordinates of the points A 

and B where the graph { 1} meets the 
x-axis. 

(b) By solving a suitable trigonometric 
equation, find the x-coordinates of 
the two points P and Q where the 
graphs {l} and {2} intersect. Hence 
find the coordinates of the points P and Q . 

y 

81 

(OCR) 



6 Differentiating trigonometric functions 

This chapter shows how to differentiate the functions sin x and cos x . When you have 
completed it, you should 

• be familiar with a number of inequalities and limits involving trigonometric 
functions, and their geometrical interpretations 

• know the derivatives and indefinite integrals of sinx an.d cosx 
• be able to differentiate a variety of trigonometric functions using the chain rule 
• . be able to integrate a variety of trigonometric functions, using identities where necessary. 

6.1 Some inequalities and limits 

Fig. 6.1 shows a sector OAB of a circle with radius 
r units and angle e radians ( < in). The tangent at B 
meets OA produced at D. Comparing areas, 

triangle OAB <sector OAB <triangle ODE, 

D 

so ir2 sine<!r2e<!rxrtane. 0 e B 

Dividing by ! r 2
, it follows that, for 0 < e <in, 

sin e < e < tan e . 

Fig.6.1 

If e is small, Fig. 6 .1 suggests that the three numbers sin e , e and tan e will be very 
close to each other. 

Check this by setting e = 0.1 on your calculator. Remember to put it into radian mode. 

So you can also write, if e is small, 

sin e "" e and tan e "" e . 
One useful form of the inequality can be found by taking the left and right parts separately. 
First, since e > 0 , you can divide the inequality sine < e by e to obtain 

sine< 1. 
e 

Secondly, you can write e < tane as e <sine. Multiplying this by cose and dividing cose 
by e, both of which are positive since 0 < e < -! n , gives 

cose <sine e . 

Putting these new inequalities together again gives, for 0 < e < in, 
sine 

cose <--< 1. e 
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This is illustrated in Fig. 6.2. 
Notice that the graphs have been 
extended to the left to cover the 

interval -in< e <in. 

Since cos(-e) = cose 

sin(-e) -sine sine b h 
and--=--=--, ot 

(-e) -e e 

t(e) 

-!n 
Fig.6.2 

83 

f(0)= I 

f(B)= sine 
e 

!n e 

cos e and si: e are even functions. This shows that the inequality holds also for -in< e < 0. 

However, Fig. 6.2 obscures an important point, that sine is not defined when e = 0, 

since the fraction then becomes the meaningless Q. B~ the graph does show that sine 
approa~hes the limit 1 as e ~ 0 . 0 e 

If 0 < e < i Jr , sin e < e < tan e . 

sine 
As e~O, e~l. 

Example 6.1.1 
Show that the graph of y = sinx, shown in Fig. 6.3, has gradient 1 at the origin. 

Let the point P on the graph have coordinates 

( e, sin e) , so si; e is the gradient of the chord 

0 P . As e ~ 0 , this tends to the gradient of the 

h . . B e O sine tangent at t e ongm. ut as ~ , --~ 1 , e 
so the sine graph has gradient 1 at the origin. 

The inequality sine <B <tan e also says something 
about lengths. In Fig. 6.4, the sector in Fig. 6.1 has 
been reflected in the radius OB; C and E are the 
teflections of A and D. Then AC = 2r sine, 
arc ABC= r(W) = 2re, and DE= 2rtane. So the 
inequality states that 

y 

0 e 

Fig. 6.3 

y= sin;i; 

l; 

D 

chord AC< arc ABC< tangent DE. 
+-~~~~~~~---t----<B 

Note also that, in Fig. 6.4, 

chord AC 2r sine sine 
arcABC =2;(}=(}, 

so that the ratio of the chord to the arc tends to 1 
as e tends to 0. This result will be needed in the next section. 

E 

Fig. 6.4 
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In a circular sector, as the angle atthe centre tends to 0, 
the ratio of the chord to the arc tends to 1. 

6.2* Derivatives of sine and cosine functions 

This section shows how the limits established in Section 6.1 can be used to differentiate 
sines and cosines. You can if you like skip this for a first reading, and pick up the chapter at 
Section 6.3. 

The proof is based on the definitions of cos8 and sin 8 (given in Pl Sections 10.1 and 10.2) 
as the x - and y-coordinates of a point on a circle of radius 1 unit. 

In P1 cos 8 and sin 8 were defined with 8 in degrees, but the definitions work just as well 

with e in radians. 

0 

Fig. 6.5 Fig.6.6 

In Fig. 6.5, the point P has coordinates x = cos 8 and y = sin 8. If the angle is 
increased by oe, x increases by ox (which is actually a negative increase if e is an 
acute angle, as shown here) and y by Oy. The increases in x and y are represented in 
the figure by the displacements PN and NQ. 

Fig. 6.6 is an enlargement of the part of Fig. 6.5 around PNQ. Because the circle has 
unit radius, the arc PQ has length 08. Extend the line NP to R, parallel to the x-axis, 
and let </J be the angle RPQ . Then 

ox= PQcos</J and oy = PQsin</J. 

Note that, since </J is an obtuse angle, these equations make Ox negative and oy positive, 

as you would expect from the diagrams. If P were located in another quadrant of the circle, 

the signs would be different, but the equations for ox and oy would still be correct. 
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The aim is to find dx and dy , which are defined as de de 

1. Ox d l' oy 1m- an 1m-. 
oe_,o oe oe_,o oe 

Ox PQ chord PQ 
Now.- =-Xcos</J=cos</Jx , 

M M · arcPQ 

and Oy = PQ x sin </J = sin </J x chord PQ . 
M M arcPQ 

The proof can be completed by considering the limits of 

the two parts of these expressions separately. As oe ~ 0, 

the chord PQ becomes the tangent to the circle at P, and 

Fig. 6.7 shows that the angle </J tends to e +in. Also it 

h . h 1 . th chord PQ d 1 was s own m t e ast section at ten s to . 
arcPQ 

Assuming (as is true) that the limit of the product is equal 

to the product of the two limits, it follows that 

: = cos( e +in) x 1 and ~~ = sin( e + in) x I. 

That is, dx . £) d dy £) - = - sin o an -,--- = cos o . de de 

,._~-R 

Fig.6.7 

The relation </J = e + i n applies whichever quadrant e is in, so these results hold for all 

values of e E IR . 

6.3 Working with trigonometric derivatives 

You have seen the emphasis in trigonometry shift from calculations about triangles to 
properties of the sine and cosine as functions with domain the real numbers and range 

the interval -1 ~ y ~ 1 . This trend is given a further boost by finding the derivatives, so 

you can now treat trigonometric functions much like other functions in the mathematical 

store-cupboard, such as polynomials, power functions, exponential functions and 

logarithms. 

Putting the results of the last section into the usual notation, replacing e by x.: 

d . d . 
-cosx =-smx, 
dx 

-smx=COSX. 
dx 

85 
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Fig. 6.8 shows the graph of f(x) = sinx 
for 0 < x < 2n and, below it, the graphs of 
f'(x)=cosx and f"(x)=-sinx. 

You can see from these that the graph of 
f(x) is increasing when f'(x) is positive 
and decreasing when f'(x) is negative. 
There is a maximum at ! n where cos x is 

f(>)~· 

zero, and f"{!n) = -sin{!n) = -1<0. 

Also, the graph of f(x) is bending 
downwards between 0 and n, where 
f"(x) = -sin x is negative. What is 
different in this example from other similar 
diagrams (like Fig. 15.l in Pl) is that the 
three graphs are simply translations of 
each other parallel to the x-axis. 

f'(x) 

f"(x) 

Fig. 6.8 

Once you know the derivatives of sin x and cos x, you can use the chain rule to find the 
derivatives of many other trigonometric functions. 

Example 6.3.1 
Differentiate with respect to x (a) sin{3x-:!-n), (b) cos4 x, (c) secx. 

------~ 

(a) ! sin{ 3x -:!- n) =cos{ 3x - i-n) x 3 = 3 cos{ 3x -:!- n ). 

(b) Remember that cos4 x is the conventional way of writing (cos x )4
. 

.!cos4 x=4cos3 xx(-sinx)=-4cos3 xsinx. 

(c) 

The answer to part (c) can be written in several ways. For example, 

sin x sin x/ cos x tan x 
--2-= = 
cos x cosx cosx 

sinx . ( I ) . 2 or --2- = sm x x --2- = sm x sec x 
cos x cos x 

sin x ( I ) (sin x) or --
2
- = --·- x -- = secxtanx. 

cos x cosx cosx 

The most usual form is the last one, and it is a result worth remembering. 
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Example 6.3.2 

Find i_ In sec x . 
dx 

d 1 
-lnsecx =--x secxtanx = tanx. 
dx secx 

In most practical applications, the independent variable for the sine and cosine functions 
represents time rather than angle. Just as ex is the natural function for describing 
exponential growth and decay, so sine and cosine are the natural functions for describing 
periodic phenomena. They can be used to model situations as different as the trade cycle, 
variation in insect populations, seasonal variation in sea temperature, rise and fall of tides (as 
in Pl Example 10.1.2), motion of a piston in a car cylinder and propagation of radio waves. 

Example 6.3.3 
The height in metres of the water in a harbour is given approximately by the formula 
h = 6+3cosi1rt where t is the time measured in hours from noon. Find an expression 
for the rate at which the water is rising at time t. When is it rising fastest? 

Usin~ the chain rule, the rate at which the water is rising is 

dh = (-3sinint) x in= -~nsini nt. 
dt 

Th . f h · 1 1 h · h 1 3 7 11 ewaternses astestw en sm6 nt=- ,t at1sw en 6 nt= 2 n, 2 n, 2 n ... ,so 
t = 9, 21, 33,. ... The water is rising fastest at 9 p.m. and again at 9 a.m. (This is 
exactly half-way between low and high tide.) 

Example 6.3.4 
Find the minima and maxima of f ( x) = 4 cos x + cos 2x . 

Although the domain is JR, you only need to consider the interval 0 ~ x < 2n . Since the 

period of cos x is 2n, and the period of cos 2x is n, the graph of f(x) repeats itself 

after each interval of length 2n. 

f'(x) = -4sinx-2sin2x = -4sinx -4sin xcosx = -4sinx(I + cosx), so 
f'(x)=O when sinx=O or cosx=-1,thatiswhen x=O or n. 

f"(x) = -4cosx-4cos2x, so f"(O) = -4-4 = -8 and f"(n) = 4-4 = 0. There 
is therefore a maximum at x = 0, but the f"(x) method does not work at x = n. 
You must instead consider the sign of f'(x) below and above n. 

The factor 1 +cos x is always positive except at x = n, where it is 0; the factor 
sin x is positive for 0 < x < n and negative for n < x < 2n . So 
f'(x) = -4 sin x(l +cos x) is negative for 0 < x < n and positive for n < x < 2n . 
There is therefore a minimum of f(x) at n. 

Over the whole domain there are maxima at 0 , ±2n, ±4n , ... ; the maximum value 
is 4 + 1 = 5 . There are minima at ±7r, ±3n , ±Sn , ... , with minimum value 
-4 + 1 = - 3. If you have access to a graphic calculator, use it to check these results. 

Notice that, although it is periodic, the graph is not a simple transformation of a sine graph. 

,-; 
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~~~~~1!! Exercise 6A r~~,~~:fi~R'"~~¥:li:[~ 

1 Use the inequalities sin 8 < 8 < tan 8 for a suitable value of 8 to show that n lies between 
3 and 2-/3. 

2 Differentiate the following with respect to x. 

(a) -sinx (b) -cosx (c) sin4x (d) 2cos3x 

(e) sin!nx (f) cos3nx (g) cos(2x -1) (h) 5sin(3x +-} n) 

(i) cos(1n-5x) (j) - sin(-} n :.._ 2x) (k) -cos(1n+2x) (1) sin(!n(l + 2x)) 

3 Differentiate the following with respect to x. 

(a) sin 2 x (b) cos2 x (c) cos3 x (d) 5sin2 -ix 

(e) cos4 2x (f) 
. 2 

smx (g) 7cos2x3 (h) sin2 (-ix-1n) 

(i) cos3 2nx (j) sin3 x2 (k) sin2 x2 + cos2 x 2 (1) cos
2 -ix 

4 Show that ._! cosec x = -cosec x cot x . Use this. result, together with i_ sec x = sec x tan x , 
m m 

to differentiate the following with respect to x. 

(a) sec2x (b) cosec 3x · (c) cosec(3x + !n) (d) sec(x-~n) 
(e) 4sec2 x (f) cosec 3x (g) cosec4 3x (h) sec2

( 5x --} n) 

5 Show that i_ In co sec x = - cot x , i_ ln cos x = - tan x . Use these and other similar results 
m m 

to differentiate the following with respect to x. 

(a) ln sin2x (b) lncos3x (c) lncosec (x-n) 

(d) lnsec4x (e) lnsin2 x (f) lncos3 2x 

6 Differentiate the following with respect to x. 
(a) ·esinx (b) ecos3x (c) Sesin2x 

7. Show that the inequality sin 8 < 8 holds for all values of 8 greater than· 0 . By writing 
c~s 8 as cos 2( 18), prove that cos 8 > 1-182 for all values of 8 except 0 . Sketch graphs 
illustrating the inequalities 1-182 < cos 8 < 1. . 

8 (a) Find the equation of the tangent where x = 1 n on the curve y =sin x. 

(b) Find the equation of the normal where x =-}non the curve y = cos3x. 

( c) Find the equation of the normal where x = -} n on the curve y = sec x . 

( d) Find the equation of the tangent where x = -} n on the curve y = In sec x. 

( e) Find the equation of the tangent where x =.in on the curve y = 3 sin 2 2x. 

9 Find any stationary points in the interval 0.;;;; x < 2n on each of the following curves, and 
fine\ out whether they are maxima, minima or neither. 

(a) y = sinx + cosx 

(d) y=cos2x+x 

(b) y = x + sin x 

(e) y=secx+cosecx 

(c) y = sin2 x + 2cosx 

(f) y = cos2x -2sinx 
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10 Find i_sin(a + x), first by using the chain rule, and secondly by using the addition 
dx 

89 

formula to expand sin( a+ x) before differ,entiating. Verify that you get the same answer by 

both methods. 

11 Find ! cosG n - x}. Check your answer by simplifying cos(i n - x) before you 

differentiate, and sin( i n - x) after you differentiate. 

12 Show that ! (2cos2 x), ! (-2sin2 x) and! cos2x are all the same. Explain why. 

13 Find ! sin2 (x +in), and write your answer in its simplest form. 

14 Find whether the tangent toy= cosx at x = ~n cuts the y-axis above or below the origin. 

15 Sketch the graphs with the following equations, and find expressions for dy . 
dx 

(a) y =sin .fX (b) y = oJcosx (c) y =sin_!_ 
x 

2 

16 Show that, if y =sin nx, where n is constant, then d ;' = -n2y. What can you deduce 
dx 

about the shape of the graph of y = sin nx? Give a more general equation which h;:is the 

same property. 

17 Show that i__._l_ can be written as • . Hence find an expression for 
dx cos x cosec x - sin x 

d2 d . . . I ,.. "bl - 2 secx, an wnte your answer mas srmp ea 1orm as poss1 e. 
dx 

18 By writing tan x as sin x , show that i_ In tan x = 2cosec 2x. 
cosx dx 

19 The gross national product (GNP) of a country, P billion dollars, is given by the formula 
P =I+ 0.02t + 0.05sin0.6t, where t is the time in years after the year 2000. At what rate 
is the GNP changing 

(a) in the year 2000, (b) in the year 2005? 

20 A tuning fork sounding A above middle C oscillates 440 times a second. The displacement 
of the tip of the tuning fork is given by 0.02 cos( 2n x 440t) millimetres, where t is the 
time in seconds after it is activated. Find 

(a) the greatest speed, (b) the greatest acceleration of the tip as it oscillates. 

(For the calculation of speed and acceleration, see Ml Chapter 11.) 

~x;su_~1~~~:1:~~ili'~t~"!i:~B-!"~t'2·1~~.:;-:-"~: :~7.t'·~~·"?".;~r;_;,;:;_--,-,;~ "'.O:-:·~~~.;,::;:: :;::;"'~t~:'Ji:~-~;:;e:~ .• !~,--:?::7?::'0::.;J':"f!::.:;,.;: ... ~ ·:xVin::r?..J.~-'.:.:'.'7",:_'.="..o;·.::.,;L.;;:rr:.o:·~ '·--· "··-:·'.;~·:=;•"' · :,,;::~~.1~~~;;:'.::rr-:c?J 
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6.4 Integrating trigonometric functions 

Th 1 d . d d . . . . d f" . . 1 e resu ts -smx = cosx an -cosx = -smx give you two m e imte mtegra s: 
ill ill . 

Be very careful to get the signs correct when you differentiate or integrate sines and 

cosines. The minus sign appears when you differentiate cos x, and when you integrate 

sin x. If you forget which way round the signs go, draw for yourself sketches of the sin x 

and cos x graphs from 0 to ! n. You can easily see that it is the cos x graph which has 

the negative gradient. 

Example 6.4.1 
Find the area under the graph of y = sin( 2x + j n) from x = 0 as far as the first point at 
which the graph cuts the positive x-axis. 

sin(2· +jn)=O when 2x+jn=0,n,2n, .... Thefirstpositiverootis x=~n, 

J :ir sin(2x + ~ n) ill=[! x (-cos(2x + j n ))]!ir 

So the area is ~ . 

= ! x (-cosn ... (-cosjn)) 

=!x(l+!)=~. 

You can adapt the addition and double angle formulae found in Chapter 5 to integrate 
more complicated trigonometric functions. The most useful results are: 

Other results which are sometimes useful are 

2sin A cos B =sin( A+ B) +sin( A - B), 

2cosA cosB = cos(A-B) + cos(A + B). 

2sinA sinB = cos(A- B)-cos(A + B). 

It is easy to prove all of these formulae by starting on the right side and using the 
formulae in the boxes in Sections 5 .3 and 5 .5. 
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Example 6.4.2 
Let R be the region under the graph of y '= sin 2 x over the interval 0 ~ x ~ n:. Find 
(a) the area of R, (b) the volume of revolution formed by rotating R about the x-axis. 

(a) The area is given by 

J
Tr: sin2 xdx=JTr: 4(1-cos2x)dx =[Hx-isin2x)t 

0 ~ 0 

=(in:-0)-(0-0) =in:. 

J
Tr: 2 

(b) The volume ofrevolution is given by 
0 

n:(sin2 x) dx. 

Now. (sin2 x)
2 = (4(1-cos 2x))

2 = :t(l - 2cos 2x + cos2 2x) 

= ;}(1-2cos2x + 4(1-i- cos4x)) using 2cos 2 A= I+ cos 2A 
with 2x instead of A _ 3 I 2 I 4 

= 8 - 2 cos x + 8 cos x. 

So J: n:( sin 
2 

x )
2 

dx = [ n:rnx - i sin 2x + 3~ sin 4x) J: = ~ n:
2

. 

The area is ! n: and the volume is ~ n:2
. 

Example 6A.3* 

Find (a) J sin 2xcos3xdx, (b) J cos3 xdx. 

(a) Writing A= 2x and B = 3x in the formula for 2 sin A cos B, 

2sin2x cos 3x = sin(2x - 3x) + sin(2x + 3x) = sin(-x) +sin5x 

= -sinx + sin5x. 

So J sin2xcos3xdx = !(cosx-!cos5x)+ k = !cosx-Jhcos5x+k. 

(b) None of the formulae given above can be used directly, but cos3 x can be 
written in other forms which can be integrated. 

Method 1 cos3 x = cos2 x cos x = 4 (1+cos2x) cos x 

= 4 cos x + 4 cos 2x cos x 

= 4 cos x + .,} (cos x + cos 3x) 

= ~ cos x + .,} cos 3x. 

Therefore J cos3 xdx=~sinx+~sin3x+k. 

using 2 cos A cos B 

= cos(A -B) +cos( A+ B) 

91 
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Method 2 cos3 x = cos2 x cosx = (1-sin2 x) cosx 
. 2 

= cosx-sm xcosx. 

You can integrate the first term directly. To see how to integrate sin2 x cosx, look 
back to Example 6.3.l(b). When cos4 x was differentiated using the chain rule, a 

factor ! cos~ = - sin x appeared in the answer. In a similar way, 

d.3 3·2 3·2 -sm x = sm xx cosx = sm xcosx. 
dx 

Therefore J cos3 xdx = J (cosx -sin2 xcosx )dx 

· 1 · 3 k = sm x - 3 sm x + . 

In (b) it is not obvious that the two methods have given the same answer, but if you 
work out some values, or use a calculator to draw the graphs, you will find that they are 
in agreement. The reason for this is that 

· sin 3x = sin( 2x + x) = sin 2x cos x + cos 2x sin x 

= (2sinx cos x) cos x + (1- 2sin2 x )sinx 

= 2sinx(l-sin2 x)+(l-2sin2 x)sinx= 3sinx-4sill3 x. 

Th s: 3· 1·3-3· 1· 1·3 .:...· 1·3 . ere1ore, 4smx + usm x = 4smx + 4smx-3sm x = smx-3sm x. 

~§$~~~ Exercise 68 ~~~Th~~'W~~~i 

1 Integrate the following with respect to x. 

(a) cos2x (b) sin3x (c) cos(2x + 1) 

(d) sin(3x -1) (e) sin(l- x) (t) cos(4-ix) 

(g) sin(ix + j tr) (h) cos(3x -;\:tr) (i) . I -sm 2 x 

2 Evaluate the following. 

(a) rn : sinxdx (b) f :n COSX ch (c) rn ~ sin2xdx 

(d) J~: cos3xdx (e) f :: sin( 3x + i ir) dx (t) J:n sin(~ir-x)dx 
4 6 

J~ cos(l-x)dx 

I rn (g) (h) J:sin(~x+l)dx (i) 
0 

sin!xdx 

3 Integrate the following with respect to x. 

(a) tai:J.2x (b) cot5x (c) sec3xtan3x 

(d) cosec 4xcot4x (e) tan(;\:ir-x) (t) cot(j tr - 2x) 

(g) sec(~x + l)tan(~x + 1) (h) cosec (1- 2x) cot(l - 2,x) (i) 
sin2x 

cos2 2x 
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4 Evaluate the following. 

s Q_-et~v ,( -:._:J~ r s<?QiP f-( 
J ui-x_ dx_ ~ RYJ j st~ J(_ /+-

ln- I 

(a) J; tanxdx (b) J:n- tan3xdx 

J tn-cosec 3x cot 3x dx 
ln-

(c) (d) f cotixdx 
%ir ~tr 

I 

r·3 (e) J: cosec 2x cot 2x dx (f) sec-!- x tan -!- x dx 
4 0.1 

5 Integrate the following with respect to x. 

(a) cos2 x (b) cos2 lx 
2 

(c) sin2 2x (d) sin3 xcosx 

(e) sec3 xtanx (write as sec2x(secxtanx)) (f) cosec5 2x cot 2x 

(g) sin3xcos4x (h) sin3 x (write as ( 1- cos2 x) sin x) 

(i) sin5 x (write as (1-cos2 x)2 sinx) (j) sin2xsin6x 

6 (a) Find i_sec2 x. Use sec2 x = 1 + tan2 x tb show that i_tan2 x = 2 tan x sec2 x. 
dx dx 

(b) Explain why i_ tan 2 x is equal to 2 tan x xi_ tan x . Deduce i_ tan x. 
dx dx dx 

(c) Write down J sec2 xdx, and hence find J tan2 xdx. 

(d) Use a similar method to find J cosec2xdx and J cot2xdx. 

7 Find the area of the region between the curve y = cos x and the. x-axis from x = 0 to 

x =in. 
Find also the volume generated when this area is rotated about the x-axis. 

r; 8 Find !he area of the region bounded by the curve y = 1 + sin x , the x-axis and the lines 
x = 0 and x = n . 

Find also the volume generated when this area is rotated about the x-axis. 

9 The curves y = sin x , y = cos x and the 
x-axis enclose a region shown shaded in 
the sketch. 

(a) Find the area of the shaded region. 

(b) Find the volume generated when this 
region is rotated about the x-axis. 

y 

1 

o· w·:eo,:Ni·'>)h.. '\ • 

10 In the interval 0 .;:; .x .;:; n the curve y = sin x + cos x meets the y-axis at P and the x-axis 
at Q . Find the coordinates of P and Q . 

' Calculate the area of the region en~losed between the curve· and the axes bounded by P 
and Q. 

Calculate also the volume generated when this area is rotated about the x-axis. 
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~ Miscellaneous exercise 6 _ _ · ·:,' .... "'""ri ·~~-1;:-t· 

1 (a) Differentiate ln sin 2x with respect to x, simplifying your answer. 

(b) Find J sintxcostxdx. 

(c) Given that y = cos2 x, find dy 
dx 

(d) Differentiate sin(t3 + 4) with respect to t. 

(e) Find J cos2 3xdx. 

(f) Differentiate cos JX with respect to x. 

(g) Find J sin2 j-xdx. 

2 (a) Express sin2 x in terms of cos2x. 

(b) The region R is bounded by the part of the curve y = sin x between x = 0 and 
x = n and the x-axis. Show that the volume of the solid formed when R is 
rotated completely about the x-axis is ! n 2 

• (OCR) 

3 (a) Use the addition formulae to find expressions involving surds for sin rz n and 
1 tan 12 n. 

(b) Use the fact that ( .J3+1 )( .J3 -1) = 2 to show that tan /2 n = 2 - .J3. 

( c) Show that n lies between 3-12 ( .J3 - 1) and 12( 2 - -13) . Use a calculator to 
evaluate these expressions correct to 3 decimal places. 

4 Show that, if 0 < x <in, tan x = +~sec 2 x - l. Use the chain rule to find 

.!!.._ ~ sec2 x - l , and hence find .!!.._tan x for 0 < x <in in as simple a form as possible. 
dx dx 

Use a similar method to find .!!.._tan x for in < x < n. 
dx 

(You will meet a much simpler way of finding ! tan x in Section 7 .2.) 

5 P, Q and R are the points on the graph of y = cos x for which x = 0, x = in and 
x =in respectively. Find the point S where the normal at Q meets the y-axis. 
Compare the distances SP, SQ and SR. Use your answers to draw a sketch showing 
how the curve y = cos x over the interval - ! n < x < in is r~lated to the circle with 
centre S and radius SQ. 

6 By writing cos8 as cos2(!e), and using the approximation sine"' 8 when 8 is 

small, show that cos e"' 1- i 82 when e is sma,11. 

Since sine is an odd function, it is suggested that a better approximation for sine might 
have the form sin 8 "' 8 - k83 when 8 is small. By writing sin 8 as sin 2(! 8), using the 
approximation cos e "' 1-i 82 and equating the coefficients of e 3 , find an appropriate 
numerical value for k . 

Investigate whether this approximation is in fact better, by evaluating 8 and 8 - k83 

numerically when e = t n . 
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7 The motion of an electric train on the straight stretch of track between two stations is given 

by x = 11(t - ~sin( :St)), where x metres is the distance covered t seconds after 

leaving the first station. The train stops at these two stations and nowhere between them. 

(a) Find the velocity, v m s-1 in terms of t. Hence find the time taken for the journey 
between the two stations. 

(b) Calculate the distance between the two stations. Hence find the average velocity of the 
train. 

(c) Find the acceleration of the train 30 seconds after leaving the first station. 

(For the calculation of velocity and acceleration, see Ml Chapter 11.) 

8 A mobile consists of a bird with flapping 
wings suspended from the ceiling by two 
elastic strings. A small weight A hangs 
below it. A is pulled down and then 
released. After t seconds, the distance, 
y cm, of A below its equilibrium position 
is modelled by the periodic function 
y = 5 cos 2t + 10 sin t . 

(a) Verify that the (t,y) graph has a stationary point where t =in. 

(OCR) 

(b) Show that all the stationary points of the graph correspond to solutions of the equation 
cos t(2 sin t -1) = 0. Find the other two solutions in the interval 0,,;;; t,,;;; ;rr. 

( c) State one limitation of the model. Explain why y = e -kr ( 5 cos 2t + 10 sin t) , where k is 
a small constant, might give a better model. (OCR) 

9 (a) By first expressing cos 4x in terms of cos 2x, show that 

cos4x = 8cos4 x - 8cos2 x+1, 

and hence show that 

8cos4 x = cos4x + 4cos2x + 3. 

(b) The region R, shown shaded in the diagram, 
is bounded by the part of the curve y = cos2 x 

between x = 0 and x = i ;rr and by the x - and 
y-axes. Show that the volume of the solid 
formed when R is rotated completely about the 
x-axis is i36 n

2 (OCR) 

10 In this question f(x) =sin ix+ cos~ x . 

(a) Find f'(x). 

(b) Find the va"l.ues of f(O) and f'(O). 

( c) State the periods of sin ix and cos~ x. 

y 
l 

0 ln; x 
2 . 

(d) Write down another value of x (not 0) for which f(x) = f(O) and f'(x) = f'(O). 
(OCR) 
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11 The diagram shows a sketch, not to scale, of part of 
the graph of y = f(x), where f(x)"' sinx +sin 2x 
and where x is measured in radians. 

(a) Find, in terms of n, the x-coordinates of the 
points A , B, C and D, shown in the diagram, 
where the graph of f meets the positive x-axis. 

(b) Show that f(n - 8) may be expressed as 

y 

0 

sin 8 - sin 28, and show also that f(n - 8) + f(n + 8) = 0 for all values of 8. 

'D x 

(c) Differentiate f(x), and hence show that the greatest value of f(x), for 0 :%;; x :%;; 2n, 
occurs when 

cosx= -1+.J33 
8 

(OCR) 
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Revision exercise 1 

1 You are given that the equation f(x) = 0 has a solution at x = 3. Using this information, 4-
write down as many solutions as you can to each of the following equations. 

(a) 2f(x+5)=0 

(c) j f(x) j = 0 

(b) f(3x)=O 

(d) fQ x I)= 0 (OCR) 

2 Use the addition formulae to find an expression for cos2 (A + B) + sin2 (A + B). Verify that ,, 
your expression reduces to 1. · -.J 

Use a similar method to find an expression for cos2 (A + B)- sin2 (A + B). Verify that this 
reduces to cos(2A + 2B). 2---

3 Differentiate each of the following functions with respect to x . 

(a) e3
x-l 2 (b) ln(x2 -1) 2__ 

4 Solve the following equations and inequalities. 

(a) jx-9j=16 'L (b) lx2 -91=162 

r(' 

(c) jx-9j,,,;16 

r~. 

(d) lx 2 -91,,,;16. c_"_ 

• 5 The region R is bounded by the x-axis, the y-axis, part of the curve with equation y = e2
x 

and part of the straight line with equation x = 3 . 

Calculate, giving your answers in exact form, 
'/' 

(a) the area of R, __;; 

(b) the volume of the solid of revolution generated when R is rotated through four right c::::+ 
angles about the x-axis. · 

t 6 Express 6 cos x - sin x in the form R cos( x + a) , where R > 0 and 0 < a < ! n. 

Hence, or otherwise, solve the equation 6cos x - sin x = 5 for x in the interval 
'°" ! n < x < ! n, giving your answer in radians, correct to 3 decimal places. 

7 The angle made by a wasp's wings with the horizontal is given by the equation 

Lt-
(OCR) 

(} = 0.4sin 600t radians, where t is the time in seconds. How many times a second do its 

wings oscillate? Find an expression for d(} , the angular velocity, in radians per second. 
dt 

'>What is the value of (} when the angular velocity has 

(a) its greatest magnitude, (b) its smallest magnitude? 

8 Find the following integrals. 

(a) f sin(2x+i-n)dx (b) f sin2 3xdx (c) f sin2 2xcos2xdx 

9 A polynomial P(x) is the product of ( x3 + ax2 
- x - 2) and x - b. 

(a) The coefficients of x3 and x in P(x) are zero. Find the values of a and b. 

(b) Hence factorise P(x) completely and find the roots of the equation P(x) = 0. (OCR) 

10 Find the factors of the polynomial x3 
- x2 -14x + 24 . 
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~ 11 The number of bacteria in a culture increases exponentially with time. When observation 
started there were 1000 bacteria, and five hours later there were 10 000 bacteria. Find, 
correct to 3 significant figures, · 

(a) when there were 5000 bacteria, 

(b) when the number of bacteria would exceed one million, 

(c) how may bacteria there would be 12 hours after the first observation. 

12 (a) 

(b) 

Let y = e3x
2

-
6x. Find dy. 

dx 2 

Find the coordinates of the stationary point on the curve y = e3x - 6x, and decide 

whether it is a maximum or a minimum. 

(c) Find the equation of the normal to the curve y = e3x
2

-
6x at the point where x = 2. 

13 (a) Find the gradient m of the line segment joining the 

points 1 and B with x -coordinates 0 and 1 
respectively on the graph of y =ex. 

With this value of m, the line y = mx + c is drawn to 
meet the y-axis at C and intersect the graph of y = ex 
twice between A and B, as shown in the diagram. A line 
parallel to the y-axis between the points of intersection of 
the straight line and the curve meets the straight line at P 
and the curve at Q . 
(b) Find the value of c which makes the maximum value 

of I PQ I equal to the value of the distance I AC \ . 

14 In the figure A , B, C are the 
points on the graph of y = sin x 
for which x = a - j n- , a , 
a+ j n- respectively. D is the 
point (a,O). 

y 

y 

0 x 

(a) Sketch separate diagrams 
showing ABCD in the 
special cases where a = j n- , 

a- ~n a x 

a=!n-, a=jn-. 
(b) Use addition formulae to simplify sin( a - j n-) + sin( a + j .n-) . 

(c) Write down the coordinates of the mid-point of AC. 

(d) Show that ABCD is a parallelogram. (OCR) 

15 Solve the equation 3 cos 2x + 4 sin 2x = 2 , for values of x between 0 and 2n-, giving your 
answers correct to 2 decimal places. 



7 Differentiating products 

You now know how to differentiate powers of x, and exponential, logarithmic and 
trigonometric functions. This chapter shows how to differentiate some more complicated 
functions made up from these four types. When you have completed it, you should 

• know and be able to apply the product and quotient rules for differentiation. 

7 .1 The sum and product rules 

If f(x) = x 2 +sinx, then f'(x) = 2x+cosx. You know this because it was proved (in 

Pl Section 6.6) that A x 2 = 2x and (in Chapter 6) that A sin x =cos x. But the 
dx dx 

statement also depends on another property of differentiation: 

Sum rule If u and v are functions of x , and 

dy du dv 
if y = u + v , then dx = dx + dx 

This rule was justified in Pl Section 6.4 by means of an example. For a general proof, it 
is convenient to use 'delta notation'. 

Take a particular value of x, and increase x by Ox . There will then be corresponding 
increases in u , v and y of Ou , ov and oy: 

y = u + v and y + oy = ( u + ou) + ( v + ov) . 

Subtracting the first equation from the second gives 

oy = ou + ov; and, dividing by ox , oy = ou + ~v . 
ox ox ux 

To find dy , you must take the limit as ox ~ 0: 
dx 

dy 1. oy 1. (ou ov) 1. ou 1. ov du dv . d - = 1m - = tm - + - = 1m - + 1m - = - + - , as reqmre . 
dx Ox->0 Ox Ox->0 ox ox Ox->0 Ox fu:->0 ox dx dx 

You might (rightly) object that the crucial assumption of the proof, that the limit of the 
sum of two terms is the sum of the limits, has never been justified. This can only be an 
assumption at this stage, because you don't yet have a mathematical definition of what 
is meant by a limit. But it can be justified, and for the time being you may quote the 
result with confidence. You may also assume the corresponding result for the limit of 
the product of two terms: this has already been assumed in earlier chapters, when 
proving the chain rule and the derivatives of sin x and cos x . 
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The rule for differentiating the product of two functions is rather more complicated than 
the rule for sums. 

Example 7 .1.1 
. . dy du dv 

Show that, If y = uv, then m general - does not equal - x - . 
dx dx dx 

The words 'in general' are put in because there might be special functions for 
which equality does hold. For example, if u and v are both constant functions, 

. du dv dy dy du dv 
then y IS also constant: - , - and - are all 0 , so - does equal - x - . 

dx dx dx dx .dx dx 

To show that this is not always true, it is sufficient to find a counterexample. For 

example, if u = x2 and v = x 3
, then y = x 5 ,In this case dy = 5x4

, but 
dx 

du dv 2 3 · - x - = 2x x 3x = 6x . These two express10ns are not the same. 
dx dx . 

To find the correct rule, use the same notation as for the sum rule,. but with y = uv. Then 

y =UV and y + Oy = (u + ou)(v + ov) =UV+ (ou)v + u(ov) + (ou)(ov). 

Subtracting the first equation from the second gives 

oy = (ou )v + u(ov) + (ou)(ov); then -= -v+u -+ -(ov). oy (ou) (ov) (ou) 
Ox Ox Ox Ox 

Taking limits as ox~ 0; and making the assumptions about limits of sums and products, 

dy = lim((~u)v)+ lim(u(~v))+ lim(~u) lim(Ov). 
dx fu~O uX fu~O uX fu~O uX fu~O 

The last term on the right is 0 because, as Ox~ 0, ov ~ 0. 

Thei:efore: 

,/;;,)'. 

Product rule If u and v are functions of x , and 

. dy du dv 
If y = UV , then - = - v + u - . 

dx dx dx 

In function notation, if y = f(x)g(x), then dy = f'(x)g(x)+f(x)g'(x). 
dx 

Example7.1.2 
Verify the product rule when u = x 2 and v = x 3

• 

Using the equation in the box, the right side is 2x x x 3 + x2 x 3x2 = 2x4 + 3x4 = 5x4
, 

which is the derivative of y = x2 x x 3 = x 5 
. 

'<.... 
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Example 7.1.3 
Find the derivatives with respect to x of (a) x3 sinx, (b) xe3

x, (c) sins xcos3 x. 

() d(3.) 32. 3 32· 3 a dx x sm x = x x sm x + x x cos x = x sm x + x cos x. 

(b) ! (xe 3x) = 1 X e3x + x X {e3
x X 3) = e3x + 3xe3x = (1+3x)e3

x. 

(c) !{sins xcos3 x)={5sin4 xxcosx)cos3 x+sins x{3cos2 xx(-sinx)) 

=5sin 4 xcos4 x-3sin6 xcos2 x 

=sin4 xcos2 x{5cos2 x-3sin2 x). 

· ) h h · I · d du d dv Notice that m part (c t e c am rue IS use to find dx an dx. 

Example 7 .1.4 
Find the.points on the graph of y = x sin x at which the tangent passes through the origin. 

The product rule gives dy =sin x + x cos x, so the tangent at a point P 
dx 

(p,psin p) has gradient sinp+ pcos p. This has to equal the gradient of OP, 

h. h. psinp . Th " w IC IS -- =smp. ere1ore 
p 

sinp + pcos p = sinp, y 
,' 

,,' y=x 

101 

giving pcos p = 0. y=xsinx 

This equation is satisfied by p = 0 and 

all odd multiples of ! n . These points 

have coordinates (0,0), (±!n,!n), 
( 3 3 ) (+ 5 5 ) ±-zn,--zn , -2n,2n ,. ... 

This is illustrated in Fig. 7.1. The graph 
oscillates between the lines y = x and y = - x , 

· touching y = x when sinJ x J = 1 , 
and y=-x when sinJxJ=-1. 

x 

Fig. 7.1 

~~~'\~~i~~~l Exercise 7A ~~;"~Jfi?iE~"10lfM;';rz~~~~~~1J 

1 Differentiate the following functions with respect to x by using the product rule. Verify 
your answers by multiplying out the products and then differentiating. 

(a) (x+l)(x-1) (b) x 2(x+2) (c) {x3 +4){x2 +3) 

(d) {3x2 +5x+2)(7x+5) (e) {x2 -2x+4)(x+2) (t) xmxn 
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2 Differentiate the following with respect to x. 

(a) xex 

(d) sinxcosx 

3 Find dy when 
dx 

(a) y=(x 2 +3)ex, 

4 Find f'(x) when 

(a) f(x)=x2 (2+ex), 

(b) x 2 lnx 

(e) xcosx 

(b) y=x2 (sinx+cosx), 

(b) f(x) = x 3e2
x, 

(c) x3 (sinx+l) 

(f) e-x sinx 

(c) y = xsin 2 x. 

(c) f(x)=(4+3x 2 )lnx. 

1 5 Find the value of the gradient of the following curves when x = 2. Give your answers in 
exact form. 

(a) y = xe-Zx (b) y=exsinx (c) y=xln3x 

6 Find the equations of tangents to the following curves at the given points. 

(a) y = xsinx when x = n 

(c) y=x,,J3x+l when x=5 

(b) y=x3 lnx when x=l 

(d) y = x 3e-2
x when x = 0 

7 Find the coordinates of the turning points of the curve y = x2e-x. 

8 Differentiate the following with respect to x. 

(a) x 2 sin3 2x 

(d) (4x+1)3 ln3x 

(b) ex.Jsx2 +2 

(e) ..JXln2x 

9 When f(x)=xsin.{ix),findtheexactvalueof f'(4). 

(c) sin4 2xcos3 5x 

(f) eax cos(bx+~n) 

10 Find the equation of the normal to the curve y = x ln(2x -1) at the point on the curve with 
. x -coordinate 1. 

11 Find the coordinates of the stationary point on the curve y = ( x2 
- 4 ),,J 4x -1 , x ~ t. 

f 

12 The volume, V, of a solid is given by \(' = x2 ,,Js-x. Use calculus to find the maximum 
value of V and the value of x at which it occurs. 

13 Find the x-coordinates of the stationary points on the curve y = xne-x, where n is a 
positive integer. Determine the nature of these stationary points, distinguishing between the 
cases when n is odd and when n is even. 

. d du dv dw 
14 Use the product rule to establish the rule, - uvw = -vw + u -w + uv - , for 

dx dx dx dx 
differentiating a 'triple' product uvw. Use the new rule to find 

(a) ~xexsinx, (b) ~x2e-3xcos4x. 
dx dx 

ta<~~~.jJ§iJ~.;:$.tm.,..~~~~~;~·JT..1'.JE"-'1~~~~·;li'\3!.;iiZl~B'ZEJ~~ 
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7 .2 Differentiating quotients 
. u 

Functions of the form - can often be written in a different form so that they can be 
v 

differentiated by the product rule. 

Example 7 .2.1 
Differentiate with respect to x (a) f(x)=sinx 

ex ' 
ex 

(b) g(x) =sin x · 

(a) Since _!.._ = e-x, you can write f(x) as e-x sinx. Therefore 
ex 

d 
f'(x) = dx (e-x sinx) =(-e-x)sinx+ e-x cosx =e-x(cosx-sinx). 

(b) Method 1 You can write g( x) as ex x -.-
1
-, so 

smx 

'( ) d x 1 x d ( 1 ) x 1 x ( -1 ) g x =-e x-.-+e x- -.- =e x-.-+e x -.-2 -xcosx, 
dx smx dx smx smx sm x 

using the product rule and then the chain rule. 

. . , (sinx-cosx) You can simplify this to g (x) =ex . 
2 

• 
sm x 

Method 2 Since g(x) = f(~), the chain rule gives 

'( ) ( -1 ) f'( ) f'(x) g x = -2 x x =--2. 
f(x) f(x) 

Therefore, using the result of part (a), 

'( ) e-x(cosx-sinx) 2x -x(sinx-cosx) 
g x = . 2 =e e . 2 

(s~~x) sm x 

- x(sinx-cosx) -e . 2 . 
sm x 

However, it is often useful to have a separate formula for differentiating !!.. . This can / 
v 

be found by applying the product rule to u x .!. , using the chain rule to differentiate .!. . 
v v 

This gives 

j_(!!_) = j_(u x .!.) =du x .!. + u x (-__!__) dv 
dx v dx v dx v v2 dx 

du 1 u dv 
= dx ~- v2 dx · 
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This can be conveniently written as: 

Quotient rule If u and v are functions of x , and 

du dv 
. u dy -v-u­
If Y = - , then - =ill_ dx 

v dx v2 

In function notation, if y = f(x) , then dy = f'(x )g(x )- f(x )g'(x) 
g(x) dx g(x)2 

An important application of this rule is to differentiate tan x. Since tan x = sin x , 
the quotient rule with u = sin x , v = cos x gives 

cosx 

d cosx.xcosx-sinxx(-sinx) cos2 x+sin2 x 1 
-tanx= = =--
dx · (cosx)2 cos2 x cos2 x 

S. 1 . . h" mce -- IS sec x, you can wnte t IS as: 
COSX 

d 2 -tanx =sec x. 
dx 

You will often need this result, so you should remember it. You also need to recognise its 

integral form: 

f sec2 xdx=t~x+k. 

Example 7.2.2 

Find fir sec2(2x-1n)dx. 

This integral is of the form f g(a.x + b) dx, where g(x) = sec2 x. 

So, using the result in Pl Section 16.7, the integral is 

1 1 ]{-ir [2 tan(2x - 3n) . , 
• 0 

with value 1tanin-1tan(-1n) =1{1.J3+ .J3) =j.J3. 

·------'----~~---'.:,.~L~~;_,:_:._ .. :.__:_ _ __:_L·-· ·_· -~--
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Example 7 .2.3 

Find the minimum and maximum values of f(x) = ~ -l . 
x +3 

The denominator is never zero, so f(x) is defined for all real numbers. 

The quotient rule with u = x - l and v = x 2 + 3 gives 

, lx(x
2 

+3)-(x-l)x2x _ -x2 +2x+3 

tW= ~2 +~ - ~2+aj 
-(x

2 
-2x-3) _ -(x+l)(x-3) 

= ( x 2 + 3 )2 - ( x 2 + 3 )
2 

So f'(x)=O when x=-1 and x=3. 

You could use the quotient rule again to find f"(x), but in this example it is much 
easier to note that f'(x) is positive when -1<x<3 and negative when x < -1 and 
when x > 3. So there is a minimum at x = -1 and a maximum at x = 3. 

The minimum value is f(-1) = f = -! , and the maximum value is ~ = i. 
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Exercise 7B >' .; ... _ :--. :- ~ -'~ --

1 Differentiate with respect to x 

(a) 
x 

(b) 
x2 

(c) 
x2 

--
' 3x_..:2' 1+2x2 ' l+5x 

(d) 
e3x 

(e) 
x 

(f) 
ex 

4x-3' l+x3
' x 2 +1 · · 

2 B . . cosx d"f£ . . h y wntmg cot x = -.- , 1 erentiate cot x wit respect to x. 
smx 

3 Differentiate with respect to x 

(a) 
sinx 

(b) 
x 

(c) 
ci:J

2 
--

' 
--

' x sinx 

4 Differentiate with respect to x 

(a) 
x 

(b) 
-Jx-5 

(c) 
-J3x+2 

-Jx+l' 
--

' 
--

x 2x 

5 Find dy when 
dx 

(a) 
cosx (b) =ex+5x (c) 

-JI-x 
y= -JX ' y=--. y x 2 ' -JI +x e -
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6 Find dy when 
dx 

(a) y= Inx 
x , 

PuRE MATHEMATICS 2 & 3 

(b) y= ln(x2+4) 
x ,. 

(c) y=ln(3x+2) 
2x-1 · 

7 Find the equation of the tangent at the point with coordinates (1,1) to the curve with 
2 

equation y = x + 3 . (OCR) 
x+3 

ex 
8 (a) If f(x) = --, find f'(x). 

2x+l 

(b) Find the coordinates of the tutg point of the curve y = f(x). 

9 Find the equation of the normal to e curve y = 
2

x - l at the point on the curve where 
x(x-3) 

x=2. 

10 Find the turning points of the curve y = x
2 

+ ~ . 
2x-x 

x 2 -3x 
11 (a) If f(x)=--,find f'(x). 

x+l 

(b) Find the values of x for which f(x) is decreasing. 

12 Calculate 

(a) f_~irir sec2 x dx, 
4 

(b) f :ir sec2( 3x --} 1r) dx. 

.A' 

~ Miscellaneous exercise 7 ~.t~Ji 

1 (a) Differentiate x 3 sinx. 

(b) Differentiate ~ simplifying your answer as far as possible. 
-vx+3 

2 Given that y = xe -3x, find dy . 
dx 

Hence find the coordinates of the stationary point on the curve y = xe -3
x. 

3 A function f is defined by f(x) =ex cosx (0 ~ x ~ 21r). 

(a) Find f'(x). 

(b) State the values of x between 0 and 21r for. which f'(x) < 0. 

(OCR) 

(OCR) 

(c) What does the fact that f'(x) < 0 in this interval tell you about the shape of the 
graph of y = f(x)? (OCR) 

4 Find the gradient of the curve y = sin2 x at the point where x = 1r , leaving your answer 
in terms of 1r • x (OCR) 
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5 Use appropriate rules of differentiation to find dy in each of the following cases. 
d.x 

(a) y = sin2xcos4x 
3xz 

(b) y=- for x>l 
lnx 

(c) Y =(l-~ )
IO 
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(OCR) 

6 Use differentiation to find the coordinates of the turning point on the curve whose equation 
. 4x+2 
is y = ..rx . 

. sinx 
7 A curve C has equation y = -- , where x > 0. 

x 

(OCR) 

Find ~ , and he~ce show that the x -coordin~te of any stationary point of C satisfies the 

equatfon x = tan x . 

8 
. - x 

A, curve has equation y = ~-. 
. - -v2xz + 1 

(a) Show that~ =(2xz+1r~. 

(b) Hence show that the curve has no turning points. 

9 The region R, shown shaded in the diagram, is 
bounded by the x - and y -axes, the line x = ~ n 
and the curve y = sec! x . Show that the volume 
of the solid formed when R is rotated 

completely about the x-axis is ~. 

10 A length of channel of given depth d is 
to be-made from a rectangular sheet of 

metal of width 2a. The metal is to be 
bent in such a way that the cross-section 

y 

I 

0 

(OCR) 

(OCR) 

~Ir x 

A D t;; -- ~ 
t_fil~------~'Jfl't 

B C 

ABCD is as shown in the figure, with _ 
AB+ BC+ CD = 2a and with AB and CD each inclil].ed to the line BC at an angle (}. 

Show that BC = 2( a - d co sec(}) and that the area of the cross-section ABCD is 

2ad +dz (cot(} - 2 cosec 9). 

Show that the maximum value of 2ad +dz (cot(} - 2 cosec 9), as (} varies, is d( 2a - d-13). 

By considering the length of BC, show that the cross-sectional area can only be made 
equal to this maximum value if 2d .;; a-13. (OCR) 

11 (a) Find the value of x for which xze-ax has its maximum value, where a is a positive 
constant. Denoting this by c, and the maximum value by M , deduce that 

-ax M xe <-­
x 

if x >c. 

Hence show that xe-ax ~ 0 as x ~ oo. 

(b) Use a similar method to show that xze-ax ~ 0 as x ~ oo. 

'T.~·-:.~'~ ~;'-<~:.:-~~~:'.~:~.i":':.:'..'":%~~~']-;,::T.ri:~·,--;·;T;;·\'.'.'~·::i:;-r; ~,:· '"'; ·-::-1-,.~ ,- :~ ~- ,~. "· . ·s:;, : ;:.::: .. ·~~::;~-{~-~ ~;-;~~--: ,:-~» •• ::;·. ~.;;.,;.--:.::-.::'.:··1:.· :, -,:;';;;-,:;~-.'~;;' ~~.?c:.:.~-.:::n.~~'.~;_::,.:::~;:__,,"J.:f.:..lm,'r..'..:~;;1 



8 Solving equations numerically 

This chapter is about numerical methods for solving equations when no exact method is 
available. When you have completed it, you should 

• be able to use the sign-change rule to find approximate solutions by decimal search 
• know how to use a chord approximation to improve the efficiency of decimal search 
• be able to use an iterative method to produce a sequence which converges to a root 
• understand that the choice of iterative method affects whether a sequence converges 

or not, and know what determines its behaviour 
• appreciate that it is possible to modify an iterative method to speed up convergence 
• appreciate that decisions about choice of method may depend on what sort of 

calculator or computer software you are using. 

How you use this chapter will depend on what calculating aids you have available. It has 
been written to emphasise the underlying mathematical principles, so that you can 
follow the procedures with a simple calculator. But if you have a programmable or 
graphic calculator, if you like to write your own computer programs, or if you have 
access to a spreadsheet program, you will be able to carry out some of the calculations 
far more quickly. 

8.1 · Some basic principles 

In mathematical problems the final step is often to solve an equation. If the equation is 
linear or quadratic, or if it can be reduced to one of these forms, then you have a method for 
solving it. But for many equations no simple method exists, and then you have to resort to 
some kind of solution by successive approximation, either numerical or algebraic. 

Any equation in x can be rearranged so that it takes the form f(x) = 0. A value of x for 
which f ( x) takes the value 0 is called a root of the equation. The solution of the 
equation is the set of all the roots. 

A useful way of representing the solution of f(x) = 0 is to draw the graph of y = f(x). 
The roots are the x -coordinates of the points of the graph that lie on the x-axis. 

This observation leads at once to a very useful rule for locating roots. 

~~w:~~~~1:a~i~t~~.;~-..~~..;§..~~~-~ 

Sign-change rule 
If the function f(x) is continuous in an interval· p ~ x ~ q of its 

I"' domain, and if f(p) and f(q) have opposite signs, then f(x) = 0 
has at least one root between p and q . 

~' . 
~:i~~1i1~~w~~~1£~~-Vtf~?:~:t,'-S§~~~-lt~~~r;s-~~~-

This rule is illustrated in Fig. 8.1. The condition that f(x) is continuous means that the 
graph cannot jump across the x-axis without meeting it. 
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The words 'at least one' are 
important. Fig. 8.2 shows that 
there may be more than one root 
between p and q . 

When you have an equation 

y= f(x) 

f(p)f\. q • 

p ~x 

Fig. 8.1 
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y= f(x) 

p /J!hl • f(pv q x 

f(x) = 0 to solve, it usually helps 
to begin by finding the shape of the 
graph of y = f(x). Suppose that 
you want to solve the cubic 
equation 

y= f(x) 

L~. q ~ 
x 3 -3x-5 =0. 

Writing f(x) = x 3 
- 3x - 5, you 

can find 

f'(x) = 3x2 
- 3 = 3(x + l)(x -1) and f"(x) = 6x. 

It follows that f(x) has a maximum where 
x = -1 and a minimum where x = 1. The 
coordinates of the maximum and minimum 
points are ( -1, -3) and (1, - 7) . From this you 
can sketch the graph, as in Fig. 8.3. 

The graph shows that the equation has only one 
root, and that it is greater than 1. Also, f(x) is 
negative for values of x below the root, and 
positive above the root. This information 
suggests where to start looking for the root. 

8.2 Decimal search 

y"-/ q -x 

Fig. 8.2 

Fig. 8.3 

This section describes how you can use the sign-change rule to find a sequence of 
approximations to the root, improving the accuracy by 1 decimal place at a time. 

Continuing with the equation x 3 
- 3x - 5 = 0, the graph in Fig. 8.3 suggests calculating 

f(2) = -3 and f(3) = 13. It follows that the root is between 2 and 3. 

You could now start calculating f(2.l), f(2.2), ... until 
you reach a value of x for which f(x) is positive. But 
pause to ask if this strategy is sensible. Fig. 8.4 is a sketch 
of the graph of f(x) between x = 2 and x = 3. Since 
AP = 3 is about ;\- of BQ = 13, you might guess that X 

is about ~ of the distance from P to Q. So it might be 
best to begin by calculating f(2.2) = -0.952. Since this is 
negative, go on to calculate f(2.3) = 0.267. 

There is no need to go further. Since f(2.2) is negative 
and f(2.3) is positive, the root is between 2.2 and 2.3. 

Fig. 8.4 
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If you have access to a graphic calculator, the equivalent procedure would be to zoom in on 

the interval 2 ~ x ~ 3. You will then see that the graph cuts the x-axis between 2.2 and 2.3. 

You now repeat this process to get the secon~ decimal place. Since I f(2.2) I= 0.952 is 
about 4 times I f(2.3) I= 0.267, the root is probably about ~ of the distance from 2.2 to 
2.3, so begin by calculating f(2.28) = 0.012 .... Since this is positive, 2.28 is too large, 
so try calculating f(2.27) = -0.112 .... This is negative, so the root is between 2.27 and 
2.28. 

With a graphic calculator you would zoom in on the interval 2.2 ~ x ~ 2.3, and see that 

the graph cuts the x-axis between 2.27 and 2.28. 

To make sure you know what to do, continue the calculation for yourself to the third 
decimal place. You will find that f(2.279) is negative, and you know that f(2.280) is 
positive, so the root is between 2.279 and 2.280. 

This process is called decimal search. 

What you are finding by this method are the terms in two sequences: one sequence of 
numbers above the root 

a0 = 3, a1 = 2.3, a2 = 2.28, a3 = 2.280, 

and one sequence of numbers below the root 

b0 = 2, b1 =2.2, b2 = 2.27, b3 = 2.279, 

Both sequences converge to the root as a limit; the difference between a, and b, is 10-r, 
which tends to 0 as r increases. 

Notice that, if you want to.fmd the root correct to 3 decimal places, you need to know 
whether it is closer to 2.279 or to 2.280, so you need to find f(2.2795), which is 
0.006 05 .... Since this is positive, and f(2.279) is negative, the root lies between 2.279 
and 2.2795. That is, its value is 2.279 correct to 3 decimal places. 

Example 8.2.1 
Solve the equation x ex = 1 . 

Begin by investigating the equation graphically, using the idea that a root of an 
equation f(x) = g(x) is the x-coordinate of a point of intersection of the graphs of 
y = f(x) and y = g(x). Fig. 8.5 shows four differ~nt ways of doing this, based on 
the equation as stated and the three rearrangements 

x 1 -x . e =-, x·=e , x=-lnx. 
x 

\ 

All the graphs'show that there is just one root, but the third graph is probably the 
most informative.'The tangent to y = e-x at (0,1) has gradient -1, and so meets 
y = x at (!,!).This shows that the root is slightly greaterthan 0.5. 

\. 
·t" 

. ~ 
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y 

y 

y=x 

x x x 

Fig. 8.5 

x 
y= -lnx 

To use the sign-change method you need to write the equation as f(x) = 0. There 
are again several possibilities: 

x 0 x 1 xe -1= , e --=0, x-e-x =0, x+lnx=O. 
x 

If y:ou have a calculator with graphics or programming facilities it makes little 
difference which equation you use. But with a basic calculator it pays to use the 
form whose calculation involves the fewest key steps. This is probably the last, so 
take f(x) = x + lnx. 

The calculation then proceeds as follows. 

f(0.5) = -0.193 ... ' f(0.6) = 0.089 .... 

The root is between 0.5 and 0.6. Since I f(0.5) I is about 2 times I f(0.6) 1, the root is 
probably about ~ of the distance from 0.5 to 0.6, which is about 0.57. So calculate 

f(0.57) = 0.0078 .. . (0 .57 is too large); 

f(0.56) =-0.0198 ... . 

The root is between 0.56 and 0.57, and I f(0.56) I is between 2 and 3 times 
I f(0.57).1. This suggests that the root is between i and ~ of the distance from 
0 .56 to 0 .5 7, which is about 0 .567. So calculate 

f(0.567) = -0.000 39 .. . (0.567 is too small), 

f(0.568) = 0.002 36 ... . 

The root therefore lies between 0-.567 and 0.568. 

At each stage the first step is to decide the next x -value at which to begin looking for the 

root; this corresponds in Fig. 8.4 to estimating where the chord AB c':1ts the_ x-axis . . 

There is no point in doing this calculation very accurately; its only purpose is to decide 

where to begin the next step of the search, and for that you only need to work to 1 
significant figure. 
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,~~~~~x~z~~t~~t:@:~:&i~}J,~1gf~fai~~~~;~~'ief.fixk~i1i Exercise SA ;@~~~~~~l~'i~~~~fu4.~~t~-t~~1f~~~ 

1 Show that the equation 2x 3 
- 3x2 

- 2x + 5 = 0 has a root between -1.5 and -1. 

2 The equation e -x - x + 2 = 0 has one root, a . Find an integer N such that N <a< N + l. 

3 Given f(x) = 3x + 13 - ex, evaluate f(.3) and f( 4), correct to 3 significant figures. Explain 
the significance of the answers in relation to the equation 3x + 7 = ex . 

4 For each of parts (a) to (f), 
(i) use the sign-change rule to determine the integer N such that the equation 

f(x) = 0 has a root in the interval N < x < N + 1; 

(ii) use decimal search to find each root correct to 2 decimal places. 

(a) f(x)=x 5 -5x+6 (b) f(x)=x+~x3 +1-7 (c) f(x)=ex_1 
x 

(d) f(x)= 1000-ex lnx (e) @)=ln(x2 +1)-12-x (f) f(x)=x 5 +x3 -1999 

5 The function f( x) is such that f( a )f( b) < 0 for real constants a and b with a < b, yet 
f(x) = 0 for no value of x such that a< x < b. Explain the feature of the function which 
allows this situation to arise, and illustrate your answer with a suitable example. 

8.3 Finding roots by iteration 

Example 8.3.1 

1Find the terms of the sequence defined by the inductive definition x0 = 0, Xr+I = e-x, 

In the calculation all the available figures have been retained in the calculator, but 
the answers are tabulated correct to 5 decimal places. 

r x, r x, r x, 

0 0 9 0.57114 18 0.56712 

1 1 10 0.564 88 19 0.56716 

2 0.367 88 11 0.568 43 20 0.56714 

3 0.692 20 12 0.566 41 21 0.56715 

4 0.500 47 13 0.567 56 22 0.56714 . 
5 0.606 24 14 0.566 91 23 0.56714 

6 0.545 40 15 0.567 28 . 24 0.56714 

7 0.579 61 16 0.567 07 

8 0.56012 17 0.56719 

Table 8.6 

From r = 22 onwards it seems that the values correct to 5 decimal places are all 
0.56714. This is especially convincing in this example, since you can see that the terms 
are alternately below and above 0.56714; so once you have two successive terms with 



CHAPTER 8: SOLVING EQUATIONS NUMERICALLY 

this value, the same value will continue indefinitely. (You met a similar sequence in Pl 
Section 14.3. The sum sequence for a geometric series with common ratio -0.2 had 
terms alternately above and below 0.8333 .... ) 

Notice also that the limit towards which these terms are converging appears to be the 
same (to the accuracy available) as the root of the equation x = e-x found in 
Example 8.2.1. The sequence illustrates a process called iteration, which can often be 
used to solve equations of the form x = F(x). 

~,j~t-"S~f~~~L~~'J$;'¥}k~}§i'~;~~j~t~t<~~S::J~'~~1~~f~~~~~-~-~~~'.:;.~.-:.iL:~;~fsg~;:-tt~~~:;l·t·J/';s~='..:?~l~i;;~g~~€HRtt~,:s~~~~~~Y}~:;.?~~~~]E~~'.;,:f~~;~~~?:'~~P.F:"·~ 

If the sequence given by the inductive definition x,+1 = F(x,), with some initial 
value x0 , converges to a limit l , then l is a root of the equation x = F( x). 

It is quite easy to see why. Since the sequence is given to be convergent, the left side 
x,+1 tends to l as r ~ oo, and the right side F(x,) tends to F(l). (To be sure of this, the 
function F(x) must be continuous.) 

So l = F(l); that is, l is a root of x = F(x). 

For another illustration take the equation x 3 
- 3x - 5 = 0 , for which the root was found 

earlier by the sign-change method. This can be rearranged as 

x 3 = 3x+5, or x = 'V3x+5. 

This is of the form x = F(x), so you can try to find the root by iteration, using a 
sequence defined by 

Xr+l = ~'3x, + 5. 

Fig. 8.3 suggests that the root is close to 2, so take x0 = 2. Successive terms, correct to 
5 decimal places, are then as in Table 8 .7. 

r x, r x, r x, 

0 2 4 2.278 62 8 2.279 02 

2.223 98 5 2.278 94 9 2.279 02 

2 2.268 37 6 2.279 00 

3 2.276 97 7 2.279 02 

Table 8.7 

This suggests that the limit is 2.279 02, but this time you cannot be quite sure. Since the 
terms get steadily larger, rather than being alternately too large and too small, it is just 
possible that if you go on longer there might be another change in the final digit. So for 
a final check go back to the sign-change method. Writing f(x) = x 3 

- 3x - 5, calculate 
f(2.279 015) = -0.000 047 ... and f(2.279 025) = 0.000 078 .... This shows that the 
root is indeed 2.279 02 correct to 5 decimal places. 
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At each step of this iteration you have to use the key sequence [ x, 3, +, 5, =, .\/] to get 
from one term to the next. If you have a calculator with an [ANS] key, or if you set the 
process up as a small computer program or a spreadsheet, you can get the answer much 
more quickly. 

8.4 Iterations which go wrong 

There is more than one way of rearranging an equation f(x) = 0 as x = F(x). For 
example, x3 

- 3x - 5 = 0 could be written as 

3x = x3 
- 5, or x = Hx3 

- 5). 

But if you perfomi the iteration 
\ 

Xr+I = Hx,3 
- 5), with x0 = 2, 

the first few terms are 

2, 1, -1.333 33, - 2.456 79, - 6.609 58, - 97 .916 54, .... 

Clearly this is never going to converge to a limit. 

Such a sequence is called divergent. 

The same can happen with the equation xex == 1. If, instead of constructing an iteration 
from x = e-x, you write it as 

lnx =-x, or x=-lnx, 

then the corresponding iteration is 

x,+1 =-lnx,. 

You can't start with x0 = 0 this time, so take x0 to be 0 .5 . Then you get 

0.5, 0.69315, 0.366 51, 1.003 72, -0.003 71, ERROR! 

The terms are alternately above and below the root, as they were in Example 8.3.1; but 
they get further away from it each time until you eventually get a term which is outside 
the domain of ln x . 

So if you have an equation f(x) = 0, and rearrange it as x = F(x), then the sequence 
x,+1 = F(x,) may or may not converge to a limit. If it does, then the limit is a root of the 
equation. If not, you should try rearranging the equation another way. 

!'."i?;,o'E'r:,;xTI'E'.N~if''.i'.I!i:J;'l'ii'z::Yfm~li)J}~"~;1 Exercise SB ~~~:~~§1Jii·-~}J!If£%~;:'.:;rk::GKf~~xm~~~~:-n::~~1r:J?1z:~~SJ 

1 For e.ach of parts (a) to ( c), find three possible rearrangements of the equation f(x) = 0 into 
the form x = F(x). 

(a) f(x)=x 5 -5x+6 (b) f(x)=ex_1 (c) f(x)=x 5 +x3 -1999 
x 
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2 Each of parts (a) to (c) defines a sequence by an iteration of the form x,+1 = F(x,). 

(i) Rearrange the equation x = F(x) into the form f(x) = 0, where f is a polynomial 

function. 

(ii) Use the iteration, with the given initial approximation x0 , to find the terms of the 
sequence x0 , x1, ••. as far as x5 • 

(iii) Describe the behaviour of the sequence. 

115 

(iv) If the sequence converges, investigate whether x5 is an approximate root of f(x) = 0. 

(a) x0 =0,x,+1 ='1x/-6 

10 
(c) x0 =7,xr+I = ~/500+-

x, 

(17-x2J2 
(b) x0 =3,x,+1 = --;:-

3 Show that the equation x 5 + x -19 = 0 can be arranged into the form x = ~19x~ x and that 

the equation has a root a between x = 1 and x = 2. 

Use an iteration based on this arrangement, with initial approximation x0 = 2, to find the 

values of x1, x2 , ••. , x6 • Investigate whether this sequence is converging to a . 

4 (a) Show that the equation x 2 + 2x - ex = 0 has a root in the interval 2 < x < 3 . 

·(b) Use an iterative method based on the rearrangement x = oJ ex - 2x, with initial 

approximation x0 = 2, to find the value of x10 to 4 decimal places. Describe what is 
happening to the terms of this sequence of approximations. 

S Show that the equation ex = x 3 
- 2 can be arranged into the form x =In( x 3 

- 2). Show 
also that it has a root between 2 and 3. 

Use the iteration x,+1 =In( x, 3 
- 2), commencing with x0 = 2 as an.initial approximation 

to the root, to show that this arrangement is not a suitable one for finding this root. 

Find an alternative arrangement of ex = x 3 
- 2 which can be used to find this root, and use 

it to calculate the root correct to 2 decimal places. 

6 (a) Determine the value of the positive integer N such that the equation 12 - x - In x = 0 

has a root a such that N < a < N + 1 . 

(b) Define the sequence x0 , x1 , •.• of approximations to a iteratively by x0 = N + -i, 
xr+l =12-lnx,. 

Find the number of steps required before two consecutive terms of this sequence are 
the same when rounded to 4 significant figures. Show that this common value is equal 

to a to this degree of accuracy. 

7 Sketch the graphs of y = x and y = cos x , and state the number of roots of the equation 

x = cosx. 

Use a suitable iteration and starting point to find the positive root of the equation x =cos x, 

giving your answer correct to 3 decimal places. 

Show that the iteration x = cos-1 x starting from x = 0 does not converge. 

~~~~JI.P~~~~-~~<ll\!ll~l!eli1!!5!1~m:iEll~~!!lill!Jlll:ll:!i!i!1if!l!l!ili!illlli>lli!ll!!lli!Pliim!lill'E:Iil'li:lilll:!lll!l!!illm 
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8.5* Choosing convergent iterations 

The rest of this chapter is about how to rearrange an equation to ensure that the iterative 
sequence converges. You may if you like omit it and go on to Miscellaneous exercise 8. 

The solution of x = F(x) can be represented graphically by the intersection of the graph 
of y = F(x) with the line y = x. Fig. 8.8 shows this for the equations in the last two 
sections, each with two alternative forms. 

(a) xex = 1 (b) x 3 
- 3x - 5 = 0 

(i) x = e-x (ii) x = -lnx (i) x = ~3x +5 ("') x
3 

- 5 
11 x=--

3 

Y+ y y y 

x x x 

Fig. 8.8 

In both cases the sequence converged in version (i), but not in version (ii). 

Inspection of the graphs suggests that it is the gradient of the graph of y = F(x) at or 
near the root which governs the nature of the iteration. 

In (a)(i) the gradient is negative, but numerically small (about -0.5). The sequence 
converges, though quite slowly; it talces 22 steps to reach the root correct to 5 decimal 
places. The terms alternate above and below the root. 

In (a)(ii) the gradient is negative, but numerically larger (about -2 ). The sequence does 
not converge, but the terms again alternate above and below the root. 

In (b)(i) the gradient is positive, and numerically small (about 0.2 ). The sequence 
converges quite fast, talcing only 7 steps to reach the root correct to 5 decimal places. 
The terms get steadily larger, approaching the root from below. 

In (b)(ii) the gradient is positive and numerically large (about 5 ). The sequence does not 
converge, and the terms get steadily smaller. 

This discussion points to the following conclusions, which are generally true. You can 
test them for yourself using the sequences which you produced in Exercise SB. 

x 
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• Iftheequation x=F(x) hasaroot,thenasequencedefinedby x,+1 =F(x,) 
with a starting value close to the root will converge to the root if the gradient 
of the graph of y = F(x) at and around the root is not too large (roughly 
between -1 and 1). 

• The smaller the modulus of the gradient, the fewer steps will be needed to 
reach the root to a given accuracy. 

• If the gradient is negative, the terms will be alternately above and below the 
root; if it is positive, the terms will approach the root steadily from one side. -. 

~ .. 
. . . ···''*'·-' -· ·:r.~~~~~~ 

There is one further point to notice about these examples. The pairs of functiOns used for 
F(x) are in fact inverses. 

(a) x -7 [ +/- ]-7 [exp ]-7 has output e-x, 

f- [ +/-] f- [ ln] f- x (read from right to left) has output -lnx. 

(b) x -7 [ x 3 ]-7 [ + 5 ]-7 [ '},{ ]-7 has output \13x + 5, 

f- [ + 3 ] f- [ - 5 ] f- [ ( )
3 

] f- x has output H x 3 
- 5) . 

Their graphs are therefore reflections of each other in the line y = x . This is why, if the 
gradient of one graph is numerically small, the gradient of the other is large. This leads 
to a useful rule for deciding how to rearrange an equation. 

If the function F is one-one, and if x = F(x) has a root, then usually 
one of the sequences x,+1 = F(x,) and x,+1 = F-1(x,) converges to the 
root, but the other does not. 

i1:. 

Example 8.5.1 
Show that the equation x3 

- 3x -1 = 0 has three roots, and find them correct to 
4 decimal places. 

The graph of y = x 3 
- 3x -1 is shown in 

Fig. 8.9. It is in fact the graph in Fig. 8.3 
translated by + 4 in the y-direction. You can 
see that it cuts the x-axis in three places: 
between -2 and -1, -1 and 0, and 1 and 2. 

You could use iterations based on a 
rearrangement x = F(x), where F(x) is either 
~ ( x 3 -1) or \13x + 1 . These are illustrated in 
Fig. 8.10; again, they are inverse functions. 
To get a small gradient _at the intersection, 
you should use F(x) = '})3x + 1 for the first 
and last of the roots, and F(x) = Hx3 -1) 
for the middle root. 

Fig.8.9 

117 
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y ·Y 

x 

Fig. 8.10 

You can check for yourself that: 

x,+1 = ~3x, +I with x0 = -2 reaches the root -1.5321 in 11 steps, 

x,+1 = Hx,3 -1) with x0 = 0 reaches the root -0.3473 in 4 steps, 

x,+1 = ~3x, + 1 with x0 = 2 reaches the root 1.8794 in 6 steps. 

x 

The next example shows a trick which you can use to reduce the number of steps needed to 
reach the root, or even to produce a convergent iteration from one which does not converge. 

Example 8.5.2 
Foreachoftheequations (a) x=e-x, (b) x=-lnx, add an extra term kx to 
both sides, and choose k so that, near the root, the function on the right has a small 
gradient. Use this to produce a sequence which converges rapidly to the root. 

(a) Write kx + x = kx + e-x. You saw earlier that near the root the graph of e-x 
has a gradient of about -0 .5, so k x + e-x has a gradient of about k -0 .5. To 
make this small, choose k = 0.5. Then the equation becomes 

l.5x=0.5x+e-x, or x=j{x+2e-x). 

The iteration x,+1 = ~ ( x, + 2e-x,) with x0 = 1 reaches the root 0.56714, correct 
to 5 decimal places, in 4 steps. (In Example 8.3.l it took 22 steps of the iteration 
x,+I = e -x, to achieve the same accuracy.) 

(b) Write kx + x = kx -Inx. Near the root the graph of -lnx has a gradient of 
about -2, so kx - In x has a gradient of about k - 2. Choose k = 2, so that the 
equation becomes 

3x = 2x - In x , or x=~(2x-lnx). 

The iteration x,+I = ~ ( 2_x, - In x,) with x0 = 1 reaches the root in 6 steps. 
(You saw jn-Seetion8.4 that the iteration x,+1 = - In x, does not even converge.) 
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~~~ Exercise SC* 

1 In parts (a) to (e), sketch the graph of y = F(x), and hence decide whether the iteration 
xr+I = F(xr), with initial approximation x0 , is suitable for finding the root of the equation 
x=F(x) near to x=x0 . 

Where the process leads to a convergent sequence of approximations to the required root, 
find this root. Where the process is unsuitable, find F-1(x) and use it to find the root. 

In parts (a) and (b) give your answers correct to 3 decimal places; in parts (c) to (e) give 
your answers correct to 4 decimal places. 

3 
(a) F(x)=--1, x0 =1 

x 
(b) F(x) = 5-e3x, x0 = 0 

(c) F(x)=~tanx, x0 =l (d) F(x)=30-tbx6
, x0 =-2 

(e) F(x) = 2sinx, 1 
Xo =21T: 

2 In each of parts (a) to (d) find a constant k for which 

kxr+I + Xr+I = kxr + F(xr) 

is a better form than xr+I = F(xr) to use to find the root of the equation x = F(x) near x0 • 

In each case, find this root correct to 4 significant figures. 

(a) F(x)=2-5lnx, x0 =1 - (b) F(x)=x 2 +6lnx-50, x0 =6 

(c) F(x)=J
8

(x4 -x7 -192), x0 =-2 (d) F(x)=xlnx-e-x-20, x0 =12 

~ Miscellaneous exercise 8 ~ 

1 Given that f(x) = 2x + 3x, evaluate f(l) and f(2). Using these values, 

(a) state what this tells you about the root of the equation f(x) = 10, 

(b) suggest a suitable initial approximation to this root. 

2 · Find the positive integer N such that 40e -x = x 2 has a root between N and N + 1. 

3 Show that there exists a root x = a of the equation x 3 
- 6x + 3 = 0 such that 2 < a < 3 . 

Use decimal search to find this root correct to 2 decimal places. 

4 Show that the equation 2x - ln{ x 2 + 2) = 0 has a root in the interval 0 .3 < x < 0 .4 . Use 
decimal search to find an interval of width 0.001 in which this root lies. 

5 The equation ex= 50..J2x-l has two positive real roots. Use decimal search to find the 
larger root correct to 1 decimal place. 

6 (a) On the same diagram, sketch the graphs of y = rx and y = x 2
. 

(b) One of the points of intersection of these graphs has a positive x-coordinate. Find this 
x-coordinate correct to 2 decimal places and give a brief indication of your method. 

(OCR) 
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7 (a) On a single diagram, sketch the graphs of y = tan x 0 and y = 4 cos x 0 
- 3 for 

0~x~180. Deduce the number of roots of the equation f(x) = 0 which exist for 
0~x~180, where f(x) = 3 + tanx0 -4cosx0

. 

(b) By evaluating f(x) for suitably chosen values of x, show that a root of the equation 
f(x) = 0 occurs at x = 28 (correct to the nearest integer). 

8 Show that there is a root a of the equation 2 sin x0 
- cos x0 + 1 = 0 such that 

230 <a< 240. Use a decimal search method to determine this root to the nearest 0.1. 

9 The points A and B have coordinates (0,-2) and (-30,0) respectively. 

(a) Find an equation of the line which passes through A and B. 

The function f is defined by f(x) = 1 +tan x 0
, -90 < x < 90. 

(b) Explain why there is just one point where the line in (a) meets the graph of y = f(x). 

(c) Use an appropriate method to find the value of the integer N such that the value of the 
x-coordinate of the point where the graph of y = f(x) meets the line of part (a) 
satisfies N < x < N + 1. (OCR, adapted) 

10 Find, correct to 2 decimal places, the x-coordinate of the turning point on the curve with 
equation y = 5 cos x + x2

, x > 0. 

11 Th_e region, R, of the plane enclosed by the axes, the curve y =ex + 4 and the line x = 2 
has area A. Find, correct to 4 significant figures, the value of m, 0 < m < 2, such that the 
portion of R between the y -axis and the line x = m has area i A . 

12 Show that the equation 3.5x = l .6x has a real solution between 6 and 7. By rearranging 
the equation into the form x = a + b In x , determine this root correct to 2 decimal places. 

13 (a) Given that f(x) = e2
x - 6x, evaluate f(O) and f(l), giving each answer correct to 3 

decimal places. Explain how the equation f(x) = 0 could still have a root in the 
interval 0<x<1 even though f(O)f(l) > 0. 

(b) Rewrite the equation ,f(x) = 0 in the form x = F(x), for some suitable function F. 
Taking x0 = 0.5 as an initial approximation, use an iterative method to determine one 
of the roots of this equation correct to 3 decimal places. How could you demonstrate 
that this root has the required degree of accuracy? 

(c) Deduce the value, to 2 decimal places, of one of the roots of the equation ex - 3x = 0. 

14 (a) Show that the equation x3 
- 3x2 -1 = 0 has a root a between x. = 3 and x = 4. 

(b) The iterative formula x,+1 = 3 +~-is used to calculate a sequence of approximations 
x, 

to this root. Taking x0 = 3 as an initial approximation to a , determine the values of 
x1, x2 , x3 and x4 correct to 5 decimal places. State the value of a to 3 decimal places 

and justify this degree of accuracy. 

15* (a) Show that the equation x + ln x - 4 = 0 has a root a in the interval 2 < x < 3 . 

(b) Findwhichofthetwoiterativeforms x,+1 =e4-x, and xr+I =4-lnx, 

is more likely to give a convergent sequence of approximations to a , giving a reason 
for your answer. Use your chosen form to determine a correct to 2 decimal places. 
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16* (a) Find the positive integer N such that the equation (t -1) In 4 = ln(9t) has a solution 

t = r in the interval N < t < N + 1 . 

(b) Write down two possible rearrangements of this equation in the form t = F(t) and 
t = F-1 (t). Show which of these two arrangements is more suitable for using 
iteratively to determine an approximation to r to 3 decimal places, and find such an 
approximation. 

17* (a) The equation x = F(x) has a single root a. Find by trial the integer N such that 

N<a<N+l. 

(b) By adding a term kx to both sides of x = F(x), where k is a suitably chosen integer, 
determine a correct to 4 decimal places. 

18* (a) Find the coordinates of the points of intersection of the graphs with equations 
5 

y = x and y = g(x), where g(x) = - . 
x 

(b) Show that the iterative process defined by x0 = 2, xr+I = g(xr) cannot be used to find 

good approximations to the positive root of the equation x = ~. 
x 

( c) Describe why the use of the inverse function g -J ( x) is also inappropriate in this case. 

(d) Use a graph to explain why the iterative process defined by 

Xo=2, Xr+1=1(xr+ :J 
leads to a convergent sequence of approximations to this root. Find this root correct to 
6 decimal places. 

19* (a) Use a graph to show that the equation f(x) = 0, where f(x) = x-10-30cosx0
, has 

only one root. Denote this root by a . 

(b) Find two numbers, a0 and b0 , such that b0 - a0 = 10 and a0 <a< b0 . 

(c) Evaluate f(m), where m = !(a0 + b0 ). Determine whether a0 <a< m or m <a< b0 . 

Hence write down two numbers, a1 and b1 , such that b1 - a1 = 5 and a1 < a < b1. 

(d) Use a method similar to part (c) to find two numbers, a2 and b2 , such that 
b2 - a2 = 2.5 and a2 <a< b2 . 

(e) Continuing this way, find two sequences, ar and b;., such that b, - a,= 10 x r' and 
a, <a< b,. Go on until you find two numbers of the sequence which enable you to 
write down the value of a correct to 1 decimal place. (This is called the 'bisection 
method'.) 

20 Given the one-one function F(x), explain why roots of the equation F(x) = F-1(x) are 
also roots of the equation x = F( x) . 

Use this to solve the following equations, giving your answers correct to 5 decimal places. 

(a) x 3 -l=:zfl+x, (b) fo-ex=ln(IOx). 

~~~~~~~.f'JZ~~S't~~-:~~~L~~3l.W~~ 



9 The trapezium rule 

This chapter is about approximating to integrals. When you have completed it, you 
should 

• be able to use the trapezium rule to estimate the value of a definite integral 
• be able to use a sketch, in some cases, to determine whether the trapezium rule 

approximation is an overestimate or an underestimate. 

9 .1 The need for approximation 

There are times when it is not possible to evaluate a definite integral directly, using the 
standard method, 

J: f(x)d.x=[l(x)J! =l(b)-I(a), 

where I(x) is the simplest function for which ! I(x) = f(x). 

Two examples which you cannot integrate with your knowledge so far are J 1 

~dx 

f
' o I+x 

and 
0 
~1 + x3 dx. You.need to use another method for approximating to the integrals. 

9.2 The trapezium rule: simple form 

Suppose that you wish to find an estimate for the integral J: f(x) d.x. 

You know, from Pl Section 16.3, that the value of the definite integrals: f(x)dx 

represents the shaded area in Fig. 9.1. The principle behind the trapezium rule is to 
approximate to this area by using the shaded trapezium in Fig. 9.2; >. 

y y 

f(b) 

a b x a b 

Fig. 9.1 Fig.9.2 

The area of the shaded trapezium is given by 

area of trapezium= ix (sum of parallel sides) x {distance between them), 

so area of.trapezium=! x (f(a) + f(b)) x (b- a). 

x 
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So J:f(x)dx,.,!(b-a)(f(a)+f(b)). 

This is the simplest form of the trapezium rule. 

Example 9.2.1 1 

Use the simplest form of the trapezium rule to find estimates for f -1
- 2 dx and 

f
l~ o l+x 
'\fl+x3 dx. 

0 

f
1 

-
1

-2 dx=-t{l-0)(-
1

-2 +~)=-!x1x(1+-!)=0.75. o l+x l+O l+l 

J~ .)1 + x3 dx"'!(1-0{'11+13 +.)1+ 03
) = ! x 1x(..J2+1) ""1.21. 

9.3 The trapezium rule: general form 

If you said that the simple form of the trapezium rule is not very accurate, especially 
over a lai:ge interval on the x-axis, you would be correct. 

You can improve the accuracx by dividing the large interval from a to b into several 
smaller ones, and then using the trapezium rule on each interval. The amount of work 
sounds horrendous but, with good notation and organisation, it is not too bad. 

Divide the interval from a to b into n equal 
intervals, each of width h, so that nh = b - a. 

Call the x -coordinate of the left side of the first 
interval x0 , so x0 = a , and then successively let 

x1 = x0 + h , x2 = x0 + 2h and so on until 

xn-I = x0 + (n - l)h and xn = x0 + nh = b. 

'] 
f(a)= Yol Y1I >'21 Yn-d IYn =f(b) 

123 

a = x0 x1 x2 Xn-I x. = b x 
To shorten the amount of writing, use the shorthand 

Yo= f(x0 ), y1 = f(x1) and soon, as in Fig. 9.3. 

Then, using the simple form of the trapezium rule on 
each interval of width h in tum, you find that 

-: hi-

Fig. 9.3 

I: f(x)dx"" !h(Yo + yi) + !h(Y1 + Y2) + !h(Y2 + Y3) + ... + !h(Yn-1 + Yn) 

= !h(Yo +Yi+ Yi+ Y2 + Y2 + Y3 + ... + Yn-2 + Yn-1 + Yn-1 + Yn) 

=!h{(Yo +yn)+2(Y1 +y2 + ... +Yn-1)}. 

"fhe trapezium rule with n intervals is sometimes called the trapezium rule with n + 1 
ordinates. (The term 'ordinate' means y-coordinate.) 
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The trapezium rule with n intervals states that 

Jb 1 { - }. b-a 
yclx=2h (yo+Yn)+2(y1 +J2+ ... +Yn-l), where h=-. 

a n 

Example 9.3.1 1 

Use the trapezium rule with 5 intervals to estimate J ~ dx, giving your answer 
correct to 3 decimal places. . o 1 + x 

The values of Yn in Table 9.4 are given correct to 5 decimal places. 

n Xn Yn Sums Weight Total 

0 0 1 

5 1 0.5 1.5 Xl= 1.5 

0.2 0.96154 

2 0.4 0.862 07 

3 0.6 0.735 29 

4 0.8 0.609 76 3.168 66 x2= 6.33732 
-

7.837 32 

Table 9.4 

The factor t h is t x 0 .2 = 0 .1 . Therefore the approximation to the integral is 
0.1x7 .837 32 = 0.783 732. Thus the 5-interval approximation correct to 
3 decimal places is 0.784. 

The accurate value of J 1 

~ dx is ! n , which correct to 3 decimal places is 
o l+x 

0.785, so you can see that the 5-interval version of the trapezium rule is a considerable 
improvement on the 1-interval version in Example 9.2.1. 

How you organise the table to give the value of {(Yo + y n) + 2(y1 + Y2 + ... + y n-I)} is up 

to you, and may well depend on the kind of software or calculator that you have. It is 

important, however, that you make clear how you reach your answer. 

9.4 Accuracy of the trapezium rule 

It is not easy with the mathematics that you know at present to give a quantitative 
approach to the possible error involved with the trapezium rule. 

However, in simple situations you can see whether the trapezium rule answer is too 
large or too small. If a graph is bending downwards over the whole interval from a to 
b, as in Fig. 9.5, then you can be certain that the trapezium rule will give you an 
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underestimate of the true area. If on the other hand, a graph is bending upwards over the 
whole interval from a to b, as in Fig. 9.6, then you can be certain that the trapezium 
rule will give you an overestimate of the true area. 

y y 

a b x a b 

Fig.9.5 Fig.9.6 

However, if the graph sometimes bends upwards and sometimes downwards over the 
interval from a to b, you cannot be sure whether your approximation to the integral is 
an overestimate or an underestimate. 

x 
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~ ..... ,;:,-~,·-~--,_'',--~~ ·:,' ';.\ ',, ' ?~, Exercise 9 !i!lllW ~d.i\U£WiJl£J 

1 Use the simplest case of the trapezium rule (that is, 1 interval) to estimate the values of 

. f4 J41 (a) ~I+xdx, (b} -dx. 
. 3 2x 

. (3 
2 Use the trapezium rule with 3 intervals to estimate the value of J 

0 
..J1 + x 2 dx. 

3 Use the trapezium rule with 3 ordinates (that is, 2 intervals) to estimate the value of 

f ~l+JXdx. 
4 Find approximations to the value of J 5 1z- dx by 

I X 

(a) using the trapezium rule with 2 intervals, 

(b) using the trapezium rule with 4 intervals. 

(c) Evaluate the integral exactly and compare your answer with those found in parts (a) 
and (b). 

~- 5 The diagram shows the graph of y = Jx . 
Use the trapezium rule with 6 intervals to 
find an approximation to the area of the 
shaded region, and explain why the 
trapezium rule overestimates the true 
value. 

y 

4 x 
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6 Use the trapezium rule with 5 intervals to estimate the value of J~ (Jb-x2 + l)d.x. 

Draw the graph of y = Jb- x2 + 1 and explain why the trapezium rule gives an overestimate 

of the true value of the integral. 

7 Draw the graph of y = x3 + 8 and use it to explain why use of the trapezium rule with 

4 intervals will give the exact value of J 2 

( x3 + 8) dx. 
-2 

8 Find an approximation to J 
1

2 

-J x2 + 4x dx by using the trapezium rule with 4 intervals. 

9 Find an approximation to ~ dx by using the trapezium rule with 8 inter\rals. 1
4 2 

0 2x 

10 The diagram shows part of a circle with its 
centre at the origin. The curve has 

equation y = -J25 - x2 . 

(a) Use the trapezium rule with 10 intervals to 
find an approximation to the area of the 
shaded region. 

(b) Does the trapezium rule overestimate or 
underestimate the true area? 

( c) Find the exact area of the shaded region. 

(d) By comparing your answers to parts (a) and 
( c), obtain an estimate for 7r to 2 decimal 
places. 

x 

~- Miscellaneous exercise 9 ,:~!~~~ ... :. ~tr.~;J',.1:F,.i~:X :i,~ ',b~.f/:!~li"_;ii<!"~@'~~.~1?,i'>id 

1 Use the trapezium rule, with ordinates at x = 1, x = 2 and x = 3, to estimate the value of 

f-J40-x3 dx. (OCR) 

2 The diagram shows the region R bounded by 
the curve y = -J1 + x3 , the axes and the line 
x = 2. Use the trapezium rule with 4 intervals 
to obtain an approximation for the area of R, 
showing your working and giving your 
answer to a suitable degree of accuracy. 

Explain, with the aid of a sketch, whether the 
approximation is an overestimate or an 
underestimate. (OCR) 

y 

0 2 x 
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3 Use the trapezium rule with subdivisions at x = 3 and x = 5 to obtain an approximation to 

~ dx, giving your answer correct to 3 places of decimals. (OCR) f
7 3 

1 l+x 

J
0.5 

4 Use the trapezium rule with 5 intervals to estimate the value of 
0 

~1 + x 2 dx, showing 

your working. Give your answer correct to 2 decimal places. 

5 The diagram shows the region R
3
bounded by 

the axes, the curve y = (x 2 + lf2 and the 
line x = 1. Use the trapezium rule, with 
ordinates at x = 0 , x = i and x = 1, to 
estimate the value of 

f
l 3 

0 
(x 2 +lf2 dx, 

giving your answer correct to 2 significant 
figures. (OCR) 

6 The diagram shows a sketch of y = ,,,/2 + x3 

for values of x between -0 .5 and 0 .5 . 

(a) Use the trapezium rule, with ordinates at 
x = -0 .5 , x = 0 and x = 0 .5 to find an 

approximate value for ,,,/2 + x3 dx. J
0.5 

-0.5 

(b) Explain briefly, with reference to the 
diagram, why the trapezium rule can be 
expected to give a good approximation 
to the value of the integral in this case. 

(OCR) 

7 A certain function f is continuous and is such that 

y 
1 

0 

-0.5 

f(2.0) = 15, f(2.5) = 22, f(3.0) = 31, f(3.5) = 28, f(4.0) = 27. 

Use the trapezium rule to find an approximation to J: f(x) dx. 

8 The speeds of an athlete on a training run were recorded at 30-second intervals: 

Time after start (s) 0 30 60 90 120 150 180 210 240 

Speed (ms-1
) 3.0 4.6 4.8 5.1 5.4 5.2 4.9 4.6 3.8 

(OCR) 

1 x 

0.5 x 

The area under a speed-time graph represents the distance travelled. Use the trapezium rule 
to estimate the distance covered by the athlete, correct to the nearest 10 metres. 
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9 At a time t minutes after the start of a journey, the speed of a car travelling along a main 
road is v km h-1• The table gives values of v every minute on the 10-minute journey. 

v 
0 

0 

2 3 4 5 6 7 8 9 10 

31 46 42 54 57 73 70 68 48 0 

Use the trapezium rule to estimate of the length of the 10-minute journey in kilometres. 

10 A river is 18 metres wide in a certain region and its depth, d metres, at a point x metres 
from one side is given by the formula d == fg- ~ x(l 8 - x )(18 + x) . 

(a) Produce a table showing the depths (correct to 3 decimal places where necessary) at 
x == 0, 3,6, 9, 12, 15and18. 

(b) Use the trapezium rule to estimate the cross-sectional area of the river in this region. 

(c) Given that, in this region, the river is flowing at a uniform speed of 100 metres per 
minute, estimate the number of cubic metres of water passing per minute. (OCR) 

11 The diagram shows the curve y == 4-x. 
Taking subdivisions at x == 0:25, 0.5, 0.75, 
find an approximation to the shaded area. 

0 x 

12 The left diagram shows the part of the curve y == 2.5 -21-x
2 

for which -0.5,,;;; x,,;;; 0.5. 
The shaded region forms the cross-section of a straight concrete drainage channel, as 
shown in.the right diagram. The units involved are metres. 

y 

-0.5 0.5 x 

(a) Use the trapezium rule with 4 intervals to estimate the area of the shaded region. 

(b) Estimate the volume of concrete in a 20-metre length of channel. 

(c) Estimate the volume of water in the 20-metre length of channel when it is full. 

( d) Of the estimates in parts (b) and ( c), which is an overestimate and which is an 
underestimate? 
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13 The integral f 64 ~ d.x is denoted by I. 
36 

(a) Find the exact value of I. 

129 

(b) Use the trapezium rule with 2 intervals to find an estimate for I, giving your answer 
in terms of -J2 . 

Use your two answers to deduce that -J2"' ~6;. 

14 It is given that x - 2 is a factor of f(x), where f(x) = 2x3 - 7 x 2 + x +a. Find the value of 
a and factorise f(x) completely. 

Sketch the graph of y = f(x). (You do not need to find the coordinates of the stationary 
points.) 

Use the trapezium rule, with ordinates at x = -1, x = 0, x = 1andx=2 to find an 

approximation to J2 

f(x)d.x. 
-I 

Find the exact value of the integral and show that the trapezium rule gives a value that is in 
error by about 11 %. (OCR) 

15 The trapezium rule, with 2 intervals of equal width, is to be used to find an approximate 

value for J2 

-1z d.x . Explain, with the aid of a sketch, why the approximation will be 
I X 

greater than the exact value of the integral. 

Calculate the approximate value and the exact value, giving each answer correct to 3 
decimal places. 

Another approximation to J2 

-1z d.x is to be calculated by using two trapezia of unequal 
I X 

width; the ordinates are at x = 1, x = h and x = 2. Find, in terms of h, the total area, T, of 
these two trapezia. 

Find the value of h for which T is a minimum. 

16 (a) Calculate the exact value of the integral J~ x2 d.x. 

(b) Find the trapezium rule approximations to this integral using 1, 2, 4 and 8 intervals. 
Call these A1 , A2 , A4 and· A8 • 

( c) For each of your answers in part (b), calculate the error E;, where 

E; = J~ x2 
d.x-A;, for i = 1, 2,4 and 8. 

(d) Look at your results for part (c), and guess the relationship between the error En and 

the number n of intervals taken. 

(e) How many intervals would you need to approximate to the integral to within 10-6 ? 

~~~.~~:;!,;2.~Y.'~~:;',:~7~;;;:::;::1:".:::'~r-;;;CT'.l'r."':);"C'r~'.;~,>~};:;':"t::.l?.:"%'.;."o".;""J..''£!12:.'.1~]~~~ 
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1 O Parametric equations 

This chapter is about a method of describing curves using parameters. When you have 
completed it, you should 

• know how to describe a curve using a parameter 
• be able, in simple cases, to convert from a parametric equation of a curve to the 

cartesian equation of the curve 
• be able to use parametric methods to establish properties of curves. 

10.1 Introduction 

Imagine a person P going round on a turntable, centre 
the origin 0 and radius 1 unit, at a constant speed (see 
Fig. 10.1). Suppose that P starts at the x-axis and 
moves anticlockwise in such a way that the angle at 
the centre t seconds after starting is t radians. 

Where is P after t seconds? You can see from 
Fig. 10.l that the coordinates of Pare given by 

x = cos t, y = sin t . 

These equations allow you to find the position of P at 

any time, and they describe the path of P completely. 

Fig. 10 .2 shows the values of t at various points on the 
first revolution of the turntable. Notice that for each 
value of t there is a unique point on the curve. 

During the first revolution, each point on the curve has 
a t-valUe corresponding to the time at which the 
person is at that point. However, for each additional 
revolution there will be another t -value associated 
with each point. 

Example 10.1.1 

x =cost 
y =sin t 

t=n 

t = ~n 

Find the t-value of the starting point, the first time that P returns to it. 

y 

Fig. 10.l 

~n 

Fig.10.2 

The starting point is (1, 0) . Since x = cost, y = sin t , you find that 1 = cost and 
0 = sin t . These equations are simultaneously satisfied by t = 0, ± 2n, ± 4n, .... 
The smallest positive solution is t = 2n. 

x 

x 
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The equations x = cos t, y = sin t are an example of parametric equations, and the 
variable t is an example of a parameter. In this case the variable t represents time, but 
in other cases it may not, as you will see in Example 10.1.2. 

If you have a graphic calculator, you may be able to use it to draw curves from 
parametric equations. Put the calculator into parametric mode. You then have to enter 
the parametric equations into the calculator, and you may have to give an interval of 
values of t. For example, if you gave an interval of 0 to 7r for t in Example 10.1.1, you 
would get only the upper semicircle of the path. If you use the trace key, the calculator 
will also give you the t-value for any point. 

Recall that the curve looks like a circle only if you use the same scale on both axes. 

You could also plot the curve using a spreadsheet with graph-plotting facilities. 

Here are other examples of curves with parametric equations. 

Example 10.1.2 
A curve has parametric equations x = t 2

, y = 2t . Sketch the curve for values of t from 
-3 to 3. 

Draw up a table of values, Table 10.3. 

x 

y 

-3 
9 

-6 

-2 
4 

-4 

-1 

-2 

Table 10.3 

The points (9,-6), (4,-4), (1,-2), 
{0,0), {1,2), {4,4) and {9,6) lie on the 
curve shown in Fig. 10.4. The points 
which are plotted are labelled with the 
t-values of the parameter. 

The idea that a point is defined by the value of 
its parameter is an important one. Thus, for the 
curve x = t 2 

, y = 2t you can talk about the 
point t = -2, which means the point {4,-4). 

The curve looks like a parabola on its side, and 
you will, in the next section, be able to prove 
that it is a parabola. 

0 

0 

0 2 

y 

6 

4 

2 

2 

4 

4 

3 

9 

6 

O+-~~~~~~~,......+ 

-2 

-4 

-6 

Fig. 10.4 
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Example 10.1.3 
A curve has parametric equations x = sin t , y = sin 2t , for values of t from 0 to 2n . 

Plot the curve, and indicate the points corresponding to values of t which are multiples 

of in. 
Draw up a table of values, Table 10.5. 

0 ln 
6 

ln 
3 

ln 
2 

x 0 0.5 0.866 1 
y 0 0.866 0.866 0 

n 2n 
6 

1-n 
3 

ln 
2 

x 0 -0.5 -0.866 -1 
y 0 0.866 0.866 0 

Table 10.5 

Fig. 10.6 illustrates this curve, with the 
points from the table labelled with their 
t-values, except for the origin, which is the 
point for which t = 0 , t = n and t = 2n . 

Notice the arrows, which show the way that the 
values of t are increasing. These are not essential, 
but you should put them in if you want to show 
the direction in which the parameter is increasing. 

If you go on to use values of t outside the interval 
from 0 to 2n, the curve will repeat itself. 

2:.n 
3 

1n 
6 

0.866 0.5 

-0 .866 -0 .866 

1n 
3 

l!n 
6 2n 

-0.866 -0.5 0 
-o .866 ~o .866 0 

y 

~n 

Finally, you should notice that parametric equations enable you to produce curves 

x =sin t 
y=sin2t 

whose equations can't be written in the form y = f(x). The circle in Fig. 10.2, and the 
curves in Fig. 10.4 and Fig. 10.6, cannot be described by such an equation, because none 
of them have just one value of y for each value of x. 

It is time to give a definition of a parameter. 

~&~£-i~~d~~i~-:;Ei~~;;J~~.$'a.a:t~;~~~~~j~~~~-~&~~~-

If x = f(t) and y = g(t), where f and g are functions of a variable t defined 
for some domain of values of t, then the equations x = f(t) and y = g(t) are 
called parametric equations, and the variable t is a parameter. 

~n 
x 
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10.2* From parametric to cartesian equations 

A curve that is described parametrically can sometimes also be described by a cartesian 
equation, by eliminating the parameter between the two parametric equations. 

For example, in Example 10 .1.2 the curve is given parametrically by x = t 2
, y = 2t . In 

this case, you can write t = ! y, so that x = (! y )
2 

= i y2, which you can rewrite as 

y2 = 4x. The parameter t has been eliminated between the two equations x = t 2
, 

y = 2t. You can see from Fig. 10.4 that x = i y 2 is simply y = ix2 'on its side'. 

In general: 

~~~l&~~J..~~~MN~~~r~&i®'~~~~lP'~~i~ 

If x = f(t) and y = g(t) are parametric equations of a curve C; and you 
eliminate the parameter between the two equations, each point of the 
curve C lies on the curve represented by the resulting cartesian equation. 

Example 10.2.1 
A curve is given parametrically by the equations x = 2t + 1, y = 3t - 2. Show that the 
'curve' is a straight line and find its gradient. 

From the first equation t = !(x -1), so y = 3(!(x- l))-2; that is, 2y = 3x - 7. 

This is the equation of a straight line. Its gradient is i. 

Example 10.2.2 
Let E be the curve given parametrically by x = a cost, y = b sin t, where a and b are 
constants and t is a parameter which takes values from 0 to .2n. Find the cartesian 
equation of E . 

Since x =a cost and y = bsint, cost=~-. a 

and sin t =~.Then, using cos2 t + sin2 t = 1, 
b 

(~)2+(~f=1. This is the equation of the 

ellipse shown in Fig. 10.7. If a and bare 

y x =a cost 
----+--2' = b sin t 

b 

b 

equal, it is a circle ofradius a. Fig·. 10.7 

!illll · Exercise lOA 

1 Find the coordinates of the point on the curve x = 5t2 
, y = lOt 

(a) when t=6, (b) when t=-1. 

133 
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2 Find the coordinates of the point on the curve x = 1 - ! , y = 1 + ! 
t t 

(a) when t=3, (b) when t=-1. 

3 The parametric equations of a curve are x = 2 cost, y = 2 sin t, for 0 ,,;;; t < 2n. What is the 
value of t at the point (0,2)? 

4 A curve is given by x = 5 cost , y = 2 sin t for 0 ,,;;; t < 2n. Find the value of t at the point 

(-2i,-J3). 

5 Sketch the curve given by x = t1
, y = ! for t > 0. 

t 

6 Sketch the curve given by x = 3 cost, y = 2 sin t for 0 ,,;;; t < 2n. 

7 Sketch the graph of x = 3t2
, y = 6t for -4 ,,;;; t ,,;;; 4. 

8 Sketch the locus given by x = cos2 t, y = sin2t for 0,,;;; t < 2n. 

9* Find cartesian equations for curves with these parametric equations. 

(a) x=t1 ,y=! (b) x=3t1 ,y=6t (c) x=2cost,y=2sint 
t 

10* Find cartesian equations for curves with these parametric equations .. 

(a) x = cos2 t, y = sin2 t 

1 . 1 
(c) x=l--, y=l+-

t t 

(b) x=cos3 t,y=sin3 t 

( d) x = 3t2 
, y = 2t3 

11 * Show that parametric equations for a circle with centre (p ,q) and radius r are 
x = p + r cos t , y = q + r sin t . Eliminate the parameter t to obtain the cartesian equation of 
the circle in the form (x - p )2 + (y - q)2 = r1

. 

~211:.::;:;;~:eG~~,:::=~"fV~~~~~™'™'uk~~ 

10.3 Differentiation and parametric form 

Suppose that a curve is defined parametrically. How can you find the gradient at a point on 
the curve without first finding the cartesian equation of the curve? 

"The key observation is that for a point P with parameter t on the curve, the coordinates 
(x,y) of Pare both functions oft, so as t changes, x and y also change. 

If a curve is given parametrically by equations 
for x _and y in terms of a parameter t , then 

dy = dy/dx. 
dx dt dt 

You can now use the result in the box, but if you don't need the proof, skip to Example 10.3.1. 

To establish the result, suppose that the value of t is increased by Ot; then x increases 
by ox and y by oy. 
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. oy oyjox Then, provided that ox i:- 0, - = - - . ox ot ot 
As ot ~ 0 , both ox ~ 0 and oy ~ 0 , so lim oy = lim oy . 

fu...+O OX OHO OX 

Therefore, assuming that lim (
0
. y;ox) = ( lim oy)/( lim ox), 

OHO Ot Ot OHO Ot OHO Ot 

-= hm-= hm-= hm - - = hm- hm- =- -. dy . oy . oy . (oyjox) ( . oy)/( . ox) dyjdx 
dx fu...+O ox OHO ox 01~0 Ot Ot OHO Ot OHO Ot dt dt 

Therefore dy = dyjdx 
dx dt dt. 

Notice that, just as the chain rule for differentiation is easy to remember because of 

'cancelling', so is this rule. However, you should remember that this is no more than a 

helpful feature of the notation, and cancellation has no meaning in this context. 

Example 10.3.1 
Use parametric differentiation to find the gradient at t = 3 on the parabola x = t2

, y = 2t. 

dy = 2 and dx = 2t, so dy = dy/dx = ~ = ! . When t = 3, the gradient is l. 
dt dt dx dt dt 2t t 3 

Example 10.3.2 
Find the equation of the normal at (-8,4) to the curve which is given parametrically by 
x = t3 

, y = t2 
• Sketch the curve, showing the normal. 

For the point (-8,4), t3 = -8 and t2 = 4. These are both satisfied by t = -2. 

dy dx 2 dy dy/dx 2t 2 . . As -=2t and -=3t , -=- -=-2 =-.When t=-2 thegrad1ent1s 
dt dt dx dt dt 3t 3t 

3 x z-2) = -~, so the gradient of the normal is - -i/3 = 3. 

Therefore the equation of the normal is y - 4 = 3( x - ( -8)) or y = 3x + 28 . 

Fig. 10.8 shows a sketch of the curve and the normal; remember that the normal 
will look perpendicular to the curve only if the scales on both axes are the same. 

-9 -8 -7 --'6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6 7 8 9 x 

Fig. 10.8 

At the origin, where t = 0, the curve has a cusp. As t increases, the point moves 
along the curve from left to right, but at the cusp it comes to a stop and starts to 
move back upwards. 

135 
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The gradient is not defined when t = 0 , because the tangent at the ongin is the 
y-axis. 

~~ ExerciselOB • 1 ~AMmliilm 

1 Find dy in terms of t for the following curves. 
d.x 

(a) x=t3 ,y=2t 

(c) x = 2cost,y = 3sint 

(b) x=sint,y=cost 

(d) x=t3 +t,y=t2 -t 

2 Find the gradients of the tangents to the following curves, at the specified values of t . 

(a) x = 3t2
, y = 6t when t = 0.5 (b) x = t3

, y = t2 when t = 2 

1 1 2 1 
(c) x=l--, y=l+-whent=2 (d) x=t ,y=-whent=3 

t t t 

3 Find the gradients of the normals to the following curves, at the specified values of t. 

(a) x = 5t2 ,y =Wt when t = 3 (b) x = cos2 t,y = sin2 t when t = ~n-

(c) x=cos3 t,y=sin3 twhent=!n- (d) x=t2 +2,y=t-2whent=4 

4 Show that the equation of the tangent to the curve x = 3 cost, y = 2 sin t when t = ~ n- is 
3y = 2x + 6.J2. 

S (a) Find the gradient of the curve x = t3
, y = t2 

- t at the point (1,0). 

(b) Hence find the equation of the tangent to the curve at this point. 

6 A curve has parametric equations x = t ...,. cost, y = sin t . Find the equation of the tangent to 
the curve when t = 1r . 

"' 7 Find the equations of the tangents to these curves at the specified values. 

(a) x=t2 ,y=2twhent=3 (b) x=5cost,y=3sintwhent=1<fn-

' 8 Find the equations of the normals to these curves at the specified values. 

(a) x = 5t2 ,y =Wt when t = 3 (b) x = cost,y = sint when t =~n-

'~ 9 (a) Find the equation of the normal io the hyperbola x = 4t, y = ~ at the point 
(8,2). t 

(b) Find the coordinates of the point where this normal crosses the curve again. 

' 10 (a) Find the equation of the normal to the parabola x "." 3t2
, y = 6t at the point where 

t=-2. 

(b) Find the coordinates of the point where this normal crosses the curve again. 
>;_·' 

10.4* Proving properties of curves 

Parameters are a powerful tool for proving properties about curves. Here are two 
examples which show a general method. 

·-~-.d:~l 



CHAPTER 10: PARAMETRIC EQUATIONS 

Example 10.4.1 
.A parabola is given by x = at2

, y = 2at. The tangent at a point Pon the parabola meets the 
x-axis at T. Prove that PT is bisected by the tangent at the vertex of the parabola. 

You may wonder why the parabola in Fig. 10.9 is on 
its side. This is just a convention. Mathematicians 

usually express the parabola parametrically as 

x = at2
, y = 2at .rather than x = 2at, y = at2

. In this 
case, the vertex is. still the point where the axis of 

symmetry meets the parabola, which is the origin, and 

the tangent at the vertex is the y-axis. 

Let P be the point on the parabola, shown in 
Fig. 10.9, with coordinates ( at2 ,2at). Since 

dy - dy/dx - ~ - ! 
dx dt dt 2at t 

y 

T 

the gradient at P is ! . The equation of the tangent at P is therefore 
t 

y - 2at = ~ ( x - at2
) , which can be simplified to ty = x + at2 

. 

Fig.10.9 

This tangent meets the x-axis at the point where y = 0 , so x = -at2 and Tis the 
point with coordinates (-at 2

, 0) . 

The mid-point of PT is (t(at2 + (-at2 )),-!·(2at + o)), which i~ (0,at). Since the 

tangent at the vertex has equation x = 0 , the point ( 0, at) lies on it. Therefore PT 

is bisected by the tangent at the vertex. 

Example 10.4.2 
A curve is given parametrically by x = a cos3 t, y = a sin 3 t , where a is a positive 
constant, for 0 ~ t < 2n. The tangent at any point P meets the x-axis at A and the 
y-axis at B. Prove that the length of AB is constant. 

Let P be the point on the curve, shown 
in Fig. 10.10, with parameter t. P has 
coordinates {acos3 t,asin3 t). 
To find the gradient at P, calculate 

dy dy/dx 3asin2 
tcost sint 

dx = dt dt = -3acos2 tsint =-cost· 

Th d
. p. sint 

e gra ient at is - -- . 
cost 

The equation of the tangent at P is 

. 3 sin t ( 3 ) y - a sm t = - -·- x - a cos t . 
cost 

y 

a 

-a 

-a 

Fig. 10.10 

X =a cos3 t 
. 3 

y =asm t 

137 
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This can be simplified to 

y cos t + x sin t = a sin 3 t cos t + a sin t cos 3 t 

=a sintcos t( sin2 t + cos2 t) 

= asintcost. 

The points A and B have coordinates (a cos t, 0) and ( 0, a sin t) . The length AB is 

~(0- acost)2 + (asint-0)2 = ~a2 cos2 t + a 2 sin2 t =a. 

The length AB is therefore constant. 

The curve x = a cos 3 t, y = a sin 3 t is called an astroid. If you think of the tangent as a 
ladder oflength a sliding down the 'wall and floor' made by the y-axis and the x-axis, 
then the ladder always touches the astroid. 

Exercise lOC* 

1 . 
1 Let P be a point on the curve x = t2

, y = - . If the tangent to the curve at P meets the 
t 

x- and y-axes at A and B respectively, prove that PA = 2BP . 

2 A parabola is given parametrically by x = at2
, y = 2at. If P is any point on the parabola, 

let F be the foot of the perpendicular from P onto the axis of symmetry. Let G be the 
point where the normal from P crosses the axis of symmetry. 

Prove that FG = 2a . 

3 P is a point on the parabola given parametrically by x = at2
, y = 2at, where a is a 

constant. Let S be the point (a,O), Q be the point (-a,2at) and T be the point where the 
tangent at P to the parabola crosses the axis of symmetry of the parabola. 

(a) Show that SP= PQ= QT= ST= at2 +a. 

(b) Prove that angle QPTis equal to angle SPT. 

( c) If PM is parallel to the axis of the parabola, with M to the right of P, and PN is· 
the normal to the parabola at P, show that angle MPN is equal to angle NPS. 

4 P, Q, R and S are four points on the hyperbola x = ct , y = :_ with parameters p , q , r 
t 

and s respectively. Prove that, if the chord PQ is perpendicular to the chord RS , then 
pqrs=-1. 

5 Let P be a point on the ellipse with parametric equations x = 5 cost , y = 3 sin t for 
0 ~ t < 2n, and let F and G be the points (-4, 0) ·and ( 4, 0) respectively. Prove that 

(a) FP=5+4cost, (b) FP+PG=lO. 

Let the normal at P make angles e and If> with FP and GP respectively. Prove that 

(c) tan8=~sint, (d) 8=1/>. 
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6 Let H be the curve with parametric equations x = t, y = ~, and let P be a point on H. Let . t 

the tangent at P meet the x-axis at T, and let 0 be the origin. Prove that OP:::: PT. 

7 For the curve H in Question 6, let S be the point ( -J2, -J2) . Let N be the point on the 
tangent to H at P such that SN is perpendicular to PN . 

(a) Show that the coordinates of N satisfy the equations t2 y + x = 2t and 
y-t2x = -J2(1-t2

). 

(b) If you square and add the equations in part (a), show that you obtain x2 + y2 = 2. 
Interpret this result geometrically. 

8 Let P and Q be the points with parameters t and t + n on the curve, called a cardioid, 

with parametric equations x = 2 cost - cos 2t, y = 2 sin t- sin 2t. Let A be the point (1,0). 
Prove that 

(a) the gradient of AP is tan t, (b) PAQ is a ·straight line, 

( c) the length of the line segment PQ is constant. 

~ Miscellaneous exercise 10 ;jt.,t;~~-.o:::'-,r.,:-. .'~'. '~~~·.,.,,: .--~·,,-1 

1 The parametric equations of a curve are x = cost , y = 2 sin t where the parameter t takes 
all values such that 0 ~ t ~ n. 

(a) Find the value of t at the point A where the line y = 2x intersects the curve. 

(b) Show that the tangent to the curve at A has gradient -2 and find the equation of 
this tangent in the form ax+ by= c, where a and b are integers. (OCR) 

2 The parametric equations of a curve are x = 2 cost, y = 5 + 3 cos 2t , where 0 < t < n. 

Express dy in terms of t , and hence show that the gradient at any point of the curve is less 
dx 

than 6. (OCR) 

3 A curve is defined by the parametric equations: x = t - ~, y = t + ~, 
t t 

t :;t: 0. 

(a) Use parametric differentiation to determine dy as a function of the parameter t. 
dx 

(b) Show that the equation of the normal to the curve at the point where t = 2 may 
be written as 3y + 5x = 15. 

(c) Determine the cartesian equation of the curve. 

4 A curve is defined parametrically by x = t 3 + t, y = t 2 + 1. 

(a) Find dy in terms oft. 
dx 

(b) Find the equation of the normal to this curve at the point where t = 1. 

(OCR) 

(OCR) 
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5 A curve is defined by the parametric equations x = sin t, y = -J3 cos t . 

(a) Determine dy in terms of t for points on the curve where t is not an odd 
dx 

multiple of ! n . 

(b) Find an equation for the tangent to the curve at the point where . t = in. 
( c) Show that all points on the curve satisfy the equation x2 + j y2 = 1. , (OCR) 

6 The parametric equations of a curve are x = t + e -t, y = 1- e -t, where t takes all real 

values. Express dy in terms oft, and hence find the value oft for which the gradient 
dx 

of the curve is· 1, giving your answer in logarithmic form. 

7 A curve is defined by the parametric equations x = 3 sin t, y = 2 cost. 

(a) Show that the cartesian f'.CIUation of the curve is 4x2 + 9y2 = 36. 

(b) Determine an equation of the normal to the curve at the point with parameter 
t = a where sin a = 0 .6 and cos a = 0 .8. 

( c) Find the cartesian coordinates of the point where the normal in part (b) meets 
the curve again. 

8 A curve is defined parametrically for 0 ~ t ~ n by x = 2(1+cost),y=4sin2 t. 

(a) Determin~ the equation of the tangent to the cur\re at the point where t = j n. 

(OCR) 

(OCR) 

(b) Obtain the cartesian equation of the curve in simplified form. (OCR) 

9 The curves in parts (a) to (h) are examples of Lissajous figures. By first finding the 
coordinates of the points where either x or y takes the values -1, 0 or 1, sketch the 
curves completely. Indicate on your sketches, with arrows, the direction on each curve in 
which t is increasing. Check your sketches with a graphic calculator, if you have one. 

(a) x =cost, y = cos2t (b) x=sint,y=cos2t 

(c) x = sin t, y = sin 3t (d) x = sint, y = cos3t 

(e) x = cos 2t, y = sin 3t (f) x = cos2t,'y = cos3t 

(g) x = sin 2t, y = sin 3t (h) x=sin2t,y=cos3t 

10* A curve is defined parametrically by x = t2
, y = t2 where t is real. 

(a) Describe the curve. 

(b) Eliminate the parameter to find the cartesian equation of the curve. Describe the 
curve resulting from the cartesian equation. 

(c) Reconcile what you find with the result in the box in Section 10.2. 

r;;~Zii'R'!fu'\Tfl~;;_-?_<;;:£'.l::~t'.;0~£.3-f..,;':.:::1~?..:f..~-\:;2Q~tf,;K.,'JZi7~~fi-i!<:~~~X1:,l '0-:::.::.~~...!.T_;-~::i:·~';',",-.C o:c~.:~-;.;-;:3~"'..S ;~:;~7-t_ .. F:;-;t~!'-f.S.':~·:;:;;:i-::, ::;,a;f;.:··: ;"~"2~~"!TUl::-;:'.TI'.'.::>··E--• ..S::- .-.r. <:·ii-.·: 



11 Curves defined implicitly 

This chapter shows how to find gradients of curves which are described by implicit 
equations. When you have completed it, you should 

• recognise the form of the equation of a circle 
• understand the nature of implicit equations, and be able to differentiate them. 

11.1 The equation of a circle 

You have met the cartesian equations of many curves in this course, but it may seem 
surprising that these have not included the simplest curve of all, a circle. It will be useful 
to know this as an example of the type of equation discussed in this chapter. 

Remember that the equation of a curve is a rule satisfied by the coordinates (x,y) of any 
point which lies on it, and not by any points which do not lie on it. For the circle, the rule 
expresses the fact that it consists of all points which are a 
fixed distance (the radius) from a fixed point (the centre). 

Let P with coordinates (x,y) be a point on the 
circumference of a circle with centre C(p, q) and radius 
r, where, of course, r > 0 (see Fig. 11.1). Then, for all 
possible positions of Pon the circle, the distance CP = r . 

But, from the distance formula in Pl Section 1.1, the 

distance CP is ~ ( x - p )2 + (y - q )2 
, so the equation of 

the circle is 

y 

~(x-p)2+(y-q)2 =r, or ( x _ p )2 + (y _ q )2 = r2 . 

The equation of a circle with centre (p,q) and radius r is 

(x-p)2+(y-q)2 =r2. 

When the centre is (0,0), the equation is x 2 + y2 = r2
• 

:.C,'<':.;,·:.Jic'..';" 

Example 11.1.l 
Find the equation of the circle with centre (1, 2) and radius 3. 

Using the formula, the equation is (x -1)2 + (y- 2)2 = 9. 

You can also multiply out the brackets to get 

• 
C(p,q) 

Fig. 11.1 

x 2 -2x+l+y2-4y+4=9, whichis x 2+/-2x-4y-4=0. 

Either of the forms (x -1)2 + (y- 2)2 = 9 and x 2 + y2 - 2x - 4y-4 = 0 is usually 
acceptable. 

x 
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Example 11.1.l shows that the circle has an equation of the form x2 + y2 +ax+ by+ c = 0, 
where a, band c are constants. The next example reverses the argument, and shows how 
you can find the centre and radius when you know the values of a, b and c. 

Example 11.1.2 
Find the centre and radius of the circle x2 + y2 

- 2x + 4 y - 7 = 0 . 

Writing the equation as (x2 -2x)+(y2 +4y) = 7, completing the squares inside 
the brackets and compensating the right side gives 

( x2 - 2x + 1) + (y2 + 4 y + 4) = 7 + 1+4, 

that is, 

(x -1)2 + (y + 2)2 = 12. 

This equation expresses the property that the square of the distance of (x,y) from 
(1,-2) is equal to 12. It is therefore the equation of a circle with centre (1,-2) and 
radius -JU. 

11.2 Equations of curves 

In this course you have used coordinates and graphs in two ways: for understanding 
functions, and for obtaining geometrical results. 

The graph of a function provides a visual representation of an equation y = f ( x) . The 
variables x and y play different roles: for each x there is a unique y , but the reverse 
need not be true. The graph shows properties of the function such as whether it is 
increasing or decreasing, and where it has its maximum value. It is usually unnecessary to 
have equal scales in the x- and y-directions. Indeed, in many applications, the two 
variables may represent quite different kinds of quantity, measured in different units. 

When you use coordinates in geometry, the x- and y-coordinates have equal status. 
You must use the same scales in both directions, otherwise circles will not look circular 
and perpendicular lines will not appear perpendicular. Equations are often written not as 
y=f(x),butinformssuchas ax+by+c=O or x2 +y2 +ax+by+c=O,which 
emphasise that x and y are equal partners. These are implicit equations which define 
the relation between x and y . 

Sometimes you can put such equations into the y = f(x) form: for example, you can 

write 3x - 2 y + 6 = 0 as y = ~ x + 3 . 

However, the circle (x -1)2 + (y-2)2 = 9 has two values of y for each x between -2 

and 4 , given by y = 2 ± ~ 9 - ( x -1) 2 
. So the equation of the circle cannot be written as 

an equation of the form y = f(x). 

Similarly, the curve in Fig. 11.2, whose equation is 

x 3 + y3 + x 2 
- y = 0, 

cannot be put into either of the forms y = f(x) or x = f(y). 
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If you take a particular value for x, it gives a cubic 
equation for y , and if you take a particular value 
for y , it gives a cubic equation for x. For some 
values of y there are three values of x, and for 
some values of x there are three values of y, so the 
equation cannot be expressed in function form, as 
y=f(x) or as x=f(y). 

You can easily find a few features of the curve from B 

the equation: 

• The equation is satisfied by x = 0 , y = 0 , so the 

• 

• 

curve contains the origin. 
The curve cuts the x-axis, y = 0, where 
.X3 + x 2 = 0 so x = 0 or -1 . 
The curve cuts the y-axis, x = 0, where y3 - y = 0 
so y = -1, 0 or 1. 

11.3 Finding gradients from implicit equations 

y 

A 

Fig. 11.2 

When differentiation was first introduced in Pl, the method used was to take two points 
P and Q close together on the graph of y = f(x), and to find the gradient of the chord 
joining them. Denoting their coordinates by (x,y) and (x + 0.X,y + Oy), you can write 
y = f(x) and y + oy = f(x +ox), so the gradient is 

oy f(x+ox)-f(x) 
-=~-~-

Ox ox 

Then, letting Q move round the curve towards P, you get the limiting value 

dy =Jim oy = Jim f(x+ox)-f(x). 
dx &x~o Ox o.x~o Ox 

If you want to find dy for a curve like the one in Fig. 11.2, the same principles 
dx 

apply, but the algec:ra is different because you don't have an equation in the form 
y = f(x). The coordinates therefore have to be substituted into the implicit equation, 
giving (for this example) the two equations 

x 3 + y3 + x 2 
- y = 0 , EquationP 

and (x + ox)3 + (y + oy)3 + (x + O.X) 2 -(y + oy) = 0. Equation Q 

Using the binomial theorem, the terms of Equation Q can be expanded to give 

( x 3 + 3x2(ox) + 3x(ox) 2 + (O.X) 3
) + (y 3 + 3y 2(oy) + 3y(oy )2 + (oy )3

) 

+(x2 + 2x(O.X) +(ox)2)-(y +oy) = o. 

143 
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To make this look less complicated, rearrange the terms according to the degree to 
which ox and oy appear, as 

degree 0 degree I 

(x 3 + y 3 + x 2 -y) + (3x2 (ox) + 3y2(oy) + 2x(ox)-oy) 

degree 2 . degree 3 
~ 

+ (3x(0x) 2 + 3y(oy)
2 

+ (0x)2) + ((ox) 3 + (oy)
3

) = o. 

The first group of terms is just the left side of Equation P, so it is zero. Since you want to 

find the gradient of the chord, oy , rewrite the other groups to show this fraction: 
Ox 

(o)+(3x
2 

+ 3y2 ~~ +2x- ~~)0x+(3x+ 3yG~r + 1}ox)
2 

+ (i+ (~~J}ox)3 
= o. 

There is now a common factor ox (which is non-zero), s9 divide by it to get 

(3x
2 
+3i ~~+2x- ~~)+(3x+3y(~~J2 +i)0x+(1+(~~J3}0x)2 

=o. 

There is one last step, to see what happens as Q approaches P, when ox tends to 0. 
0 d 

Then _J__ becomes _J__ , so the equation becomes 
ox dx 

(3x
2 
+3i: +2x-:)+(3x+3y(:)2 +i)xo+(1+(:r)xo

2 
=o, 

which is simply 3x2 + 3y2 dy + 2x - dy = O. 
dx dx 

Now compare this with the original equation, Equation P. You can see that each term 

has been replaced by its derivative with respect to x. Thus x3 has become 3x2
, x2 has 

become 2x and y has become dy . The only term which calls for comment is the 
dx 

second, which is an application of the chain rule: 

i_(l) = i_(l)x dy = 3y2 dy. 
dx dy dx dx. 

This is an example of a general rule: 

-:,• 

~i 
,,~, 

r:;t, 
}',:1 

;a 

t'"~filf£;~;}J§@;~]§JI:&~li~;fii~~1:~~10t?"ftf.~}~,¥~'.::I~~!W-J..:~~x~::-<5?;~.~s;-;m~!f.4£~~~;B~:JC~~; 

To find dy from an implicit equation, differentiate each 
dx 

term with respect to x, using the chain rule to differentiate 

any function f(y) as f'(y) dy. 
dx 
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For the curve in Fig. 11.2, you can find the gradient by rearranging the differentiated 

equation as (3x2 + 2x)= (1-3y2
) ~,so 

dy _ 3x2 + 2x 
dx - 1-3y2 . 

It is interesting to notice that dy = 0 when x = 0 or x = -i. Fig. 11.2 shows that 
dx 

each of these values of x corresponds to three points on the curve: x = 0 at ( 0 ,1) , { 0, 0) 
and ( 0, -1), and x = - ~ where y3 - y = - i, . This is a cubic equation whose roots can 
be found by numerical methods of the kind described in Chapter 8; they are 0.92, 0.15 
and ~ 1.07, correct to 2 decimal places. 

Since equations in implicit form treat the x- and y-coordinates equally, you might also 

want to find dx , which is 1/dy: 
dy dx 

dx 1-3y2 

dy = 3x2 + 2x · 

The proof that dx = 1/dy is given in P3 Section 19.2. 
dy dx 

The tangent to the curve is parallel to the y-axis when dx = 0 , which is when 
dy 

y = ~ or - ~ . These points are labelled A and B in Fig. 11.2. 

If you imagine the curve split into three pieces by making cuts at A and B, then each 
of these pieces defines y as a function of x (since for each x there is a unique y ). 

On each piece dy can be defined as the limit of oy in the usual way. If the curve is 
dx ox 

then stitched up again, you have a definition of dy at every point of the curve except at 
dx 

A and B, which are the points where the gradient of the tangent is not defined. 

This process makes it possible to justify the rule in the box on page 144. Although the 
algebraic expression for y in terms of x is not known, the implicit equation defines y 
in terms of x on each piece of the curve; and when this y is substituted, the equation 
becomes an identity which is true for all relevant values of x. Any identity in x can be 
differentiated to give another identity. This produces an equation in which each term 
is differentiated with respect to x, as described by the rule. 

145 
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Example 11.3.1 
Show that (1,2) is on the circle x2 + y2 -6x + 2y- 3 = 0, and find the gradient there. 

Substituting x = 1, y = 2 in the left side of the equation gives 1 + 4 - 6 + 4 - 3 , 

which is equal to 0 . 

Method 1 Differentiating term by term with respect to x gives 

dy dy . dy dy 
2x+2y--6+2--0=0 that1s x+y--3+-=0. 

dx dx ' dx dx 

Setting x = 1, y = 2 gives 1 + 2 dy - 3 + dy = 0 , so dy = j at this point. 
dx dx dx 

Method 2 Using the method of Example 11.1.2, the equation can be written as 

(x-3)2 +(y+1)2 =13. The centre of the circle is (3,-1), so the gradient of the 

2-(-1) 3 
radius to (1,2) is --- = -2 · 

1-3 

Since the tangent is perpendicular to the radius, the gradient of the tangent at (1, 2) 

. 1 2 
lS -3=3· 

-2 

Example 11.3.2 

Find an expression for dy on the curve 3x2 
- 2y3 = 1. 

dx 

Method 1 Differentiating term by term gives 

2 dy 6x-6y -=O, so 
dx 

dy = ~. 
dx y 

I 

Method 2 This equation can be written explicitly as y = (~ x2 -H3 
, 

and by the chain rule 

2 ( 3)-1 x dy _ l (l 2 - .!)-' x 3x = x Y 3 = 2 · --32X 2 Y dx 

Example 11.3.3 
Sketch the graph of cos x + cosy = ! , and find the equation 
of the tangent at the point ( ! n, 1 n) . 

Fig. 11.3 shows the part of the graph for which the 
values of both of x and y are between -n and n. 
S. 1 1 2 2 mce cosy ""' , cos x ;;;. - 2 , so - 3 n ""' x ""' 3 n . 
S. ·1 1 2 2 1m1ary - 3 n""y"" 3 n. 

Because cos is an even function, the graph is 
symmetrical about both axes; and because 
interchanging x and y does not alter the equation, 

y 

Fig. 11.3 

x 
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the graph is also symmetrical about y = x, and hence about y = -x. Also, because 

the function cos has period 2n, this shape is repeated over the whole plane at 
intervals of 2n in both x - and y -directions. 

Differentiating the equation gives 

- sin x + (-sin y) dy = O , 
dx 

so 
dy sinx 
-=---
dx siny 

At (in,~n) the gradient is - 1 \,- = - ~,so the equation of the tangent is 
z--v3 -v3 

y-~n=- }J(x-in), or y+ ]Jx=~n(1+.J3). 

Exercise llA 

147 

1 Each of the following equations represents a circle. Find the gradient of the tangent at the 

given point (i) by finding the coordinates of the centre as in method 2 of Example 11.3 .1, 

and (ii) by differentiating the implicit equation. 

(a) x 2 +/=25 (-3,4) 

(b) x 2 +y2+4x-6y=24 (4,2) 

~ 2+j-fu+~=O 

w 2+y2-h-~=0 
(6,-8) 

(0,0) 

2 Differentiate the implicit equation j = 4x to find the gradient at (9,-6) on the curve. 

3 Differentiate the implicit equation of the ellipse 3x2 + 4y2 = 16 to find the equation of the 

tangent at the point (2,-1). 

4 Differentiate the implicit equation of the hyperbola 4x2 
- 3y2 = 24 to find the equation of 

the normal at the point (3,-2). Find the y-coordinate of the point where the normal meets 

the curve again. 

,,, 5 Consider the curve with equation x 2 + 4/ = 1. 

(a) Find the coordinates of the points where the curve cuts the coordinate axes. 

(b) Find the interval of possible values of x and y for points on the curve. 

(c) Show that the curve is symmetrical about both the x- and y-axes. 

(d) Differentiate the equation with respect to x, and show that dy = 0 when x = 0. 

Interpret this geometrically. dx 

(e) Repeat part (d) with the roles of x and y reversed. 

(f) Use your results to sketch the curve. 

6 Repeat Question 5, using the curve with equation x 2 
- y2 = 1. If there are parts of the 

question which have no answer, or are impossible, say why that is so. 
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7 Consider the curve y3 = (x -1)2
. 

(a) Find the coordinates of the points where the curve crosses the axes. 

(b) Are there any values which either x or y cannot take? 

(c) Differentiate the equation y3 = (x -1)2 to find an expression for the gradient in 
terms of x and y . Find the gradient of the curve where it crosses the y-axis. 

(d) What happens to the gradient as x gets close to 1? 

(e) By making the substitution x = 1 + X, and examining the resulting equation 
between y and X, show that the curve is symmetrical about the line x = 1. 

(f) Sketch the curve. If you can, use a graphic calculator to check your results. 
/ 

8 · Use methods similar to those of Question 5 to sketch the curve x 4 + y4 = 1. On the same 
diagram, sketch the curve x 2 + y2 = 1. 

9 (a) 

(b) 

(c) 

10 (a) 

(b) 

(c) 

(d) 

Show that the origin lies on the curve ex + eY = 2. 

Differentiate the equation with respect to x, and explain why the gradient is 
always negative. 

Find any restrictions that you can on the values of x and y, and sketch the curve. 

Show that if (a, b) lies on the curve x 2 + y3 = 2 , then so does (-a, b). What can 
you deduce from this about the shape of the curve? 

Differentiate x 2 + y3 = 2 with respect to x, and deduce what you can about the 
gradient for negative and for positive values of x. 

Show that there is a stationary point at (o,Z/2), and deduce its nature. 

Sketch the curve. 

11 Find the coordinates of the points at which the curve y5 + y = x 3 + x 2 meets the coordinate 
axes, and find the gradients of the curve at each of these points. 

12 Find the gradient of the curve y3 - 3/ + 2y =ex+ x -1 at the points where it crosses the 
y-axis. 

:;,·:.·_ ·:::;c.~~.'.!:~~~;1-~t:~':f~~·.:::.~1:.rit,~·,:·.:~.'~~':"'.::,::t~.;_-~ 

11.4 Implicit equations including products 

The implicit equations in Section 11.3 contained terms in x and terms in y , but there were 
no terms which involved both x and y . These more complicated terms can be differentiated 
using the product or quotient rule, sometimes in conjunction with the chain rule. 

Example 11.4.1 
Find the derivatives with respect to x of 

(a) ysinx, (b) y3 lnx, (c) ex
2

y, 

·(a) By the product rule, 

x 
(d) cos-. 

y 

d . d . d . dy . 
- y sm x = - y x sm x + y x .,...-- sm x = - sm x + y cos x. 
dx dx dx dx 



CHAPTER 11: CURVES DEFINED IMPLICITLY 

d d d dy y3 
(b) -y3 In x = -y3 x In x + y3 x - In x = 3y2 - In x + - . 

dx dx dx dx x 

(c) Use the chain rule followed by the product rule. 

d 2 2 d 2 2 ( 2 dy) -exy=exyx-x y=exy 2.xy+x - . 
dx dx dx 

( d) i_ c ~ - . x 1 x y - x x dy 
dx os --sm-x dx 

y y 2 y 

dy 
x--y x 

dx sin-. 
y2 y 

Example llA.2 
Find the gradient of x 2y3 = 72 at the point {3,2). 

Two methods are given. The first is direct. The second begins by taking logarithms; 
this makes expressions involving products of powers easier to handle. 

Method 1 Differentiating with respect to x, 

2xy
3 + x 2

( 3y
2 
:) = 0. 

At {3,2), 2x3x8+9x3x4 dy =0,so dy =-i
9

. 
dx dx 

Method 2 Write the equation as In(x2y3) =In 72. By the laws oflogarithms, 

In( x 2 y3) = In x 2 + In y3 = 2 ln x + 3 ln y , so the equation is 2 ln x \I" 3 ln y = In 72. 

D'f"' . . . 2 3 dy O dy 2y A (3 2) dy ~ 11erentiatmgg1ves -+--= ,so-=--. t , , -=-~.~ 
x y dx dx 3x dx ·~~. 

Method 2 is sometimes called 'logarithmic differentiation'. 

Example 11.4.3 
The equation x 2 

- 6.xy + 25y2 = 16 represents an ellipse with its centre at the origin. 
What ranges of values of x and y would you need in order to plot the whole of the 
~urve on a computer screen? 

Method 1 The problem is equivalent to finding the points where the tangent to 
the curve is parallel to one of the axes. 

Differentiating gives 

2x-6 lxy+xx- +50y-=0, that1s (x-3y)+(25y-3x)-=0. ( 
dy) dy . dy 
dx dx dx 

The tangent is parallel to the x-axis when dy = 0, which is when x = 3y. 
dx 
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Substituting this into the equation of the ellipse gives 

(3y)2 -6(3y)y+25y2=16, 16y2 =16, y=-lorl. 

The tangents are therefore parallel to the x-axis at (-3,-1) and (3,1). 

The tangent is parallel to the y-axis when dx = 0. Since dx = 1/dy, this occurs 
dy dy dx 

when 25y = 3x. Substituting y = is x gives 

x2 -6x(i5 x) +25(:is x)
2

=16, ~~ x2 =16, x = -5 or 5. 

The points of contact are (-5,-~) and (5,~). 

To fit the curve on the screen you need 
-5.;;; x.;;; 5 and -1.:;; y.;;; 1. This is 
illustrated in Fig. 11.4. 

Method 2 The equation can be 
written as a quadratic in x : 

x2 -6yx+(25/-16)=0. 

The condition for this to give real values of x is 

c=i;=:2. 
Fig. 11.4 

(6y) 2 -4(25y 2 -16);;;;, 0 that is 64-64y2
;;;;, 0, -} .;;; y.;;; I. 

Similarly, from the quadratic in y , which is 25y2 - 6xy + ( x2 -16) = 0, you get 

the condition 

(6x) 2 -4 x 25(x2 -16);;;;, 0, that is 1600- 64x2
;;;;, 0, -5.;;; x.;;; 5. 

Exercise 1 lB 

1 Find the derivatives with respect to x of 

(a) xy' 2 
(b) xy ' 

2 Find the derivatives with respect to x of 

(a) -J:cy, (b) sin(x2y), 

(c) x2y2, 

.(c) ln(xy), 

2 
(d) x 

y 

(d) exy+y 

3 Differentiate the implicit equations of the following curves to find the gradients at the point 
(3,4). 

(a) xy = 12 (b) 4x2 -xy-y2 =8 
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4 Find the gradient of each of the following curves at the point given. 

(a) xsiny = ~ (1.in) 
(c) ln(x + y) = -x (0,1) 

(b) yex =xy+y2 (0,1) 

(d) cos(x:Y)=-! (1,~n) 

S Find the equation of the tangent to the curve x 2 
- 2xy + 2 y2 = 5 at the point (1, 2). 

6 Find the equation of the normal to the curve 2xy2 
- x 2y3 = 1 at the point (1,1). 
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7 Find the points on the curve 4x2 + 2xy - 3y2 = 39 at which the tangent is parallel to one of 

the axes. 

8 (a) Show that the curve x 3 + y3 = 3xy is symmetrical about the line y = x, and find the 
gradient of the curve at the point other than the origin for which y = x . 

(b) Show that, close to the origin, if y is very small compared with x, then the curve is 
approximately given by the equation y = kx2 

. Give the value of k . 

(c) Find the coordinates of the points on the graph of x 3 + y3 = 3xy at which the 
tangent is parallel to one or other of the axes. 

(d) Suppose now that Ix I and I y I are both very large. Explain why x + y"' k, where 
k is a constant, and substitute y = k - x into the equation of the curve. Show that, 
if this equation is to be approximately satisfied by a large value of I x j , then 
k =-l.. 

(e) Sketch the curve. 

9 (a) Explain why all the points on the curve ( x 2 + y2 )2 = x 2 
- y2 lie in the region 

x2;;;;. y2. 

(b) Find the coordinates of the points at which the tangent is either parallel to the 
x-axis or parallel to the y-axis. 

(c) By considering where the curve meets the circle x 2 + y2 = r2
, show that r 2 ~ 1, so 

the curve is bounded. 

(d) Sketch the curve, which is called the lemniscate of Bernoulli. 

~ • Miscellaneous exercise 11 

1 Find the equation of the normal at the point (2,1) on the curve x 3 + xy + y3 = 11, giving 
your answer in the form ax + by+ c = 0. (OCR) 

2 A curve has implicit equation x 2 
- 2xy + 4/ = 12. 

(a) Find an expression for dy in terms of y and x. Hence determine the coordinates 
dx 

of the points where the tangents to the curve are parallel to the x-axis. 

(b) Find the equation of the normal to the curve at the point (2.f3,.f3). (OCR) 

3 A curve has equation y3 + 3xy + 2x3 = 9 . Obtain the equation of the normal at the point 

(2,-1). (OCR) 
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4 A curve is defined implicitly by the equation 4y- x2 + 2x2 y = 4x. 

(a) Use implicit differentiation to find dy. 
dx 

(b) Find the coordinates of the turning points on the curve. (OCR, adapted) 

2 2 
5* Show that the tangent to the ellipse x 2 + y 2 = 1 at the point P( a cos e, b sin 8) has 

a b 
equation bx cos e + ay sin e = ab . 

(a) The tangent to the ellipse at P meets the x-axis at Q and the y-axis at R. The 

mid-point of QR is M. Find a Cartesian equation for the locus of M as e varies. 

(b) The tangent to the ellipse at P meets the line x = a at T . The origin is at 0 and A 

is the point (-a,O). Prove that OT is parallel to AP. (OCR) 

6 The equation of a curve is x2 + 4xy + 5y2 = 9. Show by differentiation that the maximum 
and minimum values of y occur at the intersections of x + 2y = 0 with the curve. Find the 
maximum and minimum values of y . (OCR) 

7* The curve C, whose equation is x2 + y2 = ex+y -1, passes through the origin 0. Show 

d d2 

that --1.. = -1 at 0. Find the value of --{ at 0. (OCR) 
dx dx 

8* A curve Chas equation y = x + 2y4
• 

(a) Find dy in terms of y. 
dx 

d2y 24y2 

(b) Show that - 2 =-- ". 
ctx (1-sy3) 

(c) Write down the value of dy at the origin. Hence, by considering the sign of d
2

;'., 
dx dx 

draw a diagram to show the shape of C in the neighbourhood of the origin. (OCR) 

~~~v;~r;:itX~~~:;~3L;:'2.~.'...~'~.,';:"-W~a ... w ... ~·:.i:l~~2:;"'11'&:S::ilit~~=~-:;'<:71~7~!o£);'·R::lt~',;;.';;.:.;t";?~".~·'.'l.::.\,;:..'..>f7,~s::c:~ ~:2:.n:...;;~· '.~ .. ;~-.:·:- ·0:-:>:.'~~ ·. c:• '-·''"•·'·· ,, : •.::•,·: 
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Revision exercise 2 

1 Use a numerical method to find all the roots of the cubic equation x 3 
- 2x2 

- 2x + 2 = 0, 
giving your answers correct to 2 decimal places. 

ti 2 The region R, bounded by the curve 

y = 2x + ~ , the x-axis and the lines 
x 

x = 1 and x = k is shaded in the figure. 

(a) Use integration to calculate the area of 
the region R when k = 2 . 

For a different value of k , the area of R is 
10 square units. 

(b) Show that k satisfies the equation 

y 

0 k x 

k 3 
- lOk -1 = 0 , and use a numerical 

method to find the value of k correct 
to 3 significant figures. (OCR, adapted) 

(I 3 Differentiate the following with respect to x, and simplify your answers as much as 
possible. 

(a) x 2 lnx (b) lnx 
x2 

ex 
(c) x2ex + 1 

(d) xex 
2 

4 A region R is bounded by part of the curve with equation y = -J 64 - x 3 
, the positive 

x-axis and the positive y-axis. Use the trapezium rule with 4 intervals to approximate to 
the area of R, giving your answer correct to 1 decimal place. 

5 A chord of a circle which subtends an angle of () at the centre cuts off a segment equal in 
area to ~ of the whole circle. 

Use a numerical method to find the value of () correct to 3 significant figures. 

6 Show graphically that there is a number a between n and in such that the tangent to 
y = sinx at (a,sina) passes through the origin. Show that a is the smallest positive root 
of the equation x = tan x . 

Use a numerical method to find an approximate value for a, correct to 4 decimal places. 

7 (a) U~e the trapezium rule with 6 ordinates to calculate an approximation to 

J: ~ 4 - x 2 dx. Give your answer to 4 decimal places. 

(b) The graph of y = ~ 4 - x 2 is a semicircle. Sketch the graph, and hence calculate the 

area exactly. 

(c) Find to 1 decimal place the percentage error of your answer in part (a). 
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8 A curve has parametric equations x = 3t2 + 2t, y = 2t 2 + 3t. Find the coordinates of the 

point where the tangent has gradient ~. 

9 Find the gradient at the point (2,1) on the curve with equation x 3 
- 2xy + y 2 = 5. 

10 Find the equation of the tangent at the point P with parameter t to the curve with 

parametric equations x = ct , y = :_, where c is a constant. Show that, if this tangent meets 
t 

the x- and y-axes at X and Y, then Pis the mid-point of XY. 

11 A curve is defined parametrically by x = ,,,f3 tan 8, y = ,,,f3 cos 8, 0 ..; 8 ..; n. 

(a) Find dy in terms of 8. 
dx 

(b) Find the equation of the tangent to the curve at the point where 8 = !n. 

12 Find the coordinates of the points at which the tangent to the curve with equation 
x2 + 4xy + sy2 = 4 is parallel to one of the axes. 

13 Differentiate each of the following with respect to x. 

(a) e2x(2+ 3x) 

(d) tan2x 
x 

e-x 
14 Let f(x) = --2 • 

l+x 

(b) cosx 
xz 

(e) xe-x sinx 

(a) Find and simplify an expression for f'(x). 

(b) Show that f'(x)=O when x=-l. 

(c) 
sin2x 

Tx 
ezx . 

(f) 
~2x 

4x2 

(OCR) 

(c) By considering the sign of f'(x), show that the graph of y = f(x) has a horizontal 

point of inflection when x = -1 . 

15 (a) Find the equation of the normal to the curve xy + y2 = 2x at the point (1,1). 

(b) Find the coordinates of the point where the normal meets the curve again. 

16 The curve C has parametric equation x = cost, y = cos 2t for 0 ,,;; t ,,;; n. 

(a) Find the interval of values of t for which : is negative. 

(b) Find the equation of the normal to C at the point for which t = T . 

( c) Find an equation satisfied by T if the normal passes through the point with 
coordinates (1,1). 

(d) By putting cosT = X, find a cubic equation satisfied by X, and write down one 
solution for X , and hence for T . 

(e) Find the other values of T, correct to 2 decimal places. 
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Practice examination 1 for P2 

Time 1hour15 minutes 

Answer all the questions. 
The use of an electronic calculator is expected, where appropriate. 

1 Solve the equation Ix - 2 I= I 3 - 2x I· [4] 

2 (i) Show that the equation x 3 
- 3x -10 = 0 has a root between x = 2 and x = 3. [2] 

(ii) Find an approximation, correct to 2 decimal places, to this root using an iteration 
based on the equation in the form 

I 

x = (3x + 10)3 

and starting with x1 = 3 . [3] 

3 The cubic polynomial x 3 + x2 +Ax+ B, where A and B are constants, is denoted by f(x). 
When f(x) is divided by x -1 the remainder is 4, and when f(x) is divided by x + 2 the 
remainder is 10. Prove that x + 3 is a factor of f(x). [6] 

4 (a) Calculate the value of 

fl3 1 
--dx 

I 2x+l ' 

giving your answer in an exact form, simplified as far as possible. [4] 

(b) Use the trapezium rule, with 4 intervals of equal width, to estimate the value of 

J,13 ~ ..-ci.x. [3] 
I 2-VX +1 

5 The equation of a curve is y = sin x sin 2x , 

(i) Show that : may be written in the form 2sinx(3cos 2 x-1). [4] 

(ii) Hence show that the value of y at any stationary point on the curve is either 0 
4 

or ± r;:;. [4] 
3-v 3 

6 The amount, q units, of radioactivity present in a substance at time t seconds is given by the 
equation 

q =l0e-Tiio1 

Calculate 

(i) the amount of radioactivity present when t = 5, [1] 

(ii) the value oft when the amount of radioactivity has halved from its value when 
t=O, [4] 

(iii) the rate of decrease in the amount of radioactivity when t = 5. [4] 
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7 (i) Sketch the graphs of y = tan 8 and y = sec 8 , in each case for 0 ~ 8 < t 7r:. [2] 
(ii) Prove that 

sece - tane = 1 
[2] 

sec 8 + tan (j 

(iii) Deduce from parts (i) and (ii) that 

0<sec8-tan8~1, 

for values of 8 such that 0 ~ 8 < t 7r:. Explain your reasoning clearly. [3] 

(iv) Solve the equation 

sece -tan8=1. 

for o~ (j <tn. [4] 



Practice examination 2 for P2 

Time 1 hour 15 minutes 

Answer all the questions. 
The use of an electronic calculator is expected, where appropriate. 

1 Find the quotient and remainder when 2x 3 + x 2 +3x+1 is divided by x 2 + x + 2. [4] 

2 (i) Solve the inequality 

3 

l3-xl<2. 

(ii) Hence solve the inequality 

I 3-2Y I< 2, 

expressing your answer in terms of logarithms where appropriate. 

lnq 

~ 
lnp 

The variables p and q are related by an equation of the form 

q=kpz' 

[2] 

[3] 

where k and z are constants. The diagram shows the graph of lnq against lnp. The graph 
is a straight line, and it passes through the points A (1.61,2.82) and B(3.22,3.62). Find the 
values of k and z, giving the answers correct to 1 decimal place. [6] 

4 (a) By first expressing sin2 2x in terms of cos 4x, find ii" sin2 2x dx. 

(b) Find J:" {sinx+cosx)
2

dx. 

[4] 

[4] 
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0 M x 

The diagram shows the graph of y = e-x. The point P has coordinates ( a,e-a), and the 
lines PM and PN are parallel to the axes. 

(i) Find f
0

a e-x dx in terms ofa. 

The area of the rectangle OMPN is one quarter of the area under the curve y = e-x from 
x=O to x=a. 

(ii) Show that ea = 4a + 1. 

(iii) Use the iteration 

an+I = ln( 4an + 1), 

[2] 

[3] 

with a1 = 2, to find the non-zero value of a satisfying the equation in part (ii). Give 
your answer correct to 1 decimal place. [3] 

6 Differentiate the following with respect to x, simplifying your answers. 

(i) x2 e2x 

(ii) 
ln2x 

x 

(iii) ln(~) x+l 

7 The parametric equations of a curve are 

x = 2e + cos e' y = e +sine' 

where 0 .;:; e .;:; 2n . 

(i) Find : in terms of e. 

[3] 

[3] 

[3] 

[2] 

(ii) Show that, at points on the curve where the gradient is ~, the parameter e satisfies 
an equation of the form 

5sin(e+a)=:2, 

where the value of a is to be stated. 

(iii) Solve the equation in part (ii) to find the two possible va.lues of e. 
[4] 

[4] 



Unit P3 
The subject content of unit P2 is a subset of the subject content of unit P3. 
This part of the book (pages 159-304) contains the subject content of unit P3 
that is not common with unit P2. It is required for unit P3 but not for unit P2. 





12 Vectors: lines in two and three dimensions 

This chapter shows how to use vectors to describe lines in three dimensions. When you have 
completed it, you should 

• know the form of the vector equation of a line 
• be able to solve problems involving intersecting, parallel and skew lines 
• be able to find the distance of a point from a line. 

12.1 Vector equation of a line in two dimensions 

Fig. 12.1 shows a line through a point A in the 
direction of a non-zero vector p. If R is any 

point on the line, the displacement vector AR is a 
multiple of p, so 

r= Dk.= oA+AR=a+tp, 

0 

Fig. 12.l 

where t is a scalar, and the alphabet convention 
(Pl Section 13.4) is used. The value of t measures the ratio of the displacement AR to p, 
and takes a different value for each point Ron the line. 

Points on a line through A in the direction of p have 
position vectors r = a + tp , where t is a variable 
scalar. This is called the vector equation of the line. 

The following examples show how vector equations can be used as an alternative to the 
cartesian equations with which you are familiar. 

To illustrate alternative techniques the first is solved by using vectors in column form, 
and the second by using the basic unit vectors. 

Example 12.1.1 
"Find a vector equation for the line through (2, -1) with gradient i, and deduce its 
cartesian equation. 

The position vector of the point (2,-1) is ( :
1
} There are many vectors with 

gradient i , but the simplest is the vector which goes 4 units across the grid and 

3 units up, that is ( ~). So an equation of the line is 

r = ( :1) + i( ~} 
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If R has coordinates (x,y), the position vector r is G} This can be written 

(x) ( 2 +4t) 
y = -1+3t . 

This is equivalent to the two equations 

x=2+4t, y=-1+3t, 

which you will recognise as parametric equations for the line. 

The cartesian equation is found by eliminating t : 

3x-4y = 3(2 + 4t)-4(-1+3t) = 10. 

You can check that 3x - 4 y = 10 has gradient * and contains the point (2, -1) . 

Example 12.1.2 
Find a vector equation for the line through (3,1) parallel to the y-axis, and deduce its 

cartesian equation. 

A vector parallel to the y-axis is j, and the position vector of (3,1) is 3i + j, so a 

vector equation of the line is 

r = ( 3i + j) + t j . 

Writing r as xi+ y j, this is 

xi+ y j = (3i + j) + tj. 

This is equivalent to the two equations x = 3, y = 1 + t . 

No elimination is necessary this.time: the first equation does not involve t, so the 
cartesian equation is just x = 3 . 

Example 12.1.3 
Find the points common to the pairs of lines 

(a) r=G)+sG) and r=(!2)+t(!). (b) r=G)+s(_~) anµ r=G)+t(~6). 

Notice that different letters are used for the variable scalars on the two lines. 

(a) Position vectors of points on the two lines can be written as 

(
l+s) ( 3+t ) 

r= 2+s and r= -2+4t . 

If these are the same point they have the same position vectors, so 

l+s=3+t and 2+s=-2+4t, 
that is s- t = 2 and s -4t = -4. 

This is a pair of simultaneous equations for s and t , with solution s = 4 , t = 2 . 
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Substituting these values into the equation of one of the lines gives r = ( ~} So 
the point common to the two lines has coordinates (5,6). 

(b) You can check for yourself that the procedure used in (a) leads to the equations 

3 + 4s = 1- 6t and 1 - 2s = 2 + 3t, 

that is 2s + 3t = -1 and 2s + 3t = -1. 

The two equations are the same! So there is really only one equation to solve, 
which has infinitely many solutions in s and t . If you take any value for s , say 
s = 7, and calculate the corresponding value t = -5, then you have a solution of 
both vector equations. You can easily check that s = 7, t = -5 gives the position 

vector ( !
1
1
3
) in both lines. (Try some other pairs of values for yourself.) 

You can see that in (b) the direction vectors of the 

lines are (-~) = 2( :l) and ( ~6) = -3( :l). This 

means that the lines have the same direction, so 
they are either parallel or the same line. Also the 
position vectors of the given points on the two lines 

are G}and G).and G)-G)=(:1}sotheline 

joining these points is also in the same direction. 
The lines are therefore identical. This is illustrated 
in Fig. 12.2. 

The general result demonstrated in Example 12.1.3(b) is: 

y 

The lines with vector equations r =a+ sp and r = b + tq have the 
same direction if p is a multiple of q . If in addition b - a is a 
multiple of q , the lines are the same; otherwise the lines are parallel. 

Fig.12.2 

This shows that lines do not have unique vector equations. Two equations may represent the 
same line even though the vectors a and b , and the vectors p and q , are different. 

Example 12.1.4 
Show that the lines with vector equations r = 2i - 3j + s(-i + 3j) and r = 4i + t(2i - 6j) 
are parallel, and find a vector equation for the parallel line through (1,1). 

The direction vectors of the two lines are -i + 3j and 2i - 6j. 

As 2i- 6j = -2(-i + 3j), 2i- 6j is a scalar multiple of -i + 3j, so the lines are in 
the same direction. But 4i -(2i- 3j) = 2i + 3j is not a multiple of -i + 3j, so the 
lines are not the same. The lines are therefore parallel. 

The position vector of (1,1) is i + j, so an equation for the parallel line through 
(1,1) is r = i + j + s(-i + 3j). Or, alternatively, you could use r = i + j + t(2i- 6j). 
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Example 12.1.S 
Find a vector equation for the line with Cartesian equation 2x + Sy = 1 and use it to find 
where the line meets the circle with equation x2 +y2 =10. 

The gradient of the line is - ~ , so the direction vect~r could be taken as ( ~2) . 
A point on the line is (-2,1), with position vector ( 

1
2
). So a possible vector 

. . (-2) ( s) equation is r = 
1 

+ t _ 
2 

. 

Writing r as G), this equation becomes G) = ( ~2) + t ( ~2) , giving 

x = -2 +St, y = 1- 2t. 

Substituting these values for x and y into the equation x 2 + y 2 = 10 gives 

(-2 + St)2 + (1- 2t) 2 = 10, which reduces to 29t 2 
- 24t- S = 0, or 

(t -1)(29t + S) = 0, giving t = 1 or - z19 . 

Putting these values for t into the equation of the line gives the points with 

(3) [-225) 
position vectors -1 and 1 ir . 
So the line meets the circle at (3,-1) and (-2 ~~ ,1 i~). 

Exercise 12A 1111/B.i!i 4A IWlb ii t 1 au: 

1 Write down vector equations for the line through the given point in the specified direction. 
Then eliminate t to obtain the cartesian equation. 

(a) (2,-3), G) . 
(d) (0,0),(~1) 

(b) (4,1), (-;3) 
(e) (a,b), G) 

(c) (S, 7), parallel to the x-axis 

(
-sin a) 

(f) (cosa,sina), cosa 

2 Find vector equations for lines with the following cartesian equations. 

(a) x = 2 (b) x+3y=7 (c) 2x-Sy=3 

3 Find the coordinates of the points common to the following pairs of lines, if any. 

(a) r=(~)+s(;} r=(!1)+iG) 
(c) r=(:1)+s(~3} r=(~)+i(~2) 
(e) r =G)+ s( _64} r =(~~)+ i{-:) 

(b) r = (i) + s ( ~1} r = ( !s) + t ( ~) 

(d) r =( =!)+ s(!} r =(~D+ t(-3
4

) 

(f) r=(i)+s(~} r=(~1)+i(~2) 
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4 Write down in parametric form the coordinates of any point on the line through (2,-i) in 

the direction 'i + 3 j . Use these to find the point where this line intersects the line 
5y-6x=l. 

5 Find the coordinates of the point where the line with vector equation r = ( i)+ t ( !1) 

intersects the line with cartesian equation 2x + y = T. 

6 Which of the following.points lie on the line joining (2,0)-to ( 4,3.)? 

(a) (8,,.9) (b) (12,13) (c) (-4,-1) (d) (-6,-12) (e) (3~,2) 

7 Find vector equations for the lines joining the following pairs of points. 

~ 

(a) (3,7), (5,4) 

(d) (-3,-4),(5,8) 

(b) (2,3), (2,8) 

(e) (-2,7), (4,7) 

(c) (-1,2), (5,-1) 

(f) (1,3), (-4,-2) 

8 A quadrilateral ABCDhasvertices A(4,-1), B(-3,2), C(-8,-5) and D(4,-5). 

(a) Find vector equations for the diagonals, AC and BD, and find their point of 
intersection. l 

(b) Find the points of intersection of BA produced and CD produced, and of CB 

produced and DA produced. 

9 Show that the vectors a i + b j and -bi + a j are perpendicular to each other. Is this still true 

(a) if a is zero but b is not, 

(c) if both a and b are zero? 

(b) if b is zero but a is not, 

Find a vector equation for the line through (1,2) perpendicular to the line with vector 

equation r = 7i + 2j + t(3i + 4j). 

10 Find a vector in the direction of the line l with cartesian equation 3x - y = 8 . Write down a 
vector equation for the line through P(I,5) which is perpendicular to l. Hence find the 
coordinates of the foot of the perpendicular from P to l . 

11 Use the method of Question 10 to find.the coordinates of the foot of the perpendicular from 
(-3,-2) to 5x+2y=10. 

12 Find a vector equation for the line joining the points (-1,1) and (4,11). Use this to write 
parametric equations for any point on the line. Hence find the coordinates of the points 
where the line meets the parabola y = x2

• 

13 Find the coordinates of the points wh~re the line through (-5,-1) in the direction (;) 
meets the circle x 2 + y2 = 65 . 

nn. ~ i' ' WZJW'"£..~mt• ZW FHP 

12.2 Vector equation of a line in three dimensions 

Everything that you have learnt about the vector equation of a line in two dimensions 
carries over into three dimensions in an obvious way. However there are two important 
differences between two dimensions and three dimensions. 
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• The idea of the gradient of a line does not carry over into three dimensions. However, 
you can still use a vector to describe the direction of a line. This is one of the main 
reasons why vectors are especially useful in three dimensions. 

• In three dimensions lines which are not parallel may or may not meet. Non-parallel lines 
which do not meet are said to be skew. (Imagine two vapour trails made by aeroplanes 
flying at differe11t heights in different directions.) 

The following examples show some of the situations which can occur when working 
with lines in three dimensions. 

Example 12.2.1 
Points A and B have coordinates (-5,3,4) and (-2,9,1). The line AB meets the 
xy-plane at C. Find the coordinates of C. 

The displacement vector AB is 

b-· =[-fl-[ Y)=[ ~,)=,[A} 
So [ iJ oan bo tllin " a direction voctod<tr tho lino. A vocim oquation fonho 

[-5) [ 1 ) [-5 + t) 
line is therefore r = ! + t :l , or r = ~+-~t . 

The xy-plane consists of the points with coordinates (s ,t ,0) . So C is the point on 

the line at which z = 0 , so that 4 - t = 0 , t = 4 . It therefore has position vector 

o = ( ~:) and ooonlinato• (-1,11,0) . 

Example 12.2.2 
Find the value of u for which the lines r = (j- k) + s(i + 2j + k) and 
r = (i + 7j- 4k) + t(i + uk) intersect. 

Points on the lines can be written as si + (1 + 2s )j + (-1 + s )k and 
(1 + t)i+7j+(-4+ tu)k. If these are the same point, then 

s = 1 + t, 1 + 2s = 7, and - 1 + s = -4 + tu . 

The first two equations give s = 3 and t = 2 . Putting these values into the third 
equation gives -1+3 = -4 + 2u , so u = 3 . 

You can easily check that, with these values, both equations give r = 3i + 7 j + 2k, so the 
point of intersection has coordinates ( 3, 7' 2) . 
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Example 12.2.3 
Determine whether the points with coordinates (5,1,-6) and (-7,5,9) lie on the line 
joining A(l,2,-1) to B(-3,3,4). 

A vector in the direction of the line is 

Ak=b-•=[Y)-UJ=(7] 

The equ•tion of ilie line ,, , = UJ f n whi<h ,, ( ~ H iJ f fl 
To find whether (5,1,-6) lies on this line, substitute x = 5, y = 1 and z = -6 to 
get the vector equation 

UJ UJf n wbiOh" {7J=UJUJ{;J 
A• ( ;~] i• a multiple of (-~4} t1ili vectm equmion h" a •olution (t = -1) , '° 
(5,1,-6) lies on AB. 

To find whether (-7,5,9) lies on AB, try to solve the vector equation 

(rJ=(!J+tJ. Wbi<hi· {YJ{il-(lCn 
,,. c~ l irnota multlp1' of (-n . tbi""''°'°qumion homo •olution, "' 

(-7,5,9) does not lie on AB. 

Example 12.2.4 ( 1 l ( 2 l 
Prove that the straight line with equation r = :

3 
+ t ~1 meets the line joining 

(2,4,4) to (3,3,5), and find the cosine of the angle between the lines. 

The line joffiin~ (2, 4, ~ ond (3,3,5) ha.direction m-m = [~I} '° ithru 

equotion ' = (:] +. H 
To prove that the lip.es intersect, you have to show that there is a point on one line 
which is the same as a point on the other. Suppose that the lines meet when the 
parameter of the first line is t and the parameter of the second line is s . Then 
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UJ { J GJ+{I} tllliti,, 

2t-s = 1) 
-t+s =2 . 
4t-s = 7 

Sets of three equations in two unknowns may not always have a solution. If there 
is a solution, the equations are said to be consistent. 

These equations are consistent, with solution t = 3 and s = 5. Hence the lines 
intersect. (The point of intersection is (7,-1,9) .) 

The angle between the lines is the angle between their direction vectors. Calling 
this angle 8 and u·sing the scalar product (see Pl Section 13.8), 

(~1}[J (~1] [Hco,e. gMng '°'0= di1'= ~· 

Exercise 12B 

1 Write down vector equations for the following straight lines which pass through the given 
points and lie in the given directions. 

(a) (1,2,3), m (b) (0,0,0), m (c) (2,-1,1). [ ~1) (d) (3,0,2), [ + J 

2 Find vector equations for the lines joining the following pairs of points. 

(a) (2,-1,2), (3,-1,4) (b) (1,2,2), (2,-2,2) (c) (3,1,4), (-1,2,3) 

3 Which of these equations of straight lines represent the same straight line as each other? 

(a) r=GJ+HJ (b) ·=l!J+HJ 
(c) r =Si+ 2j + 6\{ + t(-2i + j- 2k) (d) r=i+4j+2k+t(-2i+j-2k) 

(e) r=-i+5j+t(2i-j+2k) (f) r=-i+5j+t(-2i+j-2k) 

4 Find whether or not the point (-3,1,5) lies on each of the following lines. 

(•) ·=lD+HJ ~) ·=GH~J (c) ·=( ~ J+GJ 
5 Determine whether each of the following sets of points lies on a straight line. 

(a) (1,2,-1), (2,4,-3), (4,8,-7) (b) (5,2,-3), (-1,6,-11), (3,-2,4) 

6 Investigate whether or not it is possible to find numbers s and t which satisfy the 
following vector equations. 

(•) 'GJ+HJ=[~J <~1 [~;J .. [i}{JGJ (c) '[iJ{lJ{;J 
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7 Find the point of intersection, if any, of each of the following pairs of lines. 

(a) r=[l)+t~} r=[~+[~1) ~) r=[~}'[~'.} r=UJ+H) 
8 If p = 2i - j + 3k, q =Si+ 2j and r = 4i + j + k, find a set of numbers f, g and h such 

that fp+ gq +hr= 0. What does this tell you about the translations represented by p, q 
and r? 

9 A and B are points with coordinates (2,1,4) and (5,-5,-2). Find the coordinates of the 
~ ~ 

point C such that AC = j AB. 

10 Four points A , B, C and D with position vectors a , b, c and d are vertices of a 
tetrahedron. The mid-points of BC, CA, AB, AD, BD, CD are denoted by P, Q, R, 
U, V, W. Find the position vectors of the mid-points of PU, QV and RW. 

What do you notice about the answer? State your conclusion as a geometrical theorem. 

11 If E and F are two points with position vectors e and f, find the position vector of the 
~ 3~ 

point H such that EH = 4 EF. 

With the notation of Question 10, express in terms of a, b, c and;-(i the position vectors of 
G, the centroid of triangle ABC , and of H, the point on DG such that DH: HG = 3: 1. 

12 For each of the following sets of points A , B, C and D, determine whether the lines AB 
and CD are parallel, intersect each other, or are skew. 

(a) A(3,2,4), B(-3,-7,-8), C(0,1,3), D(-2,5,9) 

(b) A(3,l,O), B(-3,1,3), C(5,0,-l), D(l,0,1) 

(c) A(-5,-4,-3), B(5,l,2), C(-1,-3,0), D(8,0,6) 

13 A student displays her birthday cards on strings which she has pinned to opposite walls of 
her room, whose floor measures 3 metres by 4 metres. Relative to one comer of the room, 
the coordinates of the ends of the first string are (0,3.3,2.4) and (3,1.3,1.9) in metre units. 
The coordinates of the ends of the second string are (0.7,0,2.3) and. (1.5,4,1.5). Assuming 
that the strings are straight lines, find the difference .in the heights of the two strings where 
one passes over the other. 

12j The distance from a point to a line 

If a point does not lie on a line, it is natural to ask how far from the line it is. 

Before embarking on examples, it is worth noting that in the vector equation of a line 

r =a+ tp 

·-

the vector p can be any vector in the direction of the line. In the case when p is a unit 
vector u, the equation becomes r =a+ tu. In this case, It I is the distance along the 
line from A to the point with parameter t. 
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Example 12.3.1 
Let A· be the .point with position vector i - j + k . A line l through A is given by the 

vector equation r = i - j + k + r(j i + j j- j k). 

(a) Verify that j i + j j - j k is a unit vector. 
(b) Show that l intersects the line m with equation r = -3i + 6k + s(2i + j- 3k). Call 
this point of intersection B. 
( c) Find the distance AB . 

1
1 • 2 • 2 I ( 1)2 (2)2 ( 2)2 1i 4 4 1 • 2 • 2 . (a) 3 1 +3J-3k = 3 + 3 + -3 =v9+9+9=l,so 31 +3J-3k isa 

unit vector. 

(b) If the point with parameter t on l coincides with the point with parameter s 
on m, then 

i - j + k + t( ~ i + j j - j k) = - 3i + 6k + s( 2i + j - 3k) , 

giving ( 1 + j t) i + (-1 + j t) j + ( 1- j t) k = (-3 + 2s) i + sj + ( 6 - 3s) k , 

leading to the equations 

1 3t-2s =-4, 

2 3t- s= l, 

2 -3t+3s= 5. 

By ad~ing the last two equations you can see that they have the solution s = 3, 
t = 6. You can easily· check that this solution satisfies the first equation. 

As the equations are consistent, the lines intersect. 

(c) The equation of l is r = i-j + k + r(ji + jj-j k), which shows that the 
parameter t takes the value 0 at the point A . 

Since the parameter of B on the line l is 6 ~nd the vector j i + j j -j k is a unit 
vector, the distance from A to Bis 6. 

You could have found the coordinates of the point of intersection of l and m as 

(3,3,-3), and then found the distance of (3,3,-3) from A using the formula for the 

distance between two points. 

If the parameter of the point of intersection had been negative, then you would have 

taken the modulus of the parameter to find the distance. So, if the parameter had been 

-6, taking the modulus would have given the distance as 6. 

Finding the perpendicular distance of a point from a line is a little more complicated. 
Here are two examples to show the method. The first is intwo dimensions, the second . 
in three. 
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Example 12.3.2 
Find the distance of the point Q with coordinates ( 3,1) from the lfo.e l through the 

origin with vector equation r = t [HJ. 

Let the perpendicular from Q to the line 
l meet it at N , so you need to find QN 

(see Fig. 12.3). 

Notice that [HJ is a unit vector, and . 

denote it by u. Let (} be the angle 
between OQ and l. 

Fig. 12.3 

Q(3,l) 

In the right-angled triangle OQN, you can find the lengths of OQ aild ON, and 
then calculate the length QN by using Pythagoras' theorem. 

OQ = ~ 32 + 12 =.Jill. 
~ 

The length ON is called the projection of the vector OQ on the line l. It was 
shown in Pl Section 13.10 that this is given by q. u. That is, 
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ON= OQcose = OQx lx cose = q .u, so ON =(i) .[HJ= 3x-& + lx H = i~. 
Therefore, 

QN 2 =OQ2-0N2 =10-(27)
2 

=lO- 729 = 961 
13 169 169' 

· . QN 31 g1vmg =n· 
The required distance is 2-& . 

In three dimensions the principle is the same. In the next example the line does not pass 
through the origin. 

Example 12.3.3 _ 
Find the distance of the point Q with coordinates (1,2,3) from the straight-line with 
equation r = 3i + 4 j- 2k + t (i - 2j + 2k). 

Let A be the point (3,4,-2), and N be th_e foot 
of the perpendicular from Q to the line. 

Focus on the triangle ANQ (see Fig. 12.4). 

~ 
AQ = q-a =(i+ 2j+ 3k)-(3i+ 4j-2k) 

=-2i-2j+5k. 
Fig. 12.4 
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So 

AQ2 =l-2i-2j+ 5k 12=(-2) 2 +(-2) 2 + 52 = 33. 

The length of the vector p = i - 2j + 2k is ~12 + (-2) 2 + 22 = 3, so the unit 

vector in the direction of p is u = ~ i - j j + j k . 

I 

Then AN= AQcosfJ = AQx lx cosfJ = (q-a) .u, so 

AN=(q-a).u 

= (-2i-2j + 5k) .(~i-jj + jk) 

= (-2)x .! + (-2)x (-±) + 5x ± 
3 . 3 3 

=-j+i+~=4. 

So QN 2 = AQ2 -AN 2 =33-16=17, giving QN =m. 
The required distance is .f0. 

""'!!MT .lli~W!i'!!wlllltt MMililiii#\i\\il Exercise 12C 

1 Find the distance of (3,4) from the straightline 3x + 4y = 0. 

2 Find the distance of (1,0,0) from the line r = t(l2i - 3j - 4k). 

3 Find the distance of the point ( 1, 1,4) from the line r = i - 2j + k + t( -2i + j + 2k) . 

4 Find the distance of the point (1;±6,-1) from the line with vector equation 

'"UJ+{~H 
5 Find a vector equation of the line l containing the points (1,3,l) and (1,-3,-1). Find the 

perpendicular distance of the point with coordinates (2,-1,1) from l. 

Wil!IMl&ii i HW Miscellaneous exercise 12 a&i£J£&£t££1i!!™ 

1 Two line• have oquatiom r" GJ+ •(-})and r "( ~)+ µ(;;)Show fuat fue line• 

intersect, and find the position vector of the point of intersection. (OCR) 

2 (a) Find a vector equation for the line joining (1,1) and (5,-1). 

(b) Another ~ine has the vector equation r = (!)+{~).Find the point of intersection of 
the two Imes. . 
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3 A tunnel is to be excavated through a hill. In order to define position, coordinates (x,y,z) · 
are taken relative to an origin 0 such that x is the distance east from 0, y is the distance 

north and z is the vertical distance upwards, with one unit equal to 100 m. The tunnel 

starts at point A(2,3,5) and runs in a straight line in the direction [ ~ l · 
-0.5 

(a) Write down the equation of tlw tunnel in the form r = u + A,t. 

(b) An old tunnel through the hill hru; equation r = [ D + µ[ ~} Show that the point P on 

the new tunnel where x = 7 ~ is directly above a point Q in the o_ld tunnel. Find the 

vertical separation PQ of the tunnels at this point. (MEI) 

4 F. d h · . f h 1. (-1) (cosa) d (1) (-sina) .. m t e mtersectron o t e mes r = 0 + s sin a an r = 0 + t cos a , g1vmg 

your answer in a simplified form. Interpret your answer geometrically. 

S An aeroplane climbs so that its position relative to the airport control tower t minutes after 

. take--0ffo given by the vectm r = [ ~] + t UJ the uni1' being kilometre,. The x- md 

y-axes point towards the east and the north respectively. Calculate the closest distance of 

the aeroplane from the airport control tower during this flight, giving your answer correct 
to 2 decimal places. To the nearest second, how many seconds after leaving the ground is 

the aeroplane at its closest to the airport control tower? 

• Lme• 1, and 1, have vecm< equation' r = [ ~+ •m ond r = [ ~] + µ UJ 
respectively, wherrt andµ are scalar parameters, and mis a constant. 

(a) The point P hru; P"'ition vector [ +) ond point Q I= po'ition vectm [ ~l · 
(i). Determine the vector PQ , and show that I PQ I = 2.J1i . 

~ 
(ii) Verify that PQ is perpendicular to both 11 and 12 . 

. (iii) Show that P lies on 11 and find the value of /'fl for which Q lies on 12 • Write 

down the shortest distance between 11 and 12 in this case. 

(b) Find the size of the acute angle between the lines 11 and 12 , giving your answer correct 

to the nearest 0 .1 °. 

(c) Determine the value of m, different from the value you found in part (a), for which 11 

and 12 intersect. (OCR) 
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7 An aeroplane climbs so that its position relative to the airport control tower t minutes after 

take-offIB g;ven by the vect"' r = ( ~ J + { o:J the uni" being kilomotre•. The 

x- and y -axes point towards the east and the north respectively. 

(a) Find the position of the aeroplane when it reaches its cruising height of 9 km. 

(b) With reference to (x,y) coordinates on the ground, the coastline has equation 
x + 3y == 140. How high is the aircraft flying as it crosses the coast? 

( c) Calculate the speed of the aeroplane over the ground in kilometres per hour, and the 
bearing on which it is flying. 

( d) Calculate the speed of the aeroplane through the air, and the angle to the horizontal at 
which it is climbing. 

8 The line l has vector equation r == 2i+ s(i+ 3j+ 4k). 

(a) (i) Show that the line l intersects the line with equation r == k + t (i + j + k) and 

determine the position vector of the point of intersection. 

(ii) Calculate the acute angle, to the nearest degree, between these lines. 

(b) Find the position vectors of the points on l which are exactly 5M units from the 
origin. 

(c)' Determine the position vector ofthe point on l which is closest to the point with 
position vector 6i - j + 3k. (OCR) 

9 Two aeroplanes take off simultaneously from different airports. As they climb, their 
positions relative to an air traffic control centre t minutes later are given by the vectors 

'> =( + ]+ { 0~5) ond r, =( ~)+ { i.!} the urura being kilometre•. Find the 

coordinates of the point on the ground over which both aeroplanes pass. Find also the 
difference in heights, and the difference in the times, when they pass over that point. 

10 The eentre line of on unde<ground railway tunnel follow• a line given by r = { ~ J '"' 
0,,,;;; t,,,;;; 40, the units being metres. The centre line of another tunnel at present stops at the 

-

point with pmtltion voetor (~~) and it;, propo"" to exrend thfa in a direction(:} The 

constant u has to be chosen so that, at the point where one tunnel passes over the other, 
there is at least 15 metres difference in depth between the centre lines of the two tunnels. 
What restriction does this impose on the value of u? 

Another requirement is that the tunnel must not be inclined at more than 5° to the 
horiz.ontal. What values of u satisfy both requirements? 

pqp: .... ""*"""@ ~ !ill 



13 Vectors: planes in three dimensions 

This chapter uses vectors to investigate the geometry of planes. When you have completed it, 
you should 

• be able to find the equation of a plane 
• be able to find out whether or not a given line intersects a given plane 
• be able to find the line of intersection of two planes, the angle between two planes, and 

the angle between a line and a plane 
• be able to find the distance of a point from a plane. 

13.1 The cartesian equation of a line in two dimensions 

Although this chapter is about planes it is helpful to begin by looking at the equation of 
a line in two dimensions in another way. 

In two dimensions, you can describe the direction of a line by a single number, its 
gradient (The only exception is a line parallel to the y-axis.) But even in two 
dimensions it is often simpler to describe the direction of a line by a vector rather than 
by its gradient, as the following example shows. The second method suggests an 
approach which you can extend to three dimensions. 

Example 13.1.l 
Find the cartesian equation of the line through (1, 2) perpendicular to the non-zero 

vector(~). 

Method 1 As (-~) · ( ~) = 0 , the vector (-~) is perpendicular to ( ~) , so 

r = (~) = G) + t(-~) is a vector equation for the line. Writing this as 

x = 1- tm and y = 2 + tl and eliminating t gives l(x -1) + m(y - 2) = 0. This 

simplifies to 

lx + my = I + 2m . 

Look at the left side of this equation. The line perpendicular to the vector ( ~) has an 

equation of the fonr: ix + my = k where k is a constant. This suggests method 2. 

(l) Method 2 Ixt il ~' l ~ be the perpendicular to the line, 

and a be the position vector of (1,2). Let r be the position 
vector of any other point on the line. See Fig. 13.1. 

Then r - a is a vectorin the direction of the line, and is 
therefore perpendicular to n . 

Therefore (r - a) .n = 0, or r .n =a .n. 

0 

Fig. 13.1 
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If n = ( ~} r = (~) and a= G} then the equation r .n = a .n becomes 

(~}(~) = G){~} that is lx +my= l + 2m. 

Method 2 suggests what is generally the best way to find the cartesian equation of a plane. 

13.2 The cartesian equation of a plane 

What is a plane? Of course you know the answer to this - it is a flat surface. But this, on 
its own, will not help you to find its equation. You need to find a way to express the fact 
that the plane is a flat surface in a mathematical way. 

One possibility is to use a property in three dimensions similar to that used in the 
previous section for a straight line in two dimensions. 

On any smooth surface (such as a sphere) there is at each point a line perpendicular to 
the surface. The special property of a plane is that these perpendiculars are in the same 
direction at every point. 

A vector in this direction is called a normal to the plane. 

Fig. 13:2 shows a plane with a normal n drawn at three 
points. The normal to a plane is not unique. If n is normal to 
a plane, any multiple of n (except zero) is also normal to the 
plane. 

Every vector lying in the plane is then perpendicular to n. It 
is this property that enables you to find the equation of the 
plane. 

Let n be a vector perpendicular to a plane and let a be the 
position vector of a point on the plane. Let r be the position 
vector of any other point on the plane, as in Fig. 13.3. 

Then r - a is a vector parallel to the plane, and is therefore 
perpendicular ton.Therefore (r-a).n=O,or r.n=a.n. 

This equation, r .n = a .n, is one form of the equation of a 
plane. 

Points of a plane through A and perpendicular to the normal 
vector n have position vectors r which satisfy r .n =a .n. 
This.is called the normal equation of the plane. 

"t 
0

.t··· .. ".·f: 
. . ·' 

-,.·,···.:,.-" 

Fig. 13.2 

n~ .. >.·>·•~7a·:·. ~ 
·."51· ·~/.~c.··\. / r ·.-., •' -· ·., 

0 

Fig. 13.3 
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If you wrire , = [ n >md • = G J. the <quation , •• = ••• beeom"' 

px + qy + rz = a .n. 

This is the cartesian form of the equation of a plane. Notice that the right side is a 
constant, and the coefficients on the left side are the components of the normal vector. 
Thus, you can write down the equation of the plane directly if you know a vector normal 
to it and you know a point on it. 

PoinIB of a phme tlrrough A '8d peq>end;euhrr to the normal veetm n = ( ~] 
(or n =pi+ qj + rk) have coordinates (x,y,z) which satisfy 
px + qy + rz = k ,where k is a constant determined by the coordinates of A . 

This is called the cartesian equation of the plane. 

Note that in two dimensions the direction of a line is determined either by a vector along 

the line or by a vector perpendicular to it. 

In three dimensions the situation is different: the direction of a line is determined uniquely 

by a vector along the line, but there are many vectors perpendicular (normal) to it; the 

direction of a plane is determined uniquely by a vector perpendicular (normal) to it, but 

there are many different pairs of vectors parallel to the plane which can be used to 

determine it. 

Example 13.2.1 (4] 
Find the cartesian equation of the plane through the point (1,2,3) with ~ormal ~ . 

Method 1 The equation is 4x +Sy+ 6z = k, where k is a constant. 

The constant has to be chosen so that the plane passes through (1, 2, 3). 

The constant is therefore 4 x 1 + S x 2 + 6 x 3 = 32, 
so the equation is 4x +Sy+ 6z = 32. 

Mefuod 2 u,ing the <quation r .n = a .n ~Ve> [ ~} rn = G H n 
This is 4x +Sy+ 6z = 1x4 + 2 x S + 3 x 6, 
which is 4x +Sy+ 6z = 32. 

177 
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Example 13.2.2 (1] ( 2 l 
Find the coordinates of the point of intersection of the line r = 0 + t 1 with the 
plane 3x+2y+4z=ll. 1 -3 

Rewriting the line in the form [ ~ H ~ H l l ond trucing onml"nenIB yiel& 

the equations x = 1+2t, y = 0 + t and z = 1- 3t . Substituting these into the 

equation of the plane gives 

3(1+2t) + 2t + 4(1- 3t) = 11, which gives t =-1. 

So the line meets the plane at the point with parameter -1, namely (-1, -1, 4) . 

Example 13.2.3 [ 1 l [4] 
Find whether or not the lines (a) r = 2 + s 3 
lie in the plane 2x - y - z = 1. -1 5 

ond ~) r=UJ{n 
(•) Writing r a< (;] give' x = 1 + 4,, y= 2 + 3, ood z = -1 + 5'. 

Substituting for x, y and z in the equation of the plane gives 

2( 1 + 4 s) - ( 2 + 3s) - ( -1 + Ss) = 1 , 

which simplifies to 2 + 8s - 2 - 3s + 1 - 5s = 1, or 1 = 1. 

The equation 1 = 1 is an identity. It is true for all values of s. So for all values of 
s the coordinates of the points of the line satisfy the equation of the plane. The 
line therefore lies in the plane. 

(b) Using the same method as in part (a), x = 3 + t, y = 2 + 2t and z = -3. 

Substituting for x, y and z in the equation of the plane gives 

2(3+t)-(2+2t)-(-3) =1, 

which simplifies to 6 + 2t- 2- 2t + 3=1, or 7=1. 

No value of t can make 7 = 1, so there are no values of t for which the 

coordinates of the points of the line satisfy the equation of the plane. The line 
therefore does not meet the plane. 

(4! (1] (2] In Example 13.2.3 the directions of both lines, l ~ j and ~ , are perpendicular to = ~ , 

lhe no,mal to lhe plane 2x - y - z = 1 . So [ ~] and G] aro both parallel to lfJe plane. 

In part (a) the point (1,2,-1) lies in. the plane, so the line lies in the plane. In part (b) the 

point (3,2,-3) does not lie in the plane, so the line is parallel to the plane. 
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~,"J.'·~~"'.,_~/''f~*;,~,;t •:,.""' ~ ;., l':~{'r.:,f~~;.t~i:t,_1'~~~~~1,a-•,,~· Exercise 13A 

1 Find the cartesian equation of the plane through (1,1,1) normal to the vector 5i-8j + 4k. 

2 Find the cartesian equation of the plane through (2, -1, 1) normal to the vector 2i - j- k . 

3 Find the coordinates of two points A and B on the plane 2x + 3y + 4z = 4. Verify that the 
~ 

vector AB is perpendicular to the normal to the plane. 

4 Verify that the line with equation r = 2i + 4 j + k + t(-4i + 4 j - Sk) lies wholly in the plane 
with equation 3x -2y + 4z = 2. 

5 Find the equation of the plane through (1,2, -1) parallel to the plane 5x + y + 7 z = 20 . 

6 Find the equation of the line through ( 4,2,-1) perpendicular to the plane 3x + 4y- z = 1. 

7 Verify that the plane with equation x - 2 y + 2z = 6 is parallel to the plane with equation 

' . [ +) ~ 4 . Fffid the peq>endioulru- di•tanoe from the origffi to ooch pfane, ond hence find 

the perpendicular distance between the planes. 

t!¢'Mllllillri!Qlii!SM%£ -
13.3 Some techniques for solving problems 

Example 13.3.1 

~:llSElWttfM-ffe#!'·f!iffii$8lfif&$'i!fM!!J§Jl!!IP!I! 

(a) Find the position vector of the foot A of the perpendicular from the point (1,1,1) to 
the plane x + 2 y - 2z = 9 . 
(b) Find the length of this perpendicular. 

(a) The normal to the plane x + 2y- 2z = 9 has direction i + 2j- 2k, so the 

equation of the line through (1,1,1) perpendicular to the plane is 

r = i + j + k + t (i + 2j- 2k). That is, r = (1 + t) i + (1 + 2t) j + (1- 2t) k. 

This meets the plane x + 2y - 2z = 9 where (1+t)+2(1+2t)- 2(1- 2t) = 9, that 
is where 9t = 8, or t = ~ . 

The position vector of A is i + j + k + ~ (i + 2j - 2k) = Jef- i + 2c] j - ~ k. 

(b) The coordinates of the point A are (!J-, 2g5 ,- ~).You could find the distance 

of A from (1,1,1) by using the distance formula. 

But there is a quicker way. 

The length of the vector from (1,1,1) to the plane is ~ of the length of the vector 

i+2j-2k, which is ~1 2 +22 +(-2)2 = 3. 

So the perpendicular distance is ~ x 3 = ~. 

-
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Example 13.3.2 
Find the acute angle between the line 
r=i+3j+5k+t(2i+4j+k) and the plane x-y+z=O. 

As shown in Fig. 13.4, take n to be a vector normal to 
the plane, and p a vector along the line. You can find 
the angle fJ from the scalar product n .p, and the angle 
between the line and the plane is then ~ n - fJ . 

n 

Fig. 13.4 

The line has direction vector 2i + 4 j + k . The normal to the plane is i - j + k . So 

the angle fJ between them is given by 

(2i + 4j + k).(i- j + k) =I 2i + 4j + k Ix Ii - j + k Ix cos fJ, that is 

1 1 
cos fJ = - -fij .f3 = - 3...fi . 

There is a problem. As cosfJ is negative, angle fJ is obtuse, so Fig. 13.4 can't be right. 
The relation between p and n is correctly shown in 

· Fig. 13 .5. The required angle is fJ - ~ n , which is 

-1( 1 ) 1 ( -1( 1 )) 1 cos -
3
...fi - 2 n = n - cos 

3
...fi - 2 n 

1 -1( 1 ) = 2 n - cos 
3
...fi 

n 
. -1 1 

=sm 
3
...fi. Fig. 13.5 

Example 13.3.3 
A pyramid of height 3 units stands symmetrically on a rectangular base ABCD with 
AB= 2 units and BC= 4 units. Find the angle between two adjacent slanting faces. 

The strategy is to find the angle between the planes by finding the angle between the 

normals to the planes. 

Let V be the vertex of the pyramid. 
Take the origin at the centre of the 
base, and the x- and y-axes parallel 
to CB and AB, as in Fig. 13.6. Then 
the coordinates of A , B, C and V 
are respectively (2,-1,0), (2,1,0), 
(-2,1,0) and (0,0,3). 

The normal vector p to the face V AB 

is in the direction of the perpendicular 
from 0 to VM , where M is the mid­
point of AB with coordinates 
(2,0,0). 

8(2,1,0) 
Fig. 13.6 
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By symmetry, p has no y-component, and it is perpendicular to 

.tr=[U-rnJ{Hro "conbcrakon,, m· 
Similarly the normal vector q to the face VBC has no x -component and is 

pecpcoiliculfil ro NV = [~I} ro rake q = m 
Let the angle between p and q be fJ 0 

• Then 

m m co,O"=rn-m 
so cosfJ 0 = 2 2 .JD.JW = .Ji30 and e "" 79 .9. 

Fig. 13.7 illustrates the relation between the angle fJ 0 

between p and q , and the angle </J0 betweeri the 
faces of the pyramid, as viewed from inside the 
pyramid. This shows that <fJ = 180-fJ"" 100.1. 

The faces of the pyramid are at 100 .1° to each other. 

Si Q.,e,,, 
Example 13.3.4 ( (X. I 3 · l\-' - 2.- ) 

Fig. 13.7 

Find the cartesian equation of the plane through A(l,2,1), B(2,-1,-4) and C(l,0,-1). 

You can tackle this problem in several ways. Two are given here. 

Method 1 The equation of a plane is of the form ax +by + cz = d , where a, b 
and c are not all 0. Substitute the coordinates of the points in the equation. You 
then get the three equations 

a+2b+ c=d, 
2a- b-4c =d, 

a - c =d. 

If you subtract the third equation from the first, you get 2b + 2c = 0, giving c = -b. 
This reduces the equations to 

a+ b=d, 
2a + 3b = d. ) 

You can now solve for a and b in terms of d, giving a = 2d and b = -d . Using 
c = -b means that c = d , so the equation ax + by + cz = d becomes 

2dx - dy + dz = d . 

Note that if d = 0, then a = b = c = 0, which is not allowed. So d -:t. 0 and you 
can diyide by d to give 2x - y + z = 1 as the equation of the plane. 
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Method 2 ~ m be normnl ID ilie pfane. A' b-a{;) ond c- a f;) m< 

vectors parallel to the plane, they are perpendicular to the normal, so both scalar 

produru [ ~; W) ond [ ;; ){;) ''"'ero. Therefore 

p-3q-5r = o} 
- 2q - 2r = 0 ' so 

p-3q-5r =O} 
q+ r=O . 

This is a pair of simultaneous equations in three unknowns. The best that can be 
done is to say that 

p-3q= 5r} 
q=-r ' 

and to solve for p and q in terms of r. 

Substituting q = -r in the first equation shows that p - 3(-r) = 5r , giving p = 2r. 

Thu' m = [ =;)= {~I) irnormnl ID ilie
2
pfane fm nil ', exoept ' = 0. Sillce you 

need only one nonnal, put ' = I, giving h I) " ilie normal to ilie plane. 

Therefore the equation is 2x - y + z = k; and since (1,2,1) lies on the plane, the 
equation is 2x - y + z = 2 x 1 - 1 x 2 + 1 x 1 , which is 2x - y + z = 1. 

It is good practice to verify that the other points also lie on this plane. 

Method 2 of Example 13.3.4 is probably the best way to find the equation of a plane 

through three points, but it can be shortened further by a piece of theory. 

13.4 Finding a common perpendicular 

In Example 13 .3 .4 you had to find a vector which was perpendicular to both of two 
given vectors. This situation occurs quite frequently when you tackle problems 
concerned with lines and planes. 

Suppore ~at ilie vecID" [:) ond [ f) = boili non-'ero ond non-pMnllel, 

ond iliat [ ~) 1' P"'P'ndicul" to both of iliem. 

Then ilie "nl" produc" [:} m = [ f m) = 0 • •o 

This is a set of two equations in three unknowns. 

lx+my+nz=O} 
px + qy + rz = 0 · 
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[

mr-nql 
You can verify by substitution that np - Ir (and any multiple of it) is a solution. 

lq-mp 

[: ]{;] =[: ]{ ::2 J = bn,-/nq+ mnp-nU'+ nlq-nmp = 0, ond 

[ f ]{ ;] =[ f ]{ :_=z J = p=-pnq+ qnp-qfr + '~-nnp =O. 

™'~true fu' all veoron [: l and [ n It;, al'o true tlmt, provided [: l and m fil< 

[

mr-nql 
non-zero and non-parallel, np - tr cannot be zero. 

lq-mp 

If you go on to Further Mathematics you will recognise this new vector as the vector 

product. It is easy then to show that this new vector is non-zero if the original vectors are 

non-zero and non-parallel, and vice versa. 

[ 
l l [pl [mr - nql If m and q are non-zero, non-parallel vectors, then np- lr 
n r lq-mp 

is non-zero and perpendicular to both of them. 

At first sight this result looks hard to remember, but it isn't too bad if you can see where 
the individual terms come from. 

183 

To fin~ the first component of the common perpendicular, start 
by blocking out the first components of the given vectors, as 
shown in Fig. 13.8. Then take the products of the remaining 
components as indicated by the arrows, and subtract them, 
getting mr - nq . 

[:~~] [=-··: 
To get the second component, block out the second components 
of the given vectors, as shown in Fig. 13.9. Then take the 
products of the remaining components indicated by the arrows, 
and subtract them, getting np - tr . 

Fig. 13.8 

[~X~l [·p-"l 
Fig. 13.9 
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Finally, get the third component by blocking out the third 
components of the given vectors, as shown in Fig. 13.10. Then 
take the products of the remaining components indicated by the 
arrows, and subtract them, getting lq - mp. 

[:tt;) [~_J 
In each component, note carefully which is the positive term, and 

which the negative. 

Example 13.4.1 [l] [7] 
Find a common perpendicular to ~ and ~ . 

Using the formula in the box on page 183, a common perpendicular is 

[
2x 9-3x 8] [-6] 
3x7-lx9 = 12 . 
lx8-2x7 -6 

Fig. 13.10 

Since any multiple of this vector is also perpendicular to both vectors, [~1] is 
a simpler common perpendicular. -1 

To check that you have a correct answer, calculate the scalar product of your vector with 
each of the original vectors. As (-l)xl +2 x 2 +(-1) x 3 = -1+4-3 = 0 and 

(-l)x 7 +2x8+(-l)x9=-7+16-9 =0, [ ~:J ;, pe.-pendieul" to both m >ID<l m 
The next example shows method 2 of Example 13.3.4 again. 

;Example 13.4.2 
Findthecartesianequationoftheplanethrough A(l,2,1), B(2,-l,-4) and c(l,0,-1). 

k [ ~;] '"d [ ;; ] "e veeto" P"fillel to the plane, the nonnfil IB peq>endieul" 

to both of them. So, using the result in the box on page 183, 

[

(-3)x(-2)-(-5)x(-2)] [6-10] [-4] 
(-S)xO-lx(-2) = 0+2 = 2 
lx(-2)-(-3)x0 -2+0 -2 

is in the direction of the normal. 

Notice that the components of this vector have the common factor 2, and that 

[ ~:J=-2 [ ~l} So the ,;mpknoeto< [ ~l] ;, filro norm•[ to the pl>IDe 

Therefore the equation is 2x - y + z = k; and since (1,2,1) lies on the plane, the 
equation is 2x - y + z = 2x1- 2+1 = 1, which is 2x - y + z = 1. 
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Example 13.4.3 
The line l passes through A( 3,-4,±6) and has direction vector p = -2i + 5j + k. Find 
the equation of the plane through the origin 0 which contains l. 

Let n be a normal to the plane. Then, as l lies in the plane, n is perpendicular to p. 

The line OA, with direction vector 3i - 4 j- 6k, also lies in the plane, so it is also 
perpendicular ton. 

So n is perpendicular to -2i + 5 j + k and 3i - 4 j - 6k . Using the result in the 
box, a common perpendicular is 

(5x (-6)-lx (-4))i +(Ix 3-(-2)x (-6))j+ ((-2) x (-4) ,-5x 3)k 

= (-30 + 4)i + (3-12)j+ (8-15) k = -26i-9j-7k. 

Don't forget to check that the relevant scalar products are both zero. 

The equation of the plane through the origin with normal -26i - 9 j - 7k is 

-26x-9y-7z=O, or 26x+9y+7z=O. 

185 

Exercise 13B ~~~*i~~~~~ 

1 In each part find vectors perpendicular to both of the given vectors. 

(o) [~+ill[~) ~) [;~J .. dm (o) mondm 
2 In each part find vectors perpendicular to both of the given vectors. 

(a) (3i-2k)and2k (b) 5kand(i+2j-3k) (c) (i+j)and(i-j) 

3 Find a vector perpendicular to both i + 2j - k and 3i - j + k . Hence find the cartesian 
equation of the plane parallel to both i + 2j - k and 3i - j + k which passes through the 

point (2,0,-3). 

4 Find a vector perpendicular to both [~ 1] and ( ~ l · 
0 -1 [-1) [ 0) Hence find the cartesian equation of the plane parallel to both 1 and 1 which 

passes through the point (1,-1,-3). : 0 -1 

S Find the cartesiari equations of the planes through the given points. 

(a) (1,0,0), (0,0,0), (0,1,0) 

(c) (1,2,3), (2,-1,2), (3,1,-1) 

(b) (1,-l,0),(0,1,-1),(-1,0,1) 

(d) (4,-1,2),(0,0,3),(-1,2,0) 

6 Find the coordinates of the foot of the perpendicular from the point (2, -3, 6) to the plane 
2x - 3y + 6z = 0 . Hence find the perpendicular distance of the point from the plane. 
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7 Find the perpendicular distance of the point (3, 1, -2) from the plane 2x + y - 2z = 8. 

8 Find the equation of the plane through (1,2,-1) parallel to the plane 5x+ y+7z = 20. 

9 Find the equation of the line through (4,2,-1) perpendicular to the plane 3x + 4y- z = 1. 

10 A cave has a planar roof passing through the points (0,0,-19), (5,0,-20) and (0,5,-22). 

A tunnel is being bored through the rock from the point (0,3,4) in the direction 
-i + 2j- 20k. Find the angle between the tunnel and the cave roof in degrees, correct to 

the nearest degree. 

11 Find whether or not the four points (1,5,4), (2,0,3), (3,-5,0) and (0,10,6) lie in a plane. 

12 Find a vector equation of the line of intersection of the planes x + 3y - 6z = 2 and 
2x + 7y - 3z = 7. (Hint: put z = 0 to find a point on the line of intersection.) 

13 Find a vector equation of the line through ( 4, 2, - 3), parallel to the line of intersection of 
the planes 3x - 2y = 6 and 4x + 2z = 7. 

14 Find the equation of the plane through (3,-2,4) and (2,-1,3) which is parallel to the line 
joining (1, 1, 1) to (2, 3, 5). 

15 Show that the lines r=3i+2j+k+s(-i+2j+k) and r=3i+9j+2k+t(2i+3j-k) lie 

in the same plane. Find the cartesian equation of this plane. 

16 Find the cartesian equation of the plane which passes through the point (1, 2, 3) and 
contains the line of intersection of the planes 2x - y + z = 4 and x + y + z = 4 . 

17 Let 11 denote the line passing through the points A(2,-1,1) and B(0,5,-7), and 12 denote 

the line passing through the points C(l,-1,1) and D(l,-4,5). 

(a) Write down a vector equation of the line 11 and a vector equation of the line 12 . 

(b) Show that the lines 11 and 12 intersect, and determine the point of intersection. 

( c) Calculate the acute angle between the lines 11 and 12 . 

(d) Determine a vector perpendicular to both lines 11 and 12 and hence show that the 
cartesian equation of the plane containing 11 and 12 is 4 y + 3z = -1 . 

~ Miscellaneous exercise 13 ~ ,.. 
1 Find the cartesian equation of the plane through (1,3,-7), (2,-5,-3) and (-5, 7,2). 

2 Two planes are defined by the equations x + 2 y + z = 4 and 2x - 3y = 6. 

(a) Find the acute angle between them. 

(b) Find a vector equation of their line of intersection. 
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3 Two pion" with voctm equatioru; r • (r J = 2 and r • UJ = 15 interaoot in tholino L . 

(a) Find a direction for the line L. 
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(b) Show that the point (1,2,-3) lies in both planes, and write down a vector equation for 

the line L. (OCR) 

4 Find the perpendicular distance of the point (p,q,r) from the plane ax+ by+ cz = d. 

S Find the equation of the plane through (1,2,-4) perpendicular to the line joining (3,1,-1) 
to (1,4,7). 

6 Provethattheplanes 2x-3y+z=4, x+4y-z=7 and 3x-10y+3z=l meetinaline. 

7 - The straight line L 1 with vector equation r =a+ th cuts the plane 2x - 3y + z = 6 at right 

angles, at the point (5,1,-1). 

(a) Explain why suitable choices for a and h would be a = 5i + j- k and h = 2i - 3j + k. 

Another straight line, L 2 , has vector equation r = s(i + 3j + 2k). 

(b) (i) Find the angle between the directions of L 1 and L 2 , giving your answer to the 

nearest degree. 
(ii) Verify that L 2 cuts the plane 2x-3y+z=6 at the point (-1.2,-3.6,-2.4). 
(iii) Prove that L 1 and L 2 do not meet. (OCR) 

8 The line 11 passes through the point P with position vector 2i + j - k and has direction 

vector i - j. The line 12 passes through the point Q with position vector 5i - 2j - k and 

has direction vector j + 2k . 

(a) Write down equations for 11 and 12 in the form r =a+ th. 

(b) Show that Q lies on 11 • 

(c) Find either the acute angle or the obtuse angle between 11 and 12 • 

( d) Show that the vector n = 2i + 2j - k is perpendicular to both 11 and 12 . 

( e) Find the cartesian equation for the plane containing 11 and 12 . (OCR) 

9 Find the cartesian equation of the plane which passes through the point (3,-4,1) and which 

;, parallol to tho piano oonraining tho point (I. 2, -1) ond tho lino r = {: J . 

10 The line 11 passes through the point A , whose position vector is i - j - 5k, and is parallel 

to the vector i - j - 4k . The line 12 passes through the point B, whose position vector is 

2i-9j-14k, and is parallel to the vector 2i + 5j + 6k. The point Pon 11 and the point Q 
on 12 are such that PQ is perpendicular to both 11 and 12 . 

(a) Find the length of PQ. 

(b) Find a vector perpendicular to the plane II which contains PQ and 12 . 

(c) Find the perpendicular distance from A to II. (OCR) 

.. && i&+M lii*@!W@iSIMBtMlMM~~Z'":.U..8.il\::.'::'!?~~~;.~i>~"\-~Z)!~~:;:J.2~:;.;;~~:.t·xr;,s:~:i:;~c~;2.f.~&;~5t:B',,,,'.!f'.2i':~l:E':~; 
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14 The binomial expansion 

The binomial theorem tells you how to expand (1 + x r when n is a positive integer. 
This chapter extends this result to all rational values of n . When you have completed it, 
you should 

• be able to expand (1 + xr in ascending powers of x 
• know that the expansion is valid for I x I < 1 
• understand how to use expansions to find approximations 
• know how to extend the method to expand powers of more general expressions. 

14.1 Generalising the binomial theorem 

You learnt in Pl Chapter 9 how to expand (x +yr by the binomial theorem, when n is 
a positive integer. If you replace x by 1 and y by x, this expansion becomes 

n 1 n(n - 1) 2 2 n(n - l)(n - 2) 3 3 (l+xr =ln+-xln- x+---xln- x + x1n- x + .... 
1 lx2 lx2x3 

You can remove all the powers of 1, and write this more simply as 

(1 )
n _ 1 !!_ n(n -1) 2 n(n - l)(n - 2) 3 +x - + x+ x + x + .... 

1 lx2 lx2x3 
Equation A 

Notice that in this form the terms are written in ascending powers of x (see Section 1.1). 

This chapter tackles the question 'Can you still use this expansion when n is not a 
positive integer?' 

Before trying to answer this, you should notice something important about the terms. If 
n is a positive integer, then the form of the coefficients ensures that no terms have 

powers higher than xn. For example, if n = 5 the coefficient of x 6 is 

5x4x3x2xlx0 =O, 
lx2x3x4x5x6 

and all the coefficients which follow it are zero. But this only happens when n is a 
positive integer. For example, if n = 4 ! the coefficients of x 4

, x 5 and x 6 are 

4 l x 3 l x 2 l x l l 4 l x 3 l x 2 l x l l x l 4 l x 3 l x 2 l x il x l x (-1) 
2 2 2 2 2 2 2 2 2 and 2 2 2 2 2 2 
lx2x3x4 ' lx2x3x4x5 lx2x3x4x5x6 

Whichever coefficient you consider, you never get a factor of 0. So, if n is not a 
positive integer, the expansion never stops. 

The case n =-1 
You know from Pl Section 14.3 that the sum to infinity of the geometric series 

1 + r + r 2 + r3 + ... is -
1
-, provided that Ir I< 1. 

1-r 
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Replacing r by - x now gives 

1 -I 2 3 --- = (l+x) = l-x+x -x + .... 
1-(-x) 

Now try using Equation A with n = -1 . This gives 

-I (-1) (-1)(-2) 2 (-1)(-2)(-3) 3 
(l+x) =l+-x+ x + x + ... , 

1 lx2 lx2x3 

which simplifies to 

(l+xr' = l-x+x2 -x3 + ... 

So far so good: Equation A works when n = -1 . 

The case n = ! 
If (1 + x yl: can be expanded in the form A+ Bx+ Cx2 + Dx3 + ... , then you want to find 

A, B, C,D, ... so that 

( 2 3 )2 A+ Bx + Cx + Dx + .. . = 1 + x . 

This needs to be true for x = 0, so A2 = 1. Since (1 + x)! is the positive square root, 

this means that A = 1 . 

Then 

( 2 3 )2 ( 2 3 )( 2 3 ) 1 + Bx + Cx + Dx + .. . = 1 + Bx + Cx + Dx + .. . 1 + Bx + Cx + Dx + ... 

= 1 + (B + B)x + ( C + B 2 + C )x
2 

+ (D+BC +CB+D)x3 + ... 

= 1 + (2B)x + (2C + B 2 )x2 + (2D+ 2BC)x 3 + .... 

So 1+x=1 + (2B)x + (2c+ B2 )x2 +(2D+2BC)x3 + .... 

Since this is an identity, you can equate coefficients of each power of x in tum: 

2B=l, 

2C+B2 =0, 

so B=l 2, 

soC=-1 
8' 

2D + 2BC = 0, so D = 1~. 

S . ( I I 2 I 3 ) 2 _ d o it appears that 1 + 2 x - 8 x + 16 x + .. . = 1 + x , an 

( )! _ I _ I 2 I 3 l+x -l+ 2 x 8 x + 16 x + .... 
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Using Equation A with n =-!- gives 

(l+x)! = l+ix+ H-i) x2 + H-i)(-i) x3 + ... 
1 lx2 lx2x3 
1 1 2 1 3 =l+2X-gX +f6X + .... 

So Equation A seems to work when n =-!-,at least for the first few terms. 

The general case 
In fact Equation A works for all rational powers of n, positive or negative. There is, 
however, an important restriction. You will remember, from Pl Section 14.3, that the series 

1 + r + r2 + r3 + ... only converges to -
1
- if \ r \ < 1 . A similar condition applies to the 

l-r 
binomial expansion of (1 + x r for any value of n which is not a positive integer. 

Binomial expansion When n is rational, but not a positive 
integer, and \ x \ < 1, 

(1 )
n_

1 
!!: n(n-l) 2 n(n-l)(n-2) 3 +x - + x+ x + x + .... 
1 lx2 lx2x3 

This is sometimes called the binomial series. 

Example 14.1.1 

Find the expansion of ( 1 + x r2 in ascending powers of x up to the term in x 4 • 

Putting n = - 2 in the formula for ( 1 + x r , 
-2 (-2) (-2)(-3) 2 (-2)(-3)(-4) 3 (-2)(-3)(-4)(-5) 4 

(1 + x) = 1 + - x + x + x + x + ... 
1 lx2 lx2x3 lx2x3x4 · 

= l-2x+3x2 -4x3 +5x4 + .... 

The required expansion is 1- 2x + 3x2 - 4x3 + 5x4
• 

Example 14.1.2 
3 

Find the expansion of (1+3x)2 in ascending powers of x up to and including the term 
in x3. For what values of x is the expansion valid? 

Putting n = i in the formula for (1 + xt, and writing 3x in place of x, 

(1+3x)! = 1 + i(3x) +mm (3x)2 + (i)(i)(-i) (3x)3 + ... 
1 lx2 lx2x3 

-1 9 27 2 27 3 - +1X+gX -Tl)X + .... 

The required expansion is 1 + ~ x + 2
; x2 - i~ x3 . 
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The expansion (1 + x r is valid for Ix I< 1, so this expansion is valid for I 3x I < 1, 

that is for !xi<-§-. 

You should notice one other point. When n is a positive integer, the coefficient 
n(n-l) ... (n-(r-l)) b . . 

1 
. f . 

1 
n! 

~--~-~-~ can e wntten more concise y usmg actona s, as ---
1x2 x ... x r r!(n-r)! 

You can't use this notation when n is not a positive integer, since n! is only defined 

when n is a positive integer or zero. However, r is always an integer, so you can still if 

you like write the coefficient as n( n - 1) .. · ( n - (r - 1)) 
r! 

14.2 Approximations 

One use of binomial expansions is to find numerical approximations to square roots, 
cube roots and other calculations. If Ix I is much smaller than 1, the power J x 2 

J is very 
small, J x 3 

J is smaller still, and you soon reach a power which, for all intents and 
purposes, can be neglected. So the sum of the first few terms of the expansion is a very 
close approximation to ( 1 + x r . . 
Example 14.2.1 
Find the expansion of (1- 2x)+ in ascending powers of x up to and including the term 
in x 3

• By choosing a suitable value for x, find an approximation for .J2. 

(1- 2x)! = 1 + i(-2x) + -!(-!) (-2x)2 + i(-!)(-~) (-2x)3 + ... 
1 lx2 lx2x3 

1 2 1 3 =l-x- 2 x - 2 x + .... 

Choosing a suitable value for x needs a bit of ingenuity. It is no use simply taking 
x so that 1- 2x = 2, which would give x =-!,since this is not nearly small 
enough for the terms in x 4

, x 5
, .•• to be neglected. The trick is to find a value of 

x so that 1 - 2x has the form 2 x a perfect square . A good choice is to take 
x = O.Gl, so that 1- 2 x 0.01=0.98, which is 2 x 0.72

. 

So put x = 0.01 in the expansion. This gives 

0.98! = 1-0.01-!xo.012 -!xo.oi3-

so 0.7-J2"'1- O.Gl -0.000 05 - 0.000 000 5 = 0.989 949 5. 

Therefore 16 :J2 "' 0 .989 949 5, giving .J2 "' 1.414 214. 

14.3 Expanding other expressions 

The binomial series can also be used to expand powers of expressions more complicated 
than 1 + x or 1 +ax . If you can rewrite an expression as Y(l + zt where Y and Z are 
expressions involving x' then you can expand (1 + zr 'substitute the appropriate 
expression for Z in the result and then multiply through by the expression for Y. 
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Example 14.3.1 
I 

Find the binomial expansion of ( 4 - 3x2 )2 up to and including the term in x4
• 

4 - 3x2 is not of the required form, but you can write it as 4( 1-£ x 2
). So, using 

the factor rule for indices, 

I ! t t 
(4-3x2)2 =4

2

(1-£x2) =2(1-£x2) 

! 1 (1)( 1) 
Then (1-£x2) 

2 

= 1+1(-£x2)+ 2 -2 (-£x2)
2 

+ .... 
1 lx2 

I 1 
Therefore ( 4 - 3x2 )2 = 2(1-£- x2) = 2 - £- x2 - l4 x

4 + ... and the requrred 

. . 2 3 2 9 4 expansion is - 4 x - 64 x . 

Example 14.3.2 

E d 
5 + x . d" f h . :i xpan 

2 
m ascen mg powers o x up to t e term m x . 

2-x+x 

Write 5 + x = 5 + x 1 
2-x+x2 2(1-~x+~x2) =1(5+x)(1-~(x-x2)f1 

Now (1- ur' = 1 + (-1) (-u) + (-1)(-2) (-u)2 + (-1)(-2)(-3) (-u)3 + ... 
1 lx2 lx2x3 

= l+u+u2 +u3 + .... 

Writing ! { x-x2
) in place of u , 

(1-i{x-x2)f1 = l+(i{x-x2))+(i{x-x2))
2 
+(i(x-x2))

3 
+ .... 

Collecting together the terms on the right, and ignoring any powers higher than x 3 
, 

( 1 ( 2))-1 1 ( 2) 1 ( 2 3 ) . 1 ( 3 ) 1-2 x - x = 1 + 2 x - x + 4 x - 2x + . . . + 8 x + . . . + ... 

1 1 2 3 3 =1+ 2 x- 4 x - 8 x + .... 

Therefore, multiplying by !(5 + x), 

5+x 1 ( 1 1 2 3 3 ) ---2 =1(5+x)1+ 2 x- 4 x - 8 x + ... 
2-x+x · 

1 (5 S S 2 IS 3 I 2 1 3 ) =1 + 2 x- 4 x - 8 x + ... +x+ 2 x - 4 x + ... 

1 (s 1 3 2 17 3 ) =2 +1X-4X -BX + ... 
57 32173 =1+4X-gX -f6X + .... 
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The required expansion is i +ix- i x2 
- ~ x 3 

. 

If an algebraic expression has a denominator which factorises, like 

5+x 5+x 
2-x-x2 = (2+x)(l-x)' 

there is a simpler way of expanding it, by first splitting it into partial fractions. This technique 
is explained in Chapter 15. 

~~~~~ltlm~&~ Exercise 14 ~i~~~Mi~~~~~~i§.i}f~Ja1K~lli~~~~ 

1 Expand the following in ascending powers of x up to and including the term in x 2
• 

(a) (l+xr3 (b) (l+xr5 (c) (I-xr4 (d) (I-xr6 

2 Find the expansion of the following in ascending powers of x up to and including the term 
in x 2

. 

(a) (1+4xr1 (b) (1-2xr3 (c) (1-3xr4 

3 Find the coefficient of x 3 in the expansions of the following. 

(a) (I-xr1 (b) (1+2xr1 (c) (1+3xr3 

(e) (1-jxf6 (f) (l+a.xr4 (g) (l-bxr4 

(d) (I+ixr2 

(d) (I-4xr2 

(h) (I-cxrn 

4 Find the expansion of the following in ascending powers of x up to and including the 
term in x 2

. 
I 

(a) (l+x)3 
3 

(b) (l+x)4 
3 

(c) (1-x)2 (d) (i-xr-l: 

5 Find the expansion of the following in ascending powers of x up to and including the 
term in x 2

. 

(a) (1+4x)-l: 
I 

(b) (1+3xP (c) (1-6x)4 (d) (1-ixrt 

6 Find the coefficient of x 3 in the expansions of the following. 

(a) (1+2x)i (b) (1-sxr-l: (c) (I+ix)1 

(e) (l-7xr4 (f) (1+.flx)-l: (g) (l+a.x)i 

3 

(d) (1-4x)4 

(h) (1- bx r-J:n 

7 Show that, for small x, ~1 + ! x "' 1 + ~ x - rh- x2
. Deduce the first three terms in the 

expansions of the following. 

(a) ~1-!x (b) ~l+!x2 (c) .J4+x (d) .J36+9x 

8 Show that 
1 

2 "' 1+3x + 'Ij x2 + ¥ x 3 and state the interval of values of x for which 
(I-ix) 

the expansion is valid. Deduce the first four terms in the expansions of the followirig. 

4 
(a) (1-ix)2 

(b) 1 
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9 Find the first four terms in the expansion of each of the following in ascending powers of 
x. State the interval of values of x. for which each expansion is valid. 

(a) -Jl:- 6x 

(e) ~1+2x2 

1 
(i) (2 + x)3 

1 1 
(b) 1+5x (c) ~1+9x 

(f) ~8-16x 

4x 
(j) ~4+x3 

10 
(g) -( -1 )2 

l+3X 

(k) ~1+ 8x 

(d) (1-2x)4 

2 
(h) 2-x 

12 
(1) (-J3 - x )4 

10 Expand -)1+8x in ascending powers of x up to and including the term in x3
. By givi~g· a 

suitable value to x, find an approximation for -Jl .08 . Deduce approximations for 

(a) Ms, (b) -J3. 

11 Expand ~1+4x in ascending powers of x up to and including the term in x2
. 

(a) By putting x == 0.01, determine an approximation for \!13o .. 
(b) By putting x == -0 .000 25 , determine an approximation for V999 . 

12 Given that the coefficient of ~3 in the expansion of 
1 

, is -2160, find a. 
(1 +ax) 

13 Find the coefficient of x2 in the exp~sion of (l - 2
x )

2 

(l+x) 

14 · f' hr · th · · d' f f .,jl + 2x S th Fmd the rrst t ee terms m e expansion m ascen mg powers o x o r;--;;- . tate e 
-vl-4x 

values of x for which the expansion is valid. By substituting x == 0.01 in your expansion, 

find an approximation for Jfi . 

15 Given that terms involving x4 and higher powers may be ignored and that 

-· 
1
--3 -

1 
A == bx2 + cx3 

, find the values of a , b and c. 
(l+ax) (1+3x) 

16 Find the expansion·of ( 
1 

?\ in ascending powers of x up to and including the term· 
1- x+x 

in x 4
. By substitution of a suitable value of x, find the approximation, correct to 12 

1 . 
decimal places, of ----

0.998 999 

17 Find the first three terms in the expansion in ascending powers of x of 

(a) 8 2 , (b) 1+2x 0 • 

(2 + x-x2
) (1-x+2x2

) 

18 Given that the expansion of (1 +ax)" is 1-2x + jx2 + kx 3 + ... ,find the value of k. 
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~1£1Jfilf~73~~§'r~~:Z~l?:3~~}~~;J~3 Miscellaneous exercise 14 ~t~f~;~{;~~~~J.ti11"ill:~~·~~~1~le~'.'.T;~;{ -~~2~55~~IJ 

1 Find the series expansion of (1+2x)~ up to and including the term in .x3
, simplifying the 

coefficients. (OCR) 

2 Expand (1- 4x)! as a series of ascending powers of x, where Ix I<!, up to and including 
the term in x 3

, expressing the coefficients in their simplest form. (OCR) 

3 Expand (1+2x )-3 as a series of ascending powers of x, where I x I < ! , up to and 
including the term in x3, expressing the coefficients in their si°mplest form. (OCR) 

4 Expand 
1 

?. as a.series in ascending powers of x, up to and including the term in 
(1+2x2) 

x 6
, giving the coefficients in their simplest form. (OCR) 

. I 

S Obtain the first three terms in the expansion, in ascending powers of x, of ( 4 + x )2 . State 
the set of values of x for which the expansion is valid. (OCR) 

3 

6 If x is small compared with a , expand a 3 

4 (a2+x2)2 
in ascending powers of ~ up to and 

a 

including the term in x 
4 

. 
a 

(OCR) 

7 Given that Ix I < 1, expand .,)1 + x as a series of ascending powers of x, up to and 
including the term irt x 2

. Show that, if x is small, then (2 - x ).,JI+ x ,,,·a+ bx2
, where the 

values of a a~d b are to be stated. . (OCR) 

8 Expand (1- xf2 .as a series of ascending powers of x, given that Ix I< 1. Hence express 
1 

+ x 2 in the form 1+3x + ax2 + bx3 + ... , where the values of a and b are to be stated. 
0-zj . \ 

(OCR) . \\ 

9 Obtain the first three terms in the expansion, in ascending powers of\ of (8 + 3x )% , 
stating the set of values of x for which the expansion is valid. \ (OCR) 

10 Write down the first four terms of the series expansion in ascending powers of x of 
(1 :-- x)!, simplifying the coefficients. By taking x = 0.1, use your answer to show 

that V900 "" 1;6~~
1 . (OCR) 

11 Give the binomial expansion, for small x, of (1 + x)± up to and including the term in x2
, 

and simplify the coefficients. By putting x = f6 in your expression, show that 

~,,,~17 (Offi) 
4096. 

2+(1+lx)
6 

12 Expand 
2 

+ 3~ .in ascending powers of x up to and including the term in x2
. 

(OCR) 
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I 

13 Show that 26 ( 1- 2~2 ) 
2 

= n'13 , where n is an integer whose value is to be found. Given 

that J x J < 1 , expand (1- x) ! as a series of ascending powers of x, up to and including the 

term in x2
, simplifying the coefficients. By using the first two terms of the expansion of 

26 (1- -4)! , obtain an approximate value for '13 in the form !!.. , where p and q are 
26 q 

integers. (OCR) 

14 Show that, for small values of x, (1 + x )t "" 1 + ~ x - ~ x 2 . Sketch on the same axes (with 
the aid of a graphic calculator if possible) the graphs of y = (1 + x )t , y = 1 + ~ x and 

y=l+~x-~x2 . 
Compare the graphs for values of x such that 

(a) -3<x<3, (b) -l<x<l, (c) -0.2<x<0.2. 

15 Show that the expansion of (1+4x t 2 in ascending powers of x is 1- 8x + 48x 2 
- ... and 

state the set of values of x for which the expansion is valid. Compare, for suitable values 
of x,thegraphsof y=(1+4xt2

, y=l-8x and y=l-8x+48x2
. 

16 Given that 1 = (1 + x )2 (A+ Bx+ Cx2 + Dx3 + ... ), equate coefficients of powers of x to 
find the values of A , B , C and D. Hence state the first four terms of the expansions in 
ascending powers of x of 

(a) (l+xr2
, (b) (1-x2 f2, (c) (1+2x2 f2. 

17 Given that 1 = ( 1 + x + x2 )(A+ Bx+ Cx2 + Dx3 + Ex4 + ... ),equate coefficients of powers 
of x to find the values of A , B , C , D and E . Hence 

(a) find the value of 
1 

correct to 16 decimal places; 
1.000 300 09 

1 2 3 4 
(b) show that ( 2 )( 2 ) ""1-3x+2x +9x -21x for small 

1 + x + x 1+2x + 4x 

values of x . 

.18 Expand --
1
- 2 , where J x J < 1, in ascending powers of x up to and including the term in 

(1-x) 

x3
. You should simplify the coefficients. By putting x = 10-4 in your expansion, find 

~correct to twelve decimal places. (OCR) 
0.9999 

19 Expand (1 + x ti in ascending powers of x as far as the term in x2
, simplifying the 

I 

coefficients. Prove that ~ ( 1 + 
8

1

0 
r• = st and, using your expansion of (1 + x ti with 

x = 81, find an approximate value for si, giving five places of decimals in your answer. 

(OCR) 
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20 Write down and simplify the series expansion of ~ , where Ix I < 1, up to and 
-vl + x 

197 

including the term in x 3
. Show that using just these terms of the series with x = 0.4 gives 

a value for )-, which differs from the true value by less than 0.7%. By replacing x by 
-vl.4 

J
0.2 1 

z2 in your series and then integrating, show that ~ 
2 

dz"' 0.1987. 
o l+z 

(OCR, adapted) 

21 * Show that the coefficient of xn in the series expansion of (1 + 2x r 1 is (-1 t ( n + 1 )2 n. 

22* Show that the coefficient of xn in the series expansion of (1- x rt is ?n )! " . 
2 n(n!) 

23 Find the first three terms in the expansion in ascending powers of x of )
1+ 2

x . By 
1-x 

putting x = 0.02 in your expansion, find an approximation for -JG. 

24 Find the first five terms in the series expansfon of -
1
-. Use the expansion to find an 

1+2x 

approximation to f o.1 -
1
- dx. By also evaluating the integral exactly, find an 

-0.2 1+2x 

approximation for In 2 . 

2 F. d h f hr · h · · d" f f 3 +4x+x
2 

H 5 m t e irst t ee terms m t e expansion m ascen mg powers o x o ~ . ence 
3 1 1 

f
o.s 

2 
+ 2 x 

. . . 3+4x+x 
fmd an approximation to 

3 
~ dx . 

-0.5 \f 1 + -zX 

26 Find the first three terms in the expansion 
in ascending powers of x of 

1 

(1-2x2
)

2
(1+3x2

)
2

. 

The diagram shows the graph of 

y = 3 - 52x2 and part of the graph of 

1 
y = 2 2. 

(1-2x2
) (1+3x2

) 

Use your expansion to find an 
approximation to the area of the region 
shaded in the diagram. 

y 

x 



15 Rational functions 

This chapter is about rational functions, which are fractions in which the numerator and 
the denominator are both polynomials. When you have completed the chapter, you should 

• be able to simplify rational functions by cancelling 
• be able to add, subtract, multiply and divide rational functions 
• be able to split simple rational functions into their partial fractions 
• be able to us(! partial fractions to integrate some rational functions and to find binomial 

expansions. 

15.1 Simplifying rational functions 

In Chapter 1 you saw that in many ways polynomials behave like integers. Similarly 
rational functions (also called 'algebraic fractions') have many properties in common 
with ordinary fractions. For example, just as you can cancel a fraction like ~~ to get i , 
you can cancel a rational function, bl1t it is a little more complicated. Since you cancel 
~~ in your head, it is worth looking to see what is actually happening: 

10 2x5 2 

15 3 x 5 3 

Start by factorising the numerator and denominator. Then you can divide the numerator 
and denominator by any common factor (5 in the example) to get the simplified fraction. 

The same process is used to simplify rational functions. However, you need to realise 
that you cannot cancel common factors of single terms. For example, you can't cancel 

the 2s which appear in the numerator and denominator of x -
2 

. A fraction bar acts 
2x-l 

x-2 (x-2) 
like a bracket, so -- must be thought of as -( --) . Since x - 2 and 2x -1 have 

· 2x-l 2x-1 

no common factor, no cancellation is possible. 

Example 15.1.1 

Simplify (a) x - 2 , 
2x-4 

(b) ;x-3 , 
6x -x-12 

x-2 (x-2) 1 
(a)--= =-. 

2x-4 2(x-2) 2 

(c) 3x
2 

-8x+4. 
6x2 -7x+2 

(b) 
2
2x-3 = (2x-3) =-1-. 

6x -x-12 (2x-3)(3x+4) 3x+4 

( )
.3x2 -8x+4 _ (x-2)(3x-2) _ x-2 

c 2 - - . 
6x -7x+2 (2x-1)(3x-2) 2x-1 
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You cannot cancel the last answer any further. If you have factorised fully, you can only 
cancel factors if they are exactly the same, or if one is the negative of the other. For 

2x - 3 -( 3 - 2x) 
example, you could cancel -- as -1. 

3-2x 3-2x 

You can check these simplifications by putting x equal to a particular value, say x = 0 
(provided your chosen value of x does not make the denominator equal to 0). In part (a), 

putting x = 0 in the original expression gives ::::i = ! , which is the same as the simplified 

version. In part (b), the original becomes ~32 =-,! and the answer becomes % . In part (c), 

the original is i = 2 and the answer is ::::i = 2. 

15.2 Adding and subtracting rational functions 

In cancelling and simplifying rational functions, you worked in the same way as in 
normal arithmetic. To add and subtract rational functions you also follow the same 
principles as arithmetic, but you need to take special care of signs. 

In arithmetic, to calculate H- ;0 you start by finding the lowest common multiple 
(LCM) of 15 and 20. You can easily see that the LCM is 60. But if you couldn't spot it, 
you would factorise the denominators, 

11 7 11 7 
15- 20 = 3x5- 2x2x5' 

from which you can work out that the LCM is 2 x 2 x 3 x 5 = 60. Now 

11 7 llx4 7x3 44 21 44-21 23 
---=-----=---=--=-
15 20 15x4 20x3 60 60 60 60 

Example 15.2.1 

Express as single fractions in their simplest forms (a) ]_ _ 3. 
x 3' 

3 6 
(b)----. 

x+2 2x-l 

(a) The LCM of x and 3 is 3x. So .!. _ 3. = 1x3 _ 2 xx _ 3 2x 3 - 2x 
x 3 3x 3x - 3x - 3x = ~ 

(b) The LCM of x + 2 and 2x -1 is (x + 2)(2x -1). Subtracting in the usual way, 

3 6 
x+2 2x-l 

3(2x-1) _ 6(x+2) 

(x + 2)(2x -1) (x + 2)(2x -1) 

6x-3-6x-l2 

(x + 2)(2x -1) 

-15 

(x+2)(2x-1) · 

Notice the sign change which gives -6x-12 in the second step of part (b). 

Don't forget to check mentally by substituting a numerical value for x which makes the 

calculations easy. Try x = 1 for part (a) and x = 0 for part (b). 
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Example 15.2.2 

E 3lx - 8 14 . l f . . . l xpress 
2 

- -- as a smg e ractlon m its owest terms. 
2x +3x-2 x+2 

The first step, as before, is to find the LCM. The solution goes: 

3lx-8 14 
2x2 +3x-2 -~2 

3lx-8 14 

(2x-l)(x+2) x+2 

3lx-8-28x+14 

3lx-8-14{2x-l) 

(2x - l)(x + 2) 
3x+6 

(2x - l)(x + 2) (2x - l)(x + 2) 

3{x + 2) 
(2x-l)(x+2) =--

3 
2x-1 

15.3 Multiplying and dividing rational functions 

Normal arithmetic methods also apply to multiplication and division of rational 
functions. 

Division is defined as the reverse of multiplication in the sense that 

a x k = b <=> b + k = a (provided that k ;i: 0 ) . 

4 3 . 3 4 
Thus - + - is the number (or fraction) x, such that - x = - . 

15 20 20 15 

Multiply both sides of the equation by the inverse (reciprocal) of ~, which is 
20 

: 
20 3 

20 x(~x)= 20 x~ 
3 20 3 15 

<=> (20 x ~)x = 20 x ~ <=> 
3 20 3 15 

20 4 
<::::> X=-X-. 

3 15 

20 4 
lx=-X-

3 15 

This justifies the method for dividing by fractions in arithmetic ('tum it upside down 
and multiply'), which you may have used before. Then 

20 4 2x2x5 2x2 16 
x=-X-

3 15 3 x3x5=9· 

In general, if a, b , c and d are integers, and x =~+~,then ~ x = ~. 
. d b b d 

M 1 · 1 · b h . f a h" h . b . b a b c b c u tip ymg y t e mverse o - , w ic is - , gives - x - x = ~ x - <=> x = - x - . 
b a ab ad ad 

Example 15.3.1 

Simplify the rational functions 
2 2 

(a) -xx -2x 
x~' 

(b) x-2 : __ x . 
x 2 -4x+3 2x2 -7x+3 

(a) ~ x x
2 

- 2x = ~ x x(x - 2) = 2x(x - 2) = 2 . 
x x-2 x x-2 x(x-2) 
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(b) x-2 . + x 
x 2 -4x+3 2x2 -7x+3 

x - 2 2x2 - 7 x + 3 ---x----
x2 -4x+ 3 x 

x-2 (2x-l)(x-3) ----x----
(x-l)(x-3) x 

(x - 2)(2x -1) 

x(x-1) 

I.,,,, .. ,~~ 
.~~ Exercise 15A 

1 Simplify 

(a) 4x-8 
2 

(d) ~ __ , 

2 Simplify 

(a) 5x+15, 
x+3 

(d) 3x-7 
7-3x' 

3 Simplify 
2 

(a) x +5x+4 
x+l 

2 
(d) x +5x-6 

x2 -4x+3, 

4 Simplify 

2x x 
(a) 3-4, 

d 
2x+l x+2 () _5 ___ 3_' 

5 Simplify 

2 3 
(a) ~+4, 

(d) x+3+x-4, 
2x x 

· 6 Simplify 

2 4 
(a)-+-, 

x+l x+3 

7 2 
(d) ---, 

x-3 x+l 

(b) 9x+6 
3 

(e) (2x+6)(2x-4) 
4 

(b) ~. 
4x+4 

(e) (2x+8)(3x+6) , 
(2x+4)(3x+12) 

x-2 
(b) 2 - . , 

x ,. 

(e) 2x
2

+5x-12, 
2x2 -llx+12 

(b) 5x +::- 3x 
2 3 4 , 

(e) (x + l)(x + 3) (x + 2)2 
2 4 

1 2 
(b) -+-, 

2x x 

(e) 3xx-1 _ x;l, 

5 3 
(b) -+--, 

x-2 2x+l 

4 5 
(e) --+--, 

2x+3 3x+l 

(c) 2x2 -6x+12 
2 

x 
(f) x3 +x2 +x 

(c) 2x+5, 
5+2x 

(f) 2x
2 

- 6x + 10 . 
3x2 -9x+15 

(c) 6x
2 

+4x, 
4x2 +2x 

(f) 8x2 -6x-20 
2+5x-3x2 · 

(c) x+2 x+l 
3 

+--4 , 

(f) 3x+4- 2(x+3) 
5 

5 2 
(c) ---

4x 3x' 

(f) x + 1+x+1 
x x2 

4 2 
(c) ---, 

x+3 x+4 

6 2 
(f) ---

2x+l 5x-3 
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7 Simplify 
5 2 

(a) -----, 
3x-1 2x+ 1 

6 3 
(b) ----, 

4x+l 2x 
(c) ~+~, 

x+2 x+l 

(d) ~--x-, 
2x-1 x+2 

() 
x+l x+2 

e --+-­
x+2 x+l' 

(f) 2x + 1 _ x - 5 
x+4 x-2 

8 Simplify 

( ) 
2x +3 2 

a +--
(x + l)(x + 3) x + 3' 

() 
5 x+2 

c --+-2--, 
x-3 x -3x 

( ) 
13-3x 4 

e 2 +-, 
x -2x-3 x+l 

9 Simplify 

() 
4x+6 3x-12 

a --x-­
x-4 2x+3' 

( ) 
x2 + 9x + 20 3 c x--

x+3 x+4' 

() 
4x+12 x 2 +2x+l e --x----
2x+2 x 2 +6x+9' 

10 Simplify 

(a) x+2 + 2x+4, 
2x+3 8x+12 

1 
(c) 2 · 2 • 

x +6x+6 x +8x+16 

() 
x 2 +5x-6. x2 +9x+18 

e 2 · 2 • x -5x+4 x -x-12 

(b) 5x +-1-, 
x2 +x-2 x+2 

8 4 
(d) -2---, 

x -4 x-2 

(f) llx + 27 __ 3_ 
2x2 +llx-6 x+6 

(b) x2-4x~. 
x+2 x-2 

(d) x
2 

+ 3x + 2 xx:+ 5x + 6 
x 2 +4x+4 x +2x+l 

(f) 4x
2 
-9 x 9x

2 
-12x+4. 

9x2 -4 4x2 -12x+9 

(b) _x_+~, 
5-2x 2x-5 

Sx-1 1 
(d) -.-2- . 2 ' 

2x +x-3 2x +7x+6 

-2x2 +?x-6 7x-x1 -10 
(f) 2 + 2 . 

8x -lOx-3 5+19x-4x 

11 Given that _a_+ _b_ = 
2 

lSx , find the values of the constants a, b and c. 
x - 2 x + c x + 2x - 8 

12 Given that (x f ~)f(x) \ = 1, find f(x) in its simplest form. 
(x+3) x -x-6 

13 Given that P(x) = -
5

- and Q(x) =-
2
-, 

x+4 x-3 

(a) find 2P(x) + 3Q(x) in simplified form, 

(b) find R(x),where R(x)+4Q(x)=3P(x). 

14 Simplify 

2 1 
(a) 3 2 + 3 2 ' x ...,. 3x + 2x x - 6x + llx - 6 

(b) 
5 4 

J;;.;:".-'~~;-::.~.~1S21.:::~.~;.;~:~~:: :· :;:-;:::;,c-;:_,_-· :;,s_- ·::~:.'::~ .?..,:r ~o ''° :. 
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15.4 Partial fractions with simple denominators 

Sometimes you need to reverse the process of adding or subtracting rational functions. 

For example, instead of adding -
3
- and -

2
- to get ( 

7 
x )( 

8 
, , you might need 

2x - I x - 2 2x - I x - 2 

to find the fractions which, when added together, give ( 
7 

x )( 
8 

) . 
2x-I x-2 

This process .is called splitting into partial fractions. Suppose you need to calculate 

f __ 7x_-_8_dx. 
(2x - l)(x - 2) 

You cannot do this as it stands. However, if you rewrite the integrand using partial · 
fractions, you can integrate it, as follows: 

f ?x-8 dx-f( 3 2 )dx-J 3 dx J 2 dx 
(2x-l)(x-2) - 2x-1 + x-2 - 2x-1 + x-2 

= f lnl 2x-I l+2lnl x-2 l+k. 

You may need to refresh your memory from Section 4.5. 

In this case, to split , 
7 \7 8 

, into partial fractions start by supposing that you can 
2x-I x-2 

write it in the form 

7x-8 A B 
----=--+--
(2x-l)(x-2) - 2x-I x-2' 

where the identity sign = means that the two sides are equal for all values of x for 

which they are defined: here, all values except x = ! and x = 2, where the 
denominators become 0. 

From this point, there are two methods you can use. 

Equating coefficients method 
Expressing the right side as a single fraction, 

7x-8 = A(x-2)+B(2x-1) 
(2x - I)(x - 2) - (2x - l)(x - 2) 

Mu~tiplying both sides of the identity by (2x - I)(x - 2), 

7x-8 = A(x-2)+ B(2x-I). 

You can now find A and B by the method of equating coefficients (Section 1.3). 

Equating coefficients of x 1 
: 7 = A+ 2B. 

Equating coefficients of x0 
: -8 = - 2A - B. 

Solving these two equations simultaneously gives A= 3, B = 2. 
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To find A, multiply both sides of the identity ( 
7 

x )C 8 
) =_A_+___!!__ by 

2x - 1 x - 2 2x - 1 x - 2 

Substitution method 

2x - 1 to obtain 

7x-8 2x-1 
--=A+B--. 
x-2 x-2 

l_g _2 
Putting x = :!- gives A = f--- = ---1 = 3. 

2- 2 -2 

S··11 f.d 1·1th·d. 7x-8 x-2 im1 ar y, to m B, mu tip y e I entity by x - 2 to get --= A --+ B . 
2x-1 2x-1 

. . 7x2-8 6 
Puttmg x = 2 gives B = = - = 2. 

2x2-1 3 

7x-8 = ._3_+-2-
By either method (2x - l)(x -2) - 2x -1 x -2 

There are three important points to make about these solutions. 

• Always check your answer by testing it with a simple value of x. For example, 
putting x = 0 gives -4 for the left side, and -3 -1 = -4 for the right. 

• In the substitution method, the values· x = :!- and x = 2 are chosen because they 
give simple equations for A and B. You could have chosen other values for x, but 
the equations for A and B would have been more complicated. Try it and see! 

• You may be worried that, at the beginning of the example, the values x = t and 
x = 2 were excluded, but they are then used in the substitution method. The fact is that 

7 x - 8 3 2 2x -1 . " 11 2 . 1 d. 1 S . . 11 . h --= + -- is true ior a x except x = , me u mg x = 2 . o it is a ng t 
x-2 x-2 

to use x = t to find A ; since there is no need to exclude x = t in the identity 

7 x - 8 2x -1 . A B 7 x - 8 
--= A+ B--. But the partial fraction form --+ -- = , 
x-2 x-2 2x-1 x-2 (2x-l)(x-2) 

has no meaning when x = t (or when x = 2). 

~~~~.~~]..~~~~~~~~~~ 

An expression of the form ax + b can be split 
(px + q)(rx + s) 

into partial fractions of the form _A_ + __!!___ . 
px+q rx+s 
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Example 15.4.1 

S 1. 13x - 6 . . l fr . p it 2 mto partia act10ns. 
3x -2x 

. 13x - 6 . 13x - 6 13x - 6 A B 
Rewnte 2 m the form ( , and then put ( = - + --. 

3x -2x x 3x~2) x 3x-2) x 3x-2 

Using the equating coeffi.Cients method 13x-6 = A(3x -2) +Bx 
A(3x-2)+Bx=l3x-6. 'x(3x-2)- x(3x-2) .so 

Equating coefficients of x 1 
: 3A + B = 13. 

Equating coefficients of xO : -2A = -6. 

Solving these two equations simultaneously gives A = 3 , B = 4. 

13x - 6 = ~ + _4_ . 
Therefore x(3x- 2) - x 3x- 2 

Example 15.4.2 

Split l 2x . . 
(x + 1)(2x + 3)(x _ 3) mto partial fractions. 

12x A B C 
Put =--+--+--

(x+1)(2x+3)(x-3) x+l 2x+3 x-3 

Use the substitution method: multiplying by x + 1 gives 

12x x+l x+ 1 ----= A+B--+C-. 
(2x + 3)(x - 3) 2x + 3 x - 3 

. 12x(-1) -12 
Puttmg x = -l, A= (2x (-1) + 3)((-1)-3) = lx (-4) = 3 · 

Similarly, after multiplying by 2x + 3 and putting x = - ~, you get B = -8; 
multiplying by x - 3 and putting x = 3 gives C = 1. 

12x 3 8 1 
Therefore = -----+ --

(x + 1)(2x + 3)(x - 3) x+l 2x+3 x-3 

If you try to use the equating coefficients method in this example, you get three 
simultaneous equations, with three unknowns, to solve. In this case, the substitution 
method is easier. 
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Example 15.43 

J
4 1 

Calculate the value of ( ) d.x . 
1 x x-5 

W . 1 . . lf . ,, 1 A B 
nte -(-- m part1a raction 1orm, as -(--) = - + --. 

x x - 5) x x - 5 x x - 5 

1 _.!_ l 
Either method gives A== -! and B == ! , so ( ) = -2 + - 5

-. 
xx-5 x x-5 

4 f 4[ 1 1 ) Therefore f -( 1 
) d.x == _ l + _L d.x. 

1 x x-5 x x-5 
I 

Remembering that x - 5 is negative over the interval of integration, rewrite this 

integral as f 
4 [-1- ! ) d.x (this method was used in Example 4 .5 .1). Then 

x 5-x 
I 

J
4[_l _ _J__)dx == [-llnx + l 1n(5-x)]

4 

X 5-x S 5 I 
I 

== (-~ ln4 + ~ lnl)-(-~ lnl + ~ 1n4) 

== -~ ln4 + !lnl + ~ lnl-~ ln4 

==%lnl-%ln4 ==-%ln4. 

You may find it helpful to look up Sections 4.4 and 4.5 on definite integrals involving 

logarithms. 

~'•'" Ml!P\llliff ?Tl"' Exercise 15B 

1 Split the following into partial fractions. 

(a) 2x+8 (b) 10x+8 
(x+5)(x+3) (x-l)(x+5) 

x 
(c) (x _ 4)(x - 5) 

28 
(d) (2x - l)(x + 3) 

2 Split the following into partial fractions. 

(a) 
2
8x+ 1 (b) 

2 
25 

x +x-2 x -3x-4 

3 Split into partial fractions 

(c) lOx-6 
x2 _9 

(a) 35-5x , 
(x + 2)(x - l)(x - 3) 

8x2 

(b) . , 
(x + l)(x - l)(x + 3) 

3 
(d) 2x2 +x 

() 
15x2 -28x-72 

c . 3 2 . 
x -2x -24x 
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4 Find 

f ?x-1 
(a) (x - l)(x - 3) dx' (b) f +.-dx, 

x -4 

(c) J 15x + 35 dx, 
2x2 +5x 

(d) f :-8 dx. 
6x -x-1 

5 Evaluate the following, expressing each answer in a form involving a single logarithm. 

(a) 2x+5 dx (b) 3x+5 dx f w f 3 

2 {x-l){x+6) 0 (x+l)(x+2) 

f 5 6x 
(c) -

2
-dx 

4 x -9 

3 

J,2 4x-18 
(d) 2 dx 

1 4x +4x-3 

6 Split 
2 

- x into partial fractions and hence find the binomial expansion of 
{l+x){l-2x) 

2 
- x up to and including the term in x 3 • 

{1+x){l-2x) 

7 Split 2 
3 

into partial fractions and hence find the binomial expansion of 
8x +6x+l 

2 -
3 
-- up to and including the term in x 3

• State the values of x for which the 
8x +6x+l 

expansion is valid. 

8 S 1. 4ax - a2 . . I f . 
p It 2 ? mto partia rachons. 

x +ax-2a 

i3../5 4-JS 
9 Find the exact value of - 2--dx . 

2../5 x -5 
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15.5 Partial fractions with a repeated factor 

You will have noticed in the examples of the last section that when the denominator has 
two factors there are two partial fractions, with unknowns A and B. When the 
denominator has three factors, there are three fractions, with unknowns A, Band C. 
The equating coefficients method shows why, since you can find two unknowns by 
equating coefficients of x 0 and x 1

, and three unknowns by equating coefficients of x 0
, 

x 1 and x2
. 

S Id 
3x

2 
+ 6x + 2 1· · hr f · T f th b o you wou expect 2 to sp It mto t ee rachons. woo ese must e 

. (2x+3)(x+l) 

_A_ and ~. The third fraction is _!;_. So write 
2x+3 (x+l) x+l 

3x2 +6x+2 A B C -----= --+---+--
(2x +3)(x+ 1)2 - 2x+3 (x+1)2 x+l · 
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Then multiplying the identity by 2x + 3 gives 3x
2 

+ 6x 2+ 2 A+ B(2x + 3) + C(2x + 3) 
(x+l) (x+1)2 x+l 

( )
2 

. 3 . 3 x _ l + 6 x - 3 27 
Puttmg x=-2 gives A= 2 ( 2)+2.:... 4-9+2 _! 

(-i+1)2 - (-!)2 = t =-1. 

You might next try multiplying the identity by x + 1, which gives 

3x2 + 6x + 2 A(x + 1) B 
----= +--+c. 
(2x+3)(x+l) 2x+3 x+l 

But you cannot put x = -1 because neither side of the identity is defined for x = -1 . 

However, you can multiply the original identity by (x + 1)2 to get 

3x
2 

+ 6x + 2 _ A(x + l)
2 

+ B + C(x + 1). 
2x+ 3 = 2x+ 3 

Putting x=-1 now gives B=3x(-1)
2

+6x(-1)+2_3-6+2 
(2x(-1)+3) - 1 =-1. 

Thus 3x
2 

+ 6x + 2 =----=!_ +-=-!____ + ___E__. 
(2x+3)(x+1)2 2x+3 (x+1)2 x+l 

Here are two ways to find C . The first uses substitution and the second uses algebra. 

Substitution method 
There is no other especially convenient value to give x, but putting x = 0 in the original 

. . . 3 x (0)2 + 6 x 0 + 2 A . B C 2 1 . 
identity gives 2 = +---2 +--,or 3 = 3 A+B+C. Usmgthe 

(2x0+3)(0+1) 2x0+3 (O+l) O+l · 

values A= -1 and B = -1, which you know, leads to C = 2. 

Thus 3x2 + 6x + 2 = ----=!_ +-=-!____ + ~. 
(2x + 3)(x + 1)2 2x + 3 (x + 1)2 x + 1 

Algebraic method 

W
. 3x2 +6x+2 -1 -1 C 

nte ---+--+--as 
(2x+3)(x+1}2 2x+3 (x+1)2 x+l 

C 3x2 + 6x + 2 1 1 3x2 + 6x + 2+(x+1)2 + 2x + 3 
--= +--+-- = -------.,----
x + 1 - (2x + 3)(x + 1)2 2x + 3 (x + 1)2 - (2x + 3)(x + 1)2 

3x2 + 6x + 2 + x 2+2x+1+2x + 3 4x2 + lOx + 6 

(2x + 3)(x + 1)2 = (2x + 3)(x + 1)2 

2(2x + 3)(x + 1) 2 
= (2x+3)(x+1)2 = x+l · 
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3x
2 

+6x+2 = ____:!_+~+-2-. 
Therefore C = 2' as before, and (2x + 3)(x + 1)2 2x + 3 (x + 1) x + 1 

The key to finding partial fractions is to start with the correct form involving A , B and 
C. If you do not have that form, you will not be able to find the partial fractions. 

A . f h " ax2 +bx+ c b l" . . I n expression o t e iorm ? can e sp 1t mto partia 
(px + q)(rx + s) 

fractions of the form _A_+ B 
2 

+ ___£__ . 
px+q (rx+s) rx+s 

Example 15.5.1 
x2 -7x-6 . . . 

Express 2 ( m partial fractions. 
x x-3) 

x2-7x-6 x2-7x-6 A B C 
Write 2 ) intheform 2 =2+-+--. 

x (x-3 x (x-3) x x x-3 

You are advised to work through the details of this example for yourself. 

• • 2 . x2 - 7 x - 6 Cx2 . 
Multiplymg by x gives = A+ Bx+ -- : puttmg x = 0 leads to A = 2. 

x-3 x-3 

x2 -7x-6 A(x-3) B(x-3) 
Multiplying by x - 3 gives 2 = 2 + + C; putting x = 3 

x x x 
leads to C = -2. 

x2 -7x-6 2 B 2 
Therefore = - + - - --. 

x2(x-3) x2 x x-3 

Using the substitution method as on page 208, putting x = 1 leads to B ~ 3. 

x2 -7x-6 2 3 2 
Thus =-+----. 

x2(x-3) x2 x x-3 

Example 15.5.2 

E 
9 + 4x

2 
· · 1 f · d h f" d h b" · 1 · f xpress 2 . m partia ractions, an ence m t e morma expansmn o 

(1-2x) (2+x) 

9 + 2
4

x
2 

up to and including the term in x3 
• State the values of x for which the 

(1-2x) (2 + x) 

expansion is valid. 

Write 9+4x2 = A +-B-+__£. 
(1-2x)2(2+x) (1-2x)2 1-2x 2+x 

209 
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Multiplying both sides by (1- 2x )2 gives 9 + 4x
2 

= A+ B(l - 2x) + C(l - 2x )
1 

· 2+x 2+x 
Putting x = ! leads to A = 4 . 

M 1 . 1 · b th .d b 2 . 9+4x
2 

A(2+x) B(2+x) C u hp ymg o s1 es y + x gives · 2 = 2 + . + . 

Putting x = -2 leads to C = 1. 
(1-2x) (1-2x) 1-2x 

9+4x2 4 B 1 
Therefore 2 = · 2 +--+--. 

(1-2x) (2+x) (1-2x) 1-2x 2+x 

Using the algebraic method as on page 208, 

B 9+4x2 4 1 9+4x2-4(2+x)-(1-2x)2 
l-2x = (1-2x)2(2+x) - (1-2x)2 - 2+x = (1-2x)2(2+x) 

9+ 4x2 -8-4x-1+4x-4x2 0 
(1- 2x)2(2 + x) = (1- 2x)2(2 + x) = O. 

Thus 9 + 4x
2 

_ 4 1 
(1-2x)2(2+x) = (1-2x)2 + 2+x =4(1-2xr2 +(2+xr1. 

Using the binomial expansion, 

4(1-2xr2 = 4(1 + (-2) (-2x) + (-2)(-3) (-2x)2 + (-2)(-'3)(-4) (-2x)3 + ... ) 
1 lx2 1x2x3 

=4(1+4x+12x2 +32x3 + ... )=4+16x+48x2 +128x3 + ... , 

(1+xr
1 
=i-

1
(1+!xr1 =H1+!xr'. 

_ 1 ( (-1)(1 ) (-1)(-2)(1 )2 (-1)(-2)(-3)(1 )3 ) -2 1+ zx + zx + zx + ... 
1 lx2 lx2x3 

_ 1 (1 1 l 2 l 3 ) _ 1 1 l 2 I 3 -2 -2x+4x -sx + ... -2-4x+sx -I6x + .... 

Therefore 

4(1-2xr2 + (2 + x)-1 

=4+16x+48x2+128x3 + ... +~-ix+ix2 -~x3 + ... 

= 2 + § x + 385 x2 + 2047 x3 + 
2 4 8 16 ... , 

so the required expansion is 2 + 63 x + 385 x2 + 2047 x 3 
2 4 8 16 . 

The expansion of (1- 2x r1 is valid when I 2x I < 1, that is when I x I < ! . 

The expansion of (1 + !xf1 is valid when I !x I< 1; that is when Ix I< 2. 

for the final result to hold you require both I x I < ! and I x I < 2 , that is I x I < ! . 
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1 Split into partial fractions 

(a) 
4 

(x-l)(x-3)2
' 

(c) 
6 

x3 -4x2 +4x' 

2 Find 

(a) f 6x
2 

+27x+25 dx, 
(x + 2)2 (x+1) 

f
6 16 

3 Show that 2 dx = lj>- - In 3 . 
IX (x+4) 

. J,3 x(x + 14) 4 Fmd the exact value of 3 2 dx . 
2 2x -3x +1 

(b) 6x
2 

+ llx - 8 , 
(x+2)2(x-l) 

(d) 8-7x . 
2x3 +3x2 -1 

(b) f 91x+35 dx. 
(2x-3)(5x + 2)2 

5 Obtain the series expansion of 
1
2 up to and including the term in x 2 by 

(1+2x) (l-x) 

(a) multiplying the expansion of (1+2x r 2 by the expansion of (1- x r 1' 

(b) splitting 
1
2 into partial fractions and finding the expansion of each 

(1+2x) (l-x) 

fraction. 

~'rl 8¥6 TFPTT?"?'i&·asm111~:tG5ililffl~G!81'<l:A~~~-~ 

15.6 Partial fractions when the denominator includes a quadratic factor 

. h f th "d d ,, ax+ b d ax2 +bx+ c . I d Ne1t er o e types cons1 ere so iar, ( ) an ) 2 , me u es 
px+q (rx+s) (px+q (rx+s) 

· al · h 4x + 6 h · th dr · "' 2 9 · th ration expressions sue as ( 2 ) , w ere e qua at1c iactor x + m e 
(x-1) x +9 

denominator does not factorise. 

In this case, you would certainly expect to write 

4x + 6 A something 
--...,...---....,... = --+---= 
(x-l)(x2+9)- x-l x 2+9 · 

But what is the 'something'? 

Begin with the easy bit, and use the substirution method to find A . , -, 
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Multiply by x -1, and put x = 1 in the subsequent identity. 

4x + 6 A (something)(x -1) . h 
1 

. A 
1 - 2 - = + 2 wit x = gives = . 

x +9 x +9 

4x + 6 1 something 
Therefore ( 2 ) = --+ 2 · 

(x -1) x + 9 x -1 x + 9 

You can now find the 'something' by the algebraic method, since 

something 4x+6 1 4x+6-(x
2

+9) 

x2 +9 =(x-l)(x2 +9)- x-1= (x-l)(x2 +9) 

-x2 +4x-3 

= (x -l)(x 2 + 9) 

-(x - l)(x - 3) -x + 3 

(x -l)(x2 + 9) = x2 + 9' 

So the 'something' has the form Bx+ C. 

ax2 +bx+c 
An expression of the form ( )( 2 ) , where r and s have the same 

px+q rx + s 
. . .al f . ,, A Bx + C sign, can be split mto parti ractions of the 1orm --+ - 2--. px+q rx +s 

Here are two other techniques which you can use. 

f 4x + 6 A Bx +C . . l b. h . l 
I you write ( 2 ) = --+ - 2-- initial y, you can com me t e partia 

(x-1) x + 9 x -1 x + 9 

fractions to get a numerator which is a quadratic; so you can equate the coefficients of 

x0
, x 1 and x2 to get three equations, and solve them for A, B and C. This is the 

equating coefficients method. 

Or you can multiply by x - land put x = 1 as before to get A= 1, and then equate 
coefficients to find B and C . This is a mixture of the substitution method and the 
equating coefficients method. 

Example 15.6.1 shows these three techniques. Use whichever technique you find easiest. 

The 'substitution and algebraic' method used above has the advantage that it is self­
checking. If the fraction just before the final result does not cancel, you have made a 
mistake. If it cancels, there is probably no mistake. 

The equating coefficients method is in many ways the·most straightforward, but 
involves solving three equations for A , B and C . 

Example 15.6.1 

S 1
. 5x - 6 . . 

1 
f . 

p it . ( 2 ) mto partia ractions. 
(x+ 2) x +4 
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Substitution and algebraic method. 

W
. 5x-6 A Bx+C 

nte =--+--
(x + 2)( x2 + 4) - x + 2 x2 + 4 · 

. 5x - 6 (Bx+ C)(x + 2) 
Multiply by x + 2 to get - 2 - = A+ 2 , and put x = -2 . Then 

x +4 x +4 
5x(-2)-6 

2 =A, so A= -2. 
(-2) + 4 

Bx+C 5x-6 -2 5x-6-(-2)(x2+4) 
Then --= --- = -----'---'-

x2+4 -(x+2)(x2+4) x+2- (x+2)(x2 +4) 

2x2 + 5x + 2 (x + 2)(2x + 1) 2x + 1 

= (x+ 2)(x2 +4) = (x+ ~)(x2 +4) x2 +4 · 

So 
5x-6 -2 2x+l 

=--+--
(x+.2)(x2+4)- x+2 x2+4· 1 

Equating coefficients method 

W
. 5x-6 A Bx+C 

nte =--+--
(x + 2)( x2 + 4) - x + 2 x2 + 4 · 

Multiply by (x + 2)( x2 + 4) to get 5x - 6 = A(x2 + 4) +(Bx+ C)(x + 2), 

which you can write as 

5x-6= (A+ B)x2 +(2B +C)x + 4A + 2C. 

The three equations which you get by equating coefficients of x0
, x 1 and x2 are 

4A+2C=-6, 2B+C=5 and A+B=O. 

To solve these equations, put A = -B in the first equation to get -4B + 2C = -6, 

or -2B+C=-3.Solvingthisand 2B+C=5 gives B=2, C=l,so A=-2. 

So 
5x-6 -2 2x+l 
-.,......,---,-=--+--

(x + 2)( x2 + 4) - x + 2 x2 + 4 · 

Substitution and equating coefficients method 

Follow the argument in the substitution and algebraic method to get A= -2. 

Th b. . h f . . 5x - 6 -2 Bx+ C d . 
en, com mmg t e ractions m ( 2 ) --+ - 2-- an equatmg 

(x + 2) x + 4 x + 2 x + 4 

the numerators gives 5x - 6 = -2( x2 + 4) +(Bx+ C)(x + 2) , 

which you can write as 

5x -6= (-2+ B)x2 + (2B + C)x-8+ 2C. 
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Equating the coefficients of x2 gives -2 + B == 0, so B == 2. 

Equating the coefficients of x0 gives -6 == -8 + 2C, so C == 1 . 

Checking the x -coefficient: on the left side 5 ; on the right 2B + C == 2 x 2 + 1 == 5 . 

5x-6 -2 2x+l 
Therefore = --+ --. 

· (x+2)(x2+4) x+2 x2+4 

Notice that in the 'substitution and equating coefficients' method the coefficients of x2 
/r 

and x 0 are used to get the values of B and C. This is because they give the simplest 
equations. You will usually find that the highest and lowest powers give the simplest 
equations in these situations. However, you should be aware that equating the 
coefficients of x0 has the same result as putting x == 0; you get no extra information. 

Example 15.6.2 

E d 
1 + x · d. f f h · 5 xpan ( ?\ m ascen mg powers o x as ar as t e term m x . 

(1-x) l+x 

U . h b . . d al b . h d · l+ x A Bx + C smg t e su stitution an ge ra1c met o , wnte ( 2) --+ --2- . 
(1-x) l+x l-x l+x 

Multiplying by 1- x and putting x == 1 gives A == 1. 

Simplifying 
11 x 2) -

1
- to find the other fraction on the right gives 

(1-x) l+x l-x 

l+x 1 _ l+x-(l+x2) 

(l-x)(l+x2) 1-i= (l-x)(l+x2) 

x-x2 

= (l-x)(l+x2) 

_ x(l-x) 

= (1-x)(l+x2) 

x 
= 1+ x 2 · 

1 x l+x =--+--
2

• 
Therefore (l-x)(l+x2)- l-x l+x 

th b. "al h 1 + x . h " . Use e morru t eorem on ( · M ·mt e iorm 
(1-x)l+x 

l+x 
(1-x)(l+ x2) = (1-xr1 + x(l+ x2(. 
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This gives 

(1-xr1 + x(l + x 2 ( = 1 + (-l) (-x) + (-l)(-2) (-x)2 
1 lx 2 

(-1)(-2)(-3) 3 (-1)(-2)(-3)(-4) 4 
+ (-x) + (-x) 

lx2x3 lx2x3x4 
(-1)(-2)(-3)(-4 )(-5) 5 

+ (-x) + ... 
lx2x3x4x5 

+x 1+-x + x + ... ( 
(-1) 2 (-1)(-2)( 2)2 ) 

1 lx 2 

=l+x+x +x +x +x + ... +x 1-x +x - ... 2 3 4 5 ( 2 4) 

= 1 + 2x + x2 + x 4 + 2x 5 + ... . 

The required expansion is 1+2x + x2 + x 4 + 2x5
. 

Example 15.6.3 2 

Use partial fractions to differentiate x t: \ with respect to x. 
(x-4)x+4 

2 

Putting x t: \ into partial fractions gives 
(x-4)x. +4 

x 2 +x 1 1 
=--+-­

(x-4)(x2+4) x-4 x2+4· 

d [ x
2 
+ x l d ( 1 1 ) 

Then dx (x-4)(x2+4) = dx x-4 + x2+4 

d -I d ( 2 )-1 =dx(x-4) +dxx+4 

=-lx (x-4t2 + (-l)x (x2 + 4f2 x 2x 

1 2x _2 ___ 2· 

(x-4) (x 2 +4) 

Exercise lSD 

1 Express each of the following in partial fractions. 
2 

(b) 4-x (c) 2x
2
+x-2 (a) x + x . 

· (x-l)(x2 +1) (x+ l)(x2 +4) (x+ 3)(x2 +4) 

(d) 2x
2
+llx-8 (e) x

2
-3x+14 

2 
(t) 3+ 17x 

(2x - 3)(x2+1) (3x + 2)( x2 +16) (1+4x)(4 + x2) 

( ) 6-Sx (h) 
x2+18 

(i) 
17-25x 

g (1+2x)(4+x2) x(x 2 + 9) (x+4)(2x2 +7) 

215 



I 

216 PuRE MATHEMATICS 3 

2 Expand the following expressions in ascending powers of x as far as the term in x 3
• 

1-2x-x2 x 2 -8x 75-2x-3x2 

w ~ ~ 
(1 + x)(l + x 2

) (2x + l)(x 2 + 4) (1+3x)(25+ x 2
.) 

3 Use partial fractions to differentiate the following functions with respect to x. 

3x
2
-2x-1 (b 3x

2
+4 () x

2
-4x 

(a) ) c 
(x+2)(x 2 +1) x(x 2 +4) (x+4)(x 2 +16) 

£'..~.{·'li'i-1'.tf~J:;(\.:,;,:'-~~.~:::~3;:;·:;~.;:-7;:G.g~~~~~:&~ii-&?'fil'WP-~~,;,.~~™"~i·~1f~3:4·E&~~CE?:I.4~T;',1£:±'M~~'"mW'™V~~\;~~)~~~3'~ 

15.7 Improper fractions 

So far all the rational functions you have seen have been 'proper' fractions. That is, the 
degree of the numerator has been less than the degree of the denominator. 

R · l f · h x
2 

-
3x + 5 d x

3 
· h" h h d f ationa unctions sue as ( )( ) an - 2 - , m w ic t e egree o the 

x+l x-2 x +1 
numerator is greater than or equal to the degree of the denominator, are called improper 
fractions. 

Improper fractions may not be the most convenient form to work with; it is often better 
to express them in a different way. 

• You cannot find J _i:__ dx with the integrand in its present form, but it is 
x-1 

• 

straightforward to integrate the same expression as f ( 6 + x: 
1
) dx. You get 

f (6+ x:l)dx=6x+6lnjx-lj+k. 

If you wish to sketch the graph of y = _i:__ , although you can see immediately that 
x-1 

the graph passes through the origin, other features are much clearer in the form 
6 

y=6+--. 
x-1 

You may find it helpful to think about an analogy between improper fractions in arithmetic 

and improper fractions in algebra. Sometimes in arithmetic it is more useful to think of the 

number 2t in that form; at other times it is better in the form 4i. The same is true in 

algebra, and you need to be able to change from one form to the other. 

In Section 1.4, you learned how to divide one polynomial by another polynomial to get a 
quotient and a remainder. 

For example, when you divide the polynomial a(x) by the polynomial b(x) you will get 

a quotient q(x) and a remainder r(x) defined by 

a(x) = b(x)q(x) + r(x) 

where the degree of the remainder r( x) is less than the degree of the divisor b(x). 
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If you divide this equation by b( x) , you get 

a(x) = b(x)q(x) + r(x) = q(x) + r(x) . 
b(x) b(x) b(x) 

Therefore, if you divide x2 - 3x + 5 by (x + l)(x - 2) to get a number A and a 

remainder of the form Px + Q, it is equivalent to saying that 

x 2 -3x + 5= A(x + l)(x-2) + Px + Q 

and x
2 

- 3x + 5 = A+ Px + Q . 
(x+l)(x-2) (x+l)(x-2) 

This form will be called divided out form. 

An analogous statement in arithmetic is 25 divided by 6 is 4 with remainder 1; that is, 

25 = 4 x 6+1, or 2£ = 4 + f; = 4 f; . 

In the examples which follow the degree of the numerator is equal to the degree of the 
denominator; in this case the quotient q(x) is just a constant. 

Example 15 .7.1 
. 2x2+4x-3. . . 

Spht ( )( ) mto partial fractions. 
x+l 2x-3 

You have a choice between going immediately into partial fraction form or putting 
the expression into divided out form first. Either way, you can then use one of the 
standard methods to find the coefficients. 

Method 1 This method goes straight into partial fraction form and then uses the 
substitution technique. 

W 
. 2x2 + 4x - 3 A B C 

nte = +--+--. 
(x+1)(2x-3) x+l 2x-3 

M 1 . 1 . b 1 . 2x
2 + 4x- 3 ( l) B C(x + 1) u tip ymg y x + gives = A x + + + . 
2x-3 2x-3 

2x(-1)2 +4x(-1)-3 
Putting x = -1 gives = B, so B = 1. 

2x(-1)-3 

M 1 . 1 . . . db 2 3 . 2x2 + 4x-3 (2 3) B(2x -3) C u tip ymg mstea y x - gives =A x - + + . 
x+l x+l 

(3)2 (3) 2X - +4X - -3 
Putting x = i gives 2 

3 
2 = C , so C = 3 . 

2+1 

2x2+4x-3 1 3 
Therefore = A+ --+ --. 

(x+1)(2x-3) x+l 2x-3 
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You can now substitute any other value of x to find A . The simplest is x = 0 , 
. -3 1 3 

which gives --- = A + - + - , so A = 1. 
lx (-3) 1 -3 

2x2 +4x-3 1 3 
Therefore 1 + --+ --

(x + 1)(2x - 3) x + 1 2x - 3 

Method 2 If you divide out first, you start with the form 

2x
2 

+ 4 x - 3 A Px + Q M 1 · 1 · b ( 1)(2 3) d · 
( )( ) 

+ ( )( ) . u tip ymg y x + x - an equatmg 
x + 1 2x - 3 x + 1 2x - 3 

the coefficients of x2 gives A= 1. 

h 
2x 2 +4x-3 Px+Q 2x2 +4x-3 Px+Q 

Tus 1+ ,so -1= . 
(x + 1)(2x - 3) (x + 1)(2x - 3) (x + 1)(2x - 3) (x + 1)(2x - 3) 

Simplifying the left side, 

2x2 +4x-3-(x+1)(2x-3) 2x 2 + 4x-3-(2x2 
-x-3) _ 5x 

(x + 1)(2x - 3) (x + 1)(2x - 3) = (x + 1)(2x - 3) · 

Any of the standard methods for partial fractions now shows that 

5x 1 3 
=-+-- so 

(x + 1)(2x - 3) - x + 1 2x - 3' 
2x 2 +4x-3 1 3 
----=1+--+-­
(x+1)(2x-3) x+l 2x-3 

Similar methods work when the denominator contains a repeated factor (rx + s)2 or a 
quadratic factor rx 2 + s. An example is given of the first type. 

Example 15.7.2 

. 4x3 + 10x2 + Sx -1 . . . 
Spht f(x) = 2 mto partial fractions. 

.. (2x + 1) (x + 2) 

Dividing out first, and equating coefficients of x3 in the identity 

4x 3 +10x 2 + 8x-1=A(2x+1)2(x + 2) +(Px2 +Qx+ R) 

gives 4 = 4A, so A= 1. Then 

Px2 + Qx +R = (4x 3 +10x2 +8x-1)-(4x3 +12x 2 + 9x + 2) 

= -2x2 -x-3. 

-2x2 -x-3 B C D 
So 2 has to be put into the form 2 + --+ -- . 

(2x + 1) (x + 2) (2x + 1) 2x + 1 x + 2 
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. . . -2x2 
- x - 3 B(x + 2) C(x + 2) . 

Mult1plymg by x + 2 gives 2 2 + + D, and puttmg 
(2x+l) (2x+l) 2x+l 

-8-(-2)-3 
x=-2gives 2 =D,so D=-1. 

(-3) 

-2x2 -x-3 
Multiplying instead by (2x + 1)2 gives ---­

x + 2 
(2x+ 1)2 

B+C(2x+l)- ,and 
x+2 

putting x=-! gives -2(-~)
2 

-(-~)- 3 
=B,so B=-2. 

2 _!+2 
2 

So 
-2x2 

- x - 3 2 C 1 = +-----
(2x + 1)2 (x + 2) (2x + 1)2 2x + 1 x + 2 · 

C -2x2 -x-3 2 1 
Then--= + +--

2x + 1 (2x + 1)\x + 2) (2x + 1)2 x + 2 

So 

-2x2 
- x - 3 + 2(x + 2) + (2x + 1)2 

- (2x + 1)2(x + 2) 

-2x2 
- x - 3 + 2x + 4 + 4x 2 + 4x + 1 

(2x + 1)\x + 2) 

_ 2x2 + 5x + 2 (2x + l)(x + 2) 

= (2x + 1)2(x + 2) (2x + 1)2 (x + 2) 

1 

2x+l 

f(x)= 4x
3

+10x
2
+8x-l=l- 2 +-.-1 ___ 1 __ 

(2x + 1)2 (x + 2) (2x + 1) 2 2x + 1 x + 2 
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fmllW!l'.:'mrl!~ Exercise lSE ~/ ' _· 1,. ~ ;;.; . ... ' . .., ~,~ . ' \ ~ , 

1 Express each of the following in divided out form. In parts ( d), ( e) and (f) go on to split 
them into partial fractions. 

(a) x+ 1 (b) _x_ (c) x + 1 
x x+l x-1 
2 6x2 -22x+18 24x 2 + 67 x -1:11 (d) \ + 1 (e) (f) 

x -l (2x-3)(x-2) (2x + 5)(3x + 1) 

2 Express each of the following in partfal fractions. 

(a) 
x 3 -1 (b) x

3
+2x+1 (c) 

x 3 + 3x2 +x-14 

x 2(x + 1) x(x 2 +l) (x+4)(x 2 +1) 

(d) 
2x 3 + 6x2 

- 3x - 2 
(e) 

6x 3 +x+10 
(f) 

-4x3 +16x2 + l5x -50 

(x - 2)(x + 2) 2 (x - 2)(x + 2)(2x -1) x(4x 2 -25) 

(g) 
x 3 +2x+1 (h) x

3 
- 2x

2 
+ 3x + 6 (i) 

12x3 -20x2 + 31x-49 
x(x + l)(x -1) x2(2 + x) (4x2 +9)(x-1) 
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' & &l££l a: r •m Miscellaneous exercise 15 

1 Express 
4 

in partial fractions. 
(x- 3)(x + 1) 

(OCR) 

2 Express 
2 

in partial fractions. 
x(x - l)(x + 1) 

(OCR) 

3 2x2+1 . . 1 f . Express 2 m partia ractions. 
x(x-1) 

(OCR) 

x 2 -11 . . . 
4 Express 2 m partial fractions. 

(x+2) (3x-1) 
(OCR) 

5 Find f-1
-dx. 

x(x + 1) 
(OCR) 

6 3+2x . . 1 f . 
Express. z( ) m partia ract10ns. 

x 3-x · 

f x dx. 
7 Find (x + l)(x + 2) (OCR) 

3 

f 3-x-3x dx. 
8 Find x2(l-x) 

6x 3 + 21x + 7 . . . . . · 2 
9 Expand ( 2 ) m ascendmg powers of x up to and mcludmg the term m x . 

(2x+ 1) x +4 

1 . A B C 
10 Express 2 m the form - + 2 + -- , where A. B and C are constants. Hence 

x (x-1) x x x-1 

find f 2 l dx . (OCR) 
x (x-1) 

11 Simplify 
3x2 + 5~ - 2 4x3 + 13x2 + 4x -12 

4x-3 + 2x(x+3)-(2-x)(l+x) 

. x-21 __ 3_+_4_ 
12 Simphfy x2 -9 x+3 x-3 

8x3 -12x2 -18x+15 . . 
13 Express ( 2 .) in partial fractions. 

4x -9 (2x-3) 

14 Express in partial fractions 
2 

() x -x+3 
a x(2x2+3)' 

(b) 1x
2

-2x+5 
(x-1)(3x2 +2)" 
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15 Express 
3 

in partial fractions. Hence find the exact value of 
(2x + l)(x -1) 

f 
3 3 

dx, giving your answer as a single logarithm. 
2 (2x + l)(x-1) 

(OCR) 

16 Express 
1 

in partial fractions. Hence find the exact value of 
(x+3)(4-x) 

f 2 
1 

dx, giving your answer as a single logarithm. 
0 (x + 3)( 4 - x) 

(OCR) 

17 Express f(x) = 2 
? in partial fractions and hence, or otherwise, obtain f(x) as a 

2-3x+x 
series of ascending powers of x, giving the first four non-zero terms of this expansion. 
State the set of values of x for which this expansion is valid. (OCR) 

18 Express 
3

- x in partial fractions and hence, or otherwise, obtain the first three 
(2 + x)(l- 2x) 

terms in the expansion of this expression in ascending powers of x. State the range of 
values of x for which the expansion is valid. (OCR) 

. 18-4x-x2 A B C . 
19 GIVen that 2 = --+ --+ ---2 , show that A = 2, and obtam the 

(4-3x)(l+x) 4-3x l+x (l+x) 

f
1 

l8-4x-x2 

values of B and C . Hence show that 2 dx = ~ ln 2 + ~. 
0 (4-3x)(l+x) 

(OCR) 

4+7x . A B C 
20 Let y = 2 . Express y m the form --+ --+ ---2 , where the 

(2-x)(l+x) 2-x l+x (l+x) 
numerical values of A, Band C are to be found. Hence, or otherwise, expand* in a 

series of ascending powers of x up to and including the term in x 3 
, simplifying the 

coefficients. Use your result to find the value of dy when· x = 0. 
dx 

15-13x+4x2
. . . J3 

l5-l3x+4x2 
•. 

21 Express 2 m partial fract10ns. Hence evaluate 2 dx g1vmg 
(1-x) (4-x) 2 (1-x) (4-x) 

the exact value in terms of logarithms. (OCR) 

22 Split 4 

1 
2 into partial fractions. 

x -l3x +36 

* x 2 +Sx . A B C 23 Let f(x) = 2 . Express f(x) m the form --+--+ ---2 where A, B 
(l+x)(l-x) l+x l-x (l-x) 

and C are constants. The expansion of f ( x) , in ascending powers of x , is 
c0 + c1x + c2x 2 + c3x 3 + ... + c,x' + .... Find c0 , c1 , c2 and show that c3 = 11. Express c, 
in terms of r. (OCR) 
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24 It is given that g(x) = (2x - l)(x + 2)(x - 3). 

(a) Express g(x) in the form Ax3 + Bx2 + Cx + D, giving the values of the constants 
A,B,CandD. 

(b) Find the value of the constant a , given that x + 3 is a factor of g( x) + ax . 

( E x-3. "lf . c) xpress -- m partia ract10ns. 
g(x) 

(OCR) 

25 The diagram shows part of the graph of 

y = , 
3 

. The shaded region is bounded 
x(x-3) 

by the curve and the lines y = 0 , x = 4 and 
x = 6 . Find the volume of the solid formed 
when the shaded region is rotated through 
four right angles about the x-axis. 

y 

0 4 

(\ 

26 (a) Find the values of A, B and C for which x
2 

-
2
2 = A+ 2-- + ~. 

(x-2) x-2 (x-2) 

6 

(b) The region bounded by the curve with equation y = x
2 

-
2

2 , the x-axis and the 
(x-2) 

lines x = 3 and x = 4 is denoted by R. Show that R has area (2 + 4 ln 2) square 

x 

units. (OCR) 

27 (a) Express ( )~ , in partial fractions, and use the result to express 
x-1 x-3 

4 . . 1 f . 
2 2 m partia ractlons. 

(x -1) (x - 3) 

The finite region bounded by the curve with equation y = ( )~ . and the lines x = 4 
x-1 x-3 

and y = ~ is denoted by R. · 

(b) Show that the area of R is ln i -! . 
(c) Calculate the volume of the solid formed when R is rotated through 2n radians 

about the x-axis. (OCR) 

l.'.;;-:~;y;~"'?ZF!'('i ... -':.''.' .... ~;".-:'·'.'.-q:'.~27-~.::?;:·?~':'.c.";'.~::;;;;_;~:L~:::;~,~ :;-,:,·:.-~Fr::::.':1-_~-~·,~,~-'.".i;<'.";'.}~l··:~r:: 7fT~~-· ' 



16 Complex numbers 

In this chapter the concept of number is extended so that all numbers have square roots. 
When you have completed it, you should 

• understand that new number systems can be created, provided that the definitions are 
algebraically consistent 

• appreciate that complex number algebra excludes inequalities 
• be able to do calculations with complex numbers 
• know the meaning of conjugate complex numbers, and that non-real roots of equations 

with real coefficients occur in conjugate pairs 
• know how to represent complex numbers as translations or as points 
• know the meaning of modulus, and be able to use it algebraically 
• be able to use complex numbers to prove geometrical results 
• be able to solve simple equations with complex coefficients. 

16.1 Extending the number system 

Before negative numbers were developed, it was impossible to subtract a from b if 
a > b . If only positive numbers exist, then there is no number x such that a+ x = b . 

This was a serious drawback for mathematics and science, so a new kind of number was 
invented which could be either positive or negative. It was found that this results in a 
consistent system of numbers in which the ordinary rules of algebra apply, provided that 
you also make up the right rules for combining numbers, such as b - a = -(a - b) and 
(-a) x (-b) =+(ab). 

There is a similar problem with real numbers, that square roots only exist for positive 
numbers and zero. That is, if a< 0, there is no real number x such that x 2 =a. 

The mathematical response to this is to invent a new kind of number, called a complex 
number. It turns out that this can be done very simply, by introducing just one new 
number, usually den;::!ed by i , whose square is -1. If you also require that this number 
combines with the real numbers by the usual rules of algebra, this creates a whole new 
system of numbers. 

Notice first that you don't need a separate symbol for the square root of -2, since the 
rules of algebra require that ~ = -fix ~ , so that ~ is just -fi i . 

Since you must be able to combine i with all the real numbers, the complex numbers 
must include all the products bi where b is any real number. They must also include all 
the sums a+ bi, where a is any real number. 
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The complex numbers consist of numbers of the form a+ bi, where 

a and b are real numbers and i 2 = -1 . 

Complex numbers of the form a+ 0 i are called real numbers; 

complex numbers of the form 0 +bi are called imaginary numbers. 

In a general complex number a+ bi, a is called the real part and 
b the imaginary part. This is written Re( a+ bi)= a, Im( a+ bi)= b. 

~M;]'~efl~~~~~~~~ 

Some people prefer to use j rather than i for the square root of -1 . Also, some books 
define the imaginary part of a+ bi as bi rather than b. 

Two questions need to be asked before going further: is algebra with complex numbers 
consistent, and are complex numbers useful? The answers are 'yes, but ... 'and 'yes, 
very'. Complex numbers have an important place in modern physiCs and electronics. 

The reason for the 'but' is that with complex numbers you cannot use the inequality 
symbols > and < . One of the rules for inequalities is that, if a > b and c > 0 , then 
ac >be. So if a> 0 and a> 0 , then aa > Oa, that is a 2 > 0. What about the number 
i? Is i > 0 or i < O? 

Try following through the consequences of assumptions (a) and (b) in turn: 

(a) if i>O then i2 >0,so -1 >0; 

(b) i<O ¢::> i+(-i)<O+(-i) ¢::> 0<-i ¢::> -i>O, 
so if i < 0 then -i > 0 and (-i) 2 > 0, giving -1>0. 

Either assumption, (a) or (b), leads to the conclusion that -1>0, which you know to be 
false. The way out of the dilemma is to make the rule: 

The relations > and < cannot be used 
to compare pairs of complex numbers. 

~~~t~~~~~~1ftt~-,&~~,~~~~~~~f~~~®;~i~ 

16.2 Operations with complex numbers 

It is remarkable, and not at all obvious, that when you add, subtract, multiply or divide 
two complex numbers a + bi and c + di, the result is another complex number. 

Addition and subtraction By the usual rules of algebra, 

(a+ bi) ±(c+ di)= a+ bi ±c ±di= a ±c+ bi± di= (a±c)+(b± d)i. 

Since a , b , . c , d are real numbers, so are a ± c and b ± d . The expression at the end of 
the line therefore has the form p +qi where p ,and q are real. 
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Uniqueness If a+ bi= 0, then a= -bi, so that a2 = (-bi)2 = -b2
• Now a and b are 

real, so that a2 ~ 0 and -b2 ~ 0. They can only be equal if a2 = 0 and b2 = 0. That is, 
a= 0 and b = 0. So if a complex number is zero, both its real and imaginary parts are zero. 

Combining this with the rule for subtraction shows that 

(a+bi)=(c+di) <::::> (a+bi)-(c+di)=O <::::> (a-c)+(b-d)i=O 

<::::> a - c = 0 and b - d = 0 

<::::> a= c and b = d. 

That is: 

Multiplication By the usual rules for multiplying out brackets, 

(a+ bi) x (c +di)= ac + a(di) + (bi)c+ (bi)(d i) = ac + adi + bci + bd i2 

= (ac-bd) +(ad+ bc)i. 

Since a, b, c, d are real numbers, so are ac - bd and ad+ be. The product is 
therefore of the form the form p +qi where p and q are real. 

An important special case is 

(a+ bi) x(a-bi) = (aa-b(-b))+(a(-b) + ba)i = (a 2 + b2
) +Oi, 

a real number. So with complex numbers the sum of two squares, a2 + b2
, can be 

factorised as (a+ b i)(a - bi). 

Division First, there are two special cases to consider. 

If d = 0, then 

a+bi a+bi a b. 
--=--=-+-!. 
c+Oi c c c 

And if c = 0, you can simplify the expression by multiplying numerator and 
denominator by i : 

a+bi a+bi 
--=--
O+di di 

(a+bi)i 

(di) i 

ai+bi2 

di 2 

= a~: b = =! + ( ~~) = ~ _ ~ i. 
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In the general case a+ b ~ the trick is to multiply numerator and denominator by c - di , 
c+d1 

and to use the result just proved, that ( c +di)( c - di) = c2 + d2 
• 

a +bi= (a +bi)(c -di)= (ac + bd) +(-ad +bc)i = ac + bd +(be -ad)i. 
c+di (c+di)(c-di) c2 +d2 · c2+d2 c2 +d2 

In every case the result has the form p +qi where p and q are real numbers. The only 
exception is when c2 + d 2 = 0, and since c and d are both real this can only occur if c 
and d are both 0, so that c +di= 0 + 0 i = 0 . With complex numbers, as with real 
numbers, you cannot divide by zero. 

Do not try to remember the formulae for (a+ bi)( c + di) and a + b ~ in this section .. 
c+d1 

As long as you understand the method, it is simple to apply it when you need it. 

~~~1™1Mll&i!iiiiQ Exercise 16A ~~~H.i 

1 If p = 2 + 3 i and q = 2 - 3 i, express the following in the form a+ bi, where a and b are 
real numbers. 

(a) P + q 

(e) P2 -q2 
(b) p-q 

2 2 (f) p + q 

(c) pq 

(g) (p+q)2 

(d) (p + q)(p- q) 

(h) (p-q)2 

2 If r = 3 + i and s = 1- 2 i, express the following in the form a +bi, where a and b are 
real numbers. 

(a) r + s (b) r -s (c) 2r+s (d) r+si 

(e) rs (f) ,2 r 
(g) - (h) : 

s r 

(i) 
r 

(j) (1 + i)r (k) ~ (1) 
1-i 

- -
1+1 s 

3 If (2 + i)(x + y i) = 1+3i, where x and y are real numbers, write two equations connecting 
x and y, and solve them. 

Compare your answer with that given by dividing 1+3 i by 2 + i using the method 
described in the text. 

4 Evaluate the following. 

(a) Re(3 + 4 i) (b) lm(4-3i) (c) Re(2 + i)2 

(d) Im(3 - i) 2 1 
(f) 

1 
(e) Re-. Im-

1+1 i 

5 If s =a+ bi and t = c +di are complex numbers, which of the following are always true? 

(a) Res+Ret=Re(s+t) (b) Re3s=3Res (c) Re(is)=Ims 

(d) Im(is)c::Res (e) ResxRet=Re(st) (f) Ims =Im: 
Imt t 

!llill!!!!E'lB!e&m:ll!!l!li!l'ii11lil!mlll!l!!lllll~!:ill!lililllllm!Dl!Wl1:mffiii::Z.~~~~~.:;,.~·~(J2:;~I8B:l 
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16.3 Solving equations 

Now that a+ bi is recognised as a number in its own right, there is no need to go on 
writing it out in full. You can use a single letter, such as s (or any other letter you like, 
except i), to represent it. If you write s = a+ bi , it is understood that s is a complex 
number and that a and b are real numbers. 

Just as x is often used tci stand for a general real number, it is conventional to use z for 
a general complex number, and to write z = x + y i, where x and y are real numbers. 
When you see z as the unknown in an equation, you know that there is a possibility that 
at least some of the roots may be complex numbers. (But if you see some other letter, 
don't assume that the solution is not complex.) 

Example 16.3.1 
Solv.e the quadratic equation z2 +4z+13 = 0. 

Method 1 In the usual notation a = 1, b = 4 and c = 13 , so that 
b2 

- 4ac = 16- 52 = -36. Previously you would have said that there are no roots, 
but you can now write -J-36 = 6i. Using the quadratic formula gives 

z = -b± ~b2 
-4ac = -4±6i = _2 ± 3 i. 

2a 2 

Method 2 In completed square form, z2 + 4z + 13 = (z + 2)2 + 9. This is the sum 
of two squares, which you can now factorise as 

((z + 2)-3i)((z + 2)+ 3i). 

So you can write the equation as 

(z+2-3i)(z+2+3i)=O, withroots z=-2+3i and -2-3i. 

You can use a similar method with any quadratic equation, az2 + bz + c = 0, where the 

coefficients a, b and c are real. If b2 
- 4ac > 0 there are two roots, both real numbers. 

But if b2 
- 4ac < 0, you can write b2 

- 4ac as -( 4ac - b2
), whose square root is 

,j 2 -b+~4ac-b2 i 
4ac - b i, so that the roots are - , both complex numbers. 

2a 

If the roots are complex numbers, then they have the form x ± y i with the same real parts 
but opposite imaginary parts. Pairs of numbers like this are called conjugate complex 
numbers. If x + yi is written as z, then x - yi is denoted by z* (which is read as 'z-star'). 

Complex numbers z = x + yi, z* = x - yi are conjugate complex numbers. 

Their sum z + z* = 2x and product zz* = x2 + y2 are real numbers, and 
their difference z - z* = 2yi is an imaginary number. 

If a quadratic equation with real coefficients has two complex roots, these 

~ 
~~ 

1
~'1 

' . 

.. ) 

'~~. t~ 
fii 

roots are conjugate. i@ 

-'mm¥:'~S'l%1tl1-~~~~~~1~~R!~~tr~~~ 
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Conjugate complex numbers have some important properties. Suppose, for example, that 
s = a + b i' and t = e + di are two complex numbers, so that s* = a - bi and t* = e - di . 
Using the results in the last section and replacing b by - b and d by - d, you get 

s± t =(a ±e)+(b±d)i and s* ± t* =(a± e) -(b ± d) i; 

st= (ae -bd) +(ad +be) i and s* t* = (ae -bd)-(ad +be) i; 

s ae + bd +(be -ad) i s* ae + bd - (be - ad) i 
= 

e2 +d2 
and -

e2 +d2 t* 

You can see that the outcomes in each case are conjugate pairs. That is: 

:;:~ 

If s and t are complex numbers, then 

(s±t)*=s* ±t*, 

(st)*= s* t*, 

(~)* = ;: . 

If in the second of these rules you set both s and t equal to z, you get (zz)* = z*z*, that is 

( z2 )* = (z* )2
. Then, setting s = z2 and t = z, it follows that ( z2z )* = ( z2 )* z* = (z* )2 z*, 

that is ( z3 )* = (z* )3
; and so on. The general result is: 

If z is a complex number, and n is a positive 
integer, then (zn)*=(z*r. 

If a is a real number, then (azn)* = a(z*r. 

Now suppose that you have a polynomial of degree n, 

( ) 
n n-1 2 pz =anz +an_1z + ... +a2z +a1z+a0 , 

whose coefficients an, an-I• ... , a2 , a1 and a0 are all real numbers. Then p(z*) is the 
sum of n + 1 terms of the form a, (z* r, which by the statement in the box you can 
write as ( a,z')*. So each term is the conjugate of the corresponding term in p(z). Since 
the sum of conjugate numbers is the conjugate of the sum, it follows that p(z*) is the 
conjugate of p(z). 

It is only a short step from this last statement to an important result about equations of 
the form p(z) = 0. Suppose that z = s is a non-real root of this equation. Then p(s) = 0, 
so p(s*) :::: (p( s) )* = O* = 0 , which means that z = s * is also a root of the equation. 

You saw an example of this result in Example 16.3 .1 for a quadratic equation. You can 
now see that this was a special case of a far more general result, for polynomial 
equations of any degree. 
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If p(z) is a polynomial with real coefficients, then p(z*) = (p(z))*. 

If s is a non-real root of the equation p(z) = 0, then s* is also a root; 

that is, the non-real roots of the equation p(z) = 0 occur as conjugate pairs. 

~~~~~~~lf}It~;?I?~~~lf"Jf~~~~1T-I~l)~~g!fi~~~~~~i~~1f~~:O~~ 

Example 16.3.2 
Show that (1 + i) 4 = -4 . Hence find all the roots of the equation z 4 + 4 = 0 . 

(l+i)2 =1+2i+i2 =1+2i-1=2i,so (l+i)4 =(2i)2 =4i2 =-4. 

This shows that 1 + i is a root of the equation z 4 + 4 = 0, so another root must be 1- i. 
You can deduce that z-1-i and z-(1-i) = z- l +i are both factors of z4 + 4. 

Now (z-1-i)(z-1 +i) = (z -1)2 -i2 = z2 -2z +2. This means that z4 + 4 must 
be the product of z2 

- 2z + 2 and another quadratic factor. By the usual method 
(see Section 1.4), you can find that 

z4 + 4 = (z2 -2z +2)(z2 +2z +2). 

The other two roots are therefore the roots of the quadratic equation 

2 
2 2 0 

h . -2±.J4-4xlx2 -2±2i 
1 

. 
z + z + = , t at 1s z = = --- = - ± i. 

2 2 

There are two conjugate pairs of roots: 1 + i, 1- i, and -1 + i, -1- i. 

With hindsight, and a great deal of ingenuity, you might spot that if z4 + 4 is written as 

(z4 + 4z2 + 4 )- 4z2 = (z2 + 2 )2 - (2z)2
, then this is the difference of two squares, with 

factors (z2 +2-2z)(z2 +2+2z). 

Example 16.3.3 
Solve the equation z5 -6z3 -2z2 +17z -10 = 0. 

Denote the left side by p(z) and begin by trying to find some real factors, using 
the factor theorem. 

Try z = 1: p(l) = 0, so p(z) = (z- l)q(z), where q(z) = z4 + z3 
- 5z2 

- 7z + 10, 

Try z = 1 again: q(l) = 0, so q(z) = (z -1) r(z), where r(z) = z3 + 2z2 
- 3z -10. 

Try z = 1 again:, r(l) ;t 0. So try z = 2: r(2) =0, so r(z) = (z-2)(z2 +4z+5). 

Completing the square, z2 + 4z + 5 = (z + 2)2 +1=(z+2-i)(z + 2 +i). 

Thus p(z) = (z -1)2 (z - 2)(z + 2-i)(z + 2 + i), and the roots are 1 (a repeated root, 
counted twice), 2 and the conjugate complex pair -2 ±i. 
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1 · If p = 3 + 4 i, q = 1- i and r = -2 + 3 i, solve the following equations for the complex 
number z. 
(a) p + z = q (b) 2r + 3z = p (c) qz = r (d) pz+q=r 

2 Solve these pairs of simultaneous equations for the complex numbers z and w . 

(a) (l+i)z+(2-i)w=3+4i (b) 5z-(3+i)w=7-i 
iz +(3+i)w = -1 +Si (2-i)z + 2iw = -1 + i 

3 Solve the following quadratic equations; giving answers in the form a+ bi, where a and 
b are real numbers. 

(a) z2 +9=0 (b) z2 +4z+5=0 (c) z2 -6z+25=0 (d) 2z2 +2z+13=0 

4 Write down the conjugates of 

(a) 1+7i, (b) -2+i, (c) 5' (d) 3i. 

For each of these complex numbers z find the values of 

(i) z+z*, (ii) z - z*, (iii) zz*, (iv) ....£. 
z* 

5 Write the following polynomials as products of linear factors. 

(a) z2 +25 (b) 9z2 -6z+5 (c) 4z2 +12z + 13 (d) z4 -16 

(e) z4 -8z2 -9 (f} z3 +z-10 (g) z3 
- 3z2 + z+ 5 (h) z4 -z2 -2z+2 

6 Prove that 1 + i is a root of the equation z4 + 3z2 
- 6z + 10 = 0. Find all the other roots. 

7 Prove that -2 + i is a root of the equation z 4 + 24z + 55 = 0 . Find all the other roots. 

8 Let z =a+ bi, where a and b are real numbers. If ....£. = c +di, where c and d are real, 
* prove that c2 + d 2 = 1. z 

9 Prove that, for any complex number z, zz* =(Re z)2 +(Im z)2
. 

10 If z = a + bi, where a and b ate real, use the binomial theorem to find the real and 
imaginary parts of z5 and (z *)5

. 

!rr'llm?~..... ' J: w' ~~ 

16.4 Geometrical representations 

There are two ways of thinking geometrically about positive and negative numbers: as 
translations of a line or as points on a line. 

A business which loses $500 in April and then gajns $1200 in May has over the two 
months a net gain of $ 700 . You could write this as ( -500) + ( + 1200) = ( + 700) , and 
represent it by a diagram like Fig. 16.1. It makes 
no difference whether it started with its bank 
account in credit or with an overdraft; the 
diagram merely shows by how much the bank 
balance changes. 

/ 

April (-500) net gain ( + 700) 

May (+1200) 

Fig. 16.1 
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end end end 
April March May 

Debit 0 Credit 

Fig. 16.2 

If in fact the business had an overdraft of $ 300 at the beginning of April, there would 
be an overdraft of $800 at the end of April, and a credit balance of $400 at the end of 
May. You could represent the bank balance by a diagram like Fig. 16.2, in which each 
number is associated with a point on the line and overdrafts are treated as negative. 

Similarly there are two ways of 
representing complex numbers, but 
now you need a plane rather than a 
line. The number s = a+ bi can be 
shown either as a translation of the 
plane, a units in the x-direction 
and b in the y-direction (see 

· Fig. 16.3), or as the point S with 
coordinates (a,b) (Fig. 16.4). 

a 

Fig. 16.3 

b 

imaginary 
axis 

0 

/ .. rs 
:/ ~ 

...... / i b 

....... / . 

a 

Fig. 16.4 

The second of these representations is called an Argand diagram, named after John­
Robert Argand (1768-1822), a Parisian bookkeeper and mathematician. The axes are 
often called the real axis and the imaginary axis; these contain all the points 
representing real numbers and imaginary numbers respectively. Points representing 
conjugate pairs a± bi are reflections of each other in the real axis. 

Example 16.4.1 
Show in an Argand diagram the roots of 
(a) z4 +4=0, (b) z5 -6z3 -2z2 +17z-10=0. 

real axis 

These are the equations in Examples 16.3.2 and 16.3.3, and the corresponding · 
diagrams are Figs. 16 .5 and 16 .6. The symmetry of both diagrams about the real axis 
shows geometrically the property that the non-real roots occur in conjugate pairs. 

-l+i )( )( l+i )( -2+i 

repeated 

0 0 1 2 

-1-i )( )( 1-i )( -2-i 

Fig. 16.5 Fig.16.6 

You have seen diagrams like Fig. 16.3 and Fig. 16.4 before. Complex numbers are 
represented just like vectors in two dimensions. 
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You can refresh your memory of adding vectors from P 1 Sections 13 .2 to 13 .5. The 
equivalent operation with complex numbers is illustrated in Figs. 16.7 and 16.8. 

s+t = (a+c)+(b +d) i 

.· .... 
0 

Fig. 16.7 

s --·· 

,• 
,' 

Fig. 16.8 

s +t 

Complex numbers, as translations, are added by a triangle rule; in an Argand diagram 
you use a parallelogram rule. 

For subtraction, it is enough to note that z = t - s ~ s + z = t . This is shown 
geometrically in Figs. 16.9 and 16.10. 

s 

~'o'-' 
s\ _/ _____ /_.-· s- s 

.- --~-- ---- ... ---··"i T 

O[\ 

\ ____ ' / 

-._.· z=t -s 0 
Fig. 16.9 Fig. 16.10 Fig. 16.11 

You need to be able to switch between these two pictures of complex numbers. The link 
between them is the idea of a position vector. In an Argand diagram it doesn't matter 
whether you think of the complex number s as represented by the point S or by the 

translation oS; and, as translations, oS +sf= at (see Fig. 16.11). So the translation 
sf represents the complex number t - s , where S and T are the points representing 
the complex numbers s and t in an Argand diagram. 

16.5 The modulus 

In Fig. 16.3 the distance covered by the translation s =a+ bi is ~ a2 + b2
. In an 

Argand diagram (Fig. 16.4) this is the distance of the point S from 0. This is called the 
modulus of s , and is denoted by I s I . 

You have, of course, met this notation before for the modulus of a real number. But there 

is no danger of confusion; if s is the real number a+ 0 i, then Is I is ~ a2 + 02 = .J:l, 
which is J a I as defined for the real number a (see Section 2.7). So the modulus of a 
complex number is just a generalisation of the modulus you have used previously. 

But beware! If s is complex, then Is I does not equal -fl. 

In fact, you have met the expression a2 + b2 already, as (a+ bi)( a - bi), or ss* . So the 

correct generalisation of J a J = fl is J s I = W . (Notice that, if a is real, then a* = a, 

so that a2 = aa* . Thus the rule Is J = W holds whether s is real or complex.) 
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If s is a complex number, 

Is 12 = ss*. 

You can use the modulus and an Argand diagram to link complex numbers with 
coordinate geometry. For example, in Fig. 16 .11, if s = a + b i and t = c + di , then 

distance ST =It - s I= .J(t - s)(t - s)* 

= ~((c -a)+ (d -b) i)((c -a)-(d -b) i) 

=~(c-a)2+(d-b)2 , 

which is the familiar expression for the distance between the points (a,b) and (c,d). 

Example 16.5.1 
In an Argand diagram, points Sand T represent 
4 and 2i respectively (see Fig. 16.12). Identify 
the points P such that PS< PT. 

Let P represent a complex number 
z = x + yi. The lengths PS and PT are 

given by PS = I z - 4 I and PT = I z - 2 i I· 

Then PS <PT ¢::} I z - 4 I <I z - 2 i I 

¢::} I z - 41
2 

< I z - 2i1
2 

T 

0 

¢::} (z-4)(z* -4*)<(z-2i)(z* -(2i)*) 

¢::} (z-4)(z* -4) <(z-2i)(z* +2i) 

Fig. 16.12 

¢::} zz* -4z-4z* +16<zz* +2iz-2iz* +4 

¢::} 4(z+z*)+2i(z-z*)>12. 

You can put this into cartesian form by using the relations z + z* = 2x and 

z - z* = 2y i. Then 

PS< PT ¢::} 8x + 2i(2yi) > 12 

¢::} 8x-4y>12 ¢::} 2x-y>3. 

The line 2x - y = 3 is the perpendicular bisector of ST, which cuts the axes at 
(i,o) and (0,-3); as complex numbers, these are the points i and -3i. You can 

check that these f oints are equidistant from the points 4 and 2 i; that is, 

I ~ - 41 = I ~ - 2 i and I - 3 i - 4 I = I - 3 i - 2 i I . 

In examples like this, try to keep the algebra in complex number form as long as you 
can, before introducing x and y . 
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Example 16.5.2 
In an Argand diagram the point S represents 3 (see 
Fig. 16.13). Show that the points P such that 
OP= 2SP lie on a circle. 

If P represents z , 

OP= 2SP ¢::} I z I= 21 z - 3 I 

¢::} I z 12 = 41 z - 312 

¢::> zz* = 4(z- 3)(z* -3*) 

¢::> zz*=4(z-3)(z* -3) 

¢::> zz* = 4(zz* -3z -3z* + 9) 
¢::} 3zz* -12z-12z* +36=0 
¢::> zz* - 4z - 4z* + 12 = 0. 

P .. ······ 

0 s 

··· ... 

Fig. 16.13 

You can now untangle this by a method similar to the completed square method 
for quadratics. Notice that 

lz-4j2 =(z-4)(z* -4)=zz* -4z-4z* +16, 

so that 

OP=2SP ¢::} zz* -4z-4z* +16=4 

¢::} I z- 412 = 4 ¢::} I z - 4 I= 2. 

__ ... ··· 

The interpretation of this last equation is that the distance of P from 4 is equal to 
2 . That is, P lies on a circle with centre 4 and radius 2 . 

Other important properties of the modulus are: 

\st\=\s\\t\, l~I=\;/. \s+t\~\s\+\t\, \s-t\;:.\s\-\t\. 

The first two of these are easy to prove algebraically: 

I st 12 = (st)(st)* = (st)(s* t*) = (ss* )(tt*) =Is 12 1t12
, 

1~r =(flGr =Gx::)=::: =\:r. 
and the results follow by taking the square roots. 

Figs. 16.7 .and 16.9 show that the inequalities for the sum and difference are equivalent 
to the geometricaltheorem that the sum of two sides of a triangle is greater than the 
third side. They are called triangle inequalities, but are not so easy to prove 
algebraically. (See Exercise 16C Questions 10 and 12.) 
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Example 16.5.3 
S and T are the points representing -4 and 4 
in an Argand diagram. A point P moves so that 
SP+TP = 10 (see Fig.16.14). Prove that 3,,;;;; OP,;;; 5. 

If P represents z , then 
SP + TP = I z + 4 I + I z - 4 I , so that z satisfies 
lz+4l+lz-4l=10. 

Then 

OP= I z I= I !((z + 4) + (z - 4)) I 

\ s 
······ ... 

,,;;;; !(lz+4l+lz-41) 

=!x10=5. 

(using Is+ t I,;;; Is I+ It I) 

Fig. 16.14 

Also, Gz + 4 l+I z-41)
2

=100 and a z + 4 l-lz-41)
2 ~ O; adding these gives 

(lz+4 l+tz--=4 l)2 +(I z+4 I-I z-41)2 ~100, 

21z+4 j2 
+ 21z-412 ~100, 

(z+4)(z* +4*)+(z-4)(z* -4*)~ 50, 

2zz* +32 ~ 50, which is I z 12 ~ 9; that is, OP~ 3. 

You probably know that the property SP+ TP = 10 defines an ellipse. OP takes 
its greatest value of 5 when S, T and P are in a straight line, at the ends of the 
major axis; and it takes its smallest value of 3 when I z + 4 I = I z - 41, that is when 
SP = TP , at the ends of the minor axis. 
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~~ Exercise16C ~&&&W au 

1 Draw (i) vector diagrams, (ii) Argand diagrams to represent the following 
relationships. 

(a) (3+i)+(-1+2i)=(2+3i) (b) (1+4i)-(3i) = (l+i) 

2 Draw Argand diagrams to illustrate the following properties of complex numbers. 

(a) z+z*=2Rez (b) z-z*=2ilmz (c) (s+t)*=s*+t* 

(d) Rez<S;lzl<S;Rez+Imz (e) (kz)*=kz*,where k is areal number 

3 Draw Argand diagrams showing the roots of the following equations. 

(a) z4 -1=0 (b) z3 +1=0 (c) z3 +6z+20=0 

(d) z4 +4z3 +4z2 -9=0 (e) z4 +z3 +5z2 +4z+4=0 

4 Represent the roots of the equation z4 
- z3 + z -1 = 0 in an Argand diagram, and show that 

they all have the same modulus. 
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5 lde:r;itify in an Argand diagram the points corresponding to the following equations. 

Ca) I z I= s (b) Rez = 3 (c) z+z*=6 
(d) z-z* = 2i (e) lz-21=2 (f) lz-4l=lzl 

Cg) I z + 2 i I = I z + 4 I (h) lz+4l=3lzl (i) l+Rez=lz-11 

6 Identify in an Argand diagram the points corresponding to the following iii.equalities. 

(a) lzl>2 (b) lz-3il<S:l (c) lz+llos:lz-il (d) \z-3\>2\z\ 

7 P is a point in an Argand diagram corresponding to a complex number i, and 
I z - SI+ I z +SI= 26. Prove that 12 OS: OP OS: 13, and illustrate this result. 

\ 8 
P is a point in an Argand diagram corresponding to a complex number z which satisfies 

2 2 . 
the equation I 4 + z 1-14 - z I = 6 . Prove that I 4 + z I -14 - z I :;;;. 48 , and deduce that 
Rez:;;;. 3. Draw a diagram to illustrate this result. 

9 Show that, if z is a complex number and n is a positive integer, I zn '"°I z In. 

Hence show that all the roots of the equation zn +an = 0, where a is a positive real 
number, have modulus a. 

10 Assuming that the inequality I s + t I OS: I s I+ I t I holds for any two complex numbers s and 
t , prove that I z - w I;;. I z 1-1 w I holds for any two complex numbers, z and w . 

11 If s and t are two complex numbers, prove the following. 

(a) ls+tl2 =1sl2 +ltl
2 

+(st* +s*t) (b) ls-tl
2 

=lsl
2 

+ltl
2 

-(st* +s*t) 

(c) ls+tl2+ls-tl2=2lsl2+2ltl2 

Interpret the result of part ( c) as a geometrical theorem. 

12 If s and t are two complex numbers, prove the following. 

(a) (s* t)* =st*. 

(b) st* + s* t is a real number, and st* - s* t is an imaginary number. 
2 ' 2 

(c) (st* +s*t) -(st*-s*t)2 =(2\stl). 

(d) Gs\+\t\)2-\s+t\
2 

"'.'2\st\-(st* +s*t). 

Use these results to deduce that Is+ t I OS: Is I+ It I· 
~~~~~M~'ifk~m ~ 

16.6 Equations with complex coefficients 

Complex numbers were introduced so that all real numbers should have square roots. 
But do complex numbers themselves have square roots? 

Example 16.6.1 
Find the square roots of (a) 8i, (b) 3- 4i. 

The problem is to find real numbers a and b such that (a + b i) 2 is equalto 
(a) Si and(b) 3-4i.Todothis,notethat (a+bi)2=(a2 -b2)+2abi and 
remember that, for two complex numbers to be equal, their real and imaginary 
parts must be equal. 
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(a) If (a+bi) 2 =8i,then a2 -b2 =0 and 2ab=8. Therefore b=~,andso 
2 a 

a2 -(~) = 0, or a4 = 16. Since a is real, this implies that a2 = 4, a= ±2. 

If a=2, b=~=2;if a=-2, b=-2.So Si has two square roots, 2+2i and 
a 

-2-2i. 

(b) If (a+ bi)2 = 3-4i, then a2 -b2 = 3 and 2ab = -4. Therefore b =-~,and 
2 ( 2)2 4 2 a so a - - ~ = 3, or a - 3a - 4 = 0 . 

This is a quadratic equation in a 2
, which can be solved by factorising the left side 

to give ( a2 
- 4 )( a2 + 1) = 0 . Since a is real, a2 cannot equal -1; but for a2 = 4, 

a=±2. 

If a=2, b=-~=-l;if a=-2, b=l.So 3-4i hast~osquareroots, 2-i 
a 

and -2+i. 

You can use this method to find the square root of any complex number. The equation 
for a2 will always have two roots, one of which is positive, leading to two values of a, 
and hence two square roots. 

You will see also that, if one root is a + bi the other is -a - bi, so that the roots can be 
written as ±(a+ bi). But of course you cannot say that one of the roots is 'positive' and 
the other 'negative', because these words have no meaning for complex numbers. 

In Section 16.3 you saw that complex numbers make it possible to solve any quadratic 
equation with real coefficients. Now that you can find square roots of complex numbers, 
you can solve any quadratic equation even if the coefficients are complex numbers. 

Example 16.6.2 
Solve the quadratic equation (2 - i)z 2 + ( 4 + 3i)z + (-1+3i) = 0. 

Method 1 Using the quadratic formula with a= 2-i, b = 4 + 3i and 
c = -1 + 3 i gives 

-( 4 + 3i) ± ~( 4 + 3i)
2 
-4 x (2-i) x (-1 + 3 i) 

z= ~2-Q 

-( 4 + 3 i) ± ~ 7 + 24 i - 4 x ( 1 + 7 i) 

2(2-i) 

-(4+3i)±~ 
2(2-i) 

-( 4 + 3 i) ± ( 2 - i) 
2(2-i) 

(using Example 16.6.l(b)) 

'----
'- / 

237 



238 

-2-4i -6-2i 
=--or --

2(2-i) 2(2-i) 

-1-2i -3-i --- or --
2-i 2-i 

(-1-2i)(2+i) = or 
(2-i)(2+i) 

-5i -5-5i 
=-or --

5 5 
= -i or -1- i. 
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(-3-i)(2+i) 

(2-i)(2+i) 

Method 2 You can often reduce the work by first making the coefficient of z 2 

real. Multiplying thr6llgh by (2-i)* = 2 + i, the equation becomes 

(2 + i)(2-i)z.2 + (2 + i)(4 + 3i)z + (2 + i)(-1+3i) = 0, 

5z 2 + (5+ lOi)z + (-5+ 5i) = 0, 

z2 +(1+ 2i)z +(-l+i) =0. 

The quadratic formula with a = 1, b = 1 + 2 i and c = -1 + i then gives 

z= 
-(1+2i)±~(1+2i)2 -4xlx(-l+i) 

2 

-(1+2i) ± ~-3+ 4i- 4(-1 +i) 

2 

-(1+2i)±.Jl -(1+2i)±l = =~-~-

2 2 
-2i -2-2i 

=-or -
2 2 

=-i or -1-i. 

It is important to notice that although the quadratic equation has two roots, these are not 
now conjugate complex numbers. The property in Section 16.3 that the roots occur in 
conjugate pairs holds only for equations whose coefficients are real. 

The fact that, with complex numbers, every quadratic equation has two roots is a 
particular case of a more general result: 

Every polynomial equation of degree n has n roots. 

You need to understand that for this to be true, repeated roots have to count more than 
once. If the polynomial p(z) has a factor (z - s)k with k > 1, then in the equation 
p(z) = 0 the root z = s has to count as k roots. For example, the equation of degree 5 
in Example 16.3.3 has only 4 different roots (1, 2, -2 +i and -2-i) but the repeated 
root 1 counts twice beca~se (z -1)2 is a factor of p(z). 
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This remarkable result is one of the main reasons that complex numbers are important. 
Unfortunately the proof is too difficult to give here. 
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l.f§B!Dl.im!Rm~~m!ml~..i Exercise 16D ~~.-

1 Find the square roots of 

(a) -2i, (b) -3+4i, 

2 Solve the following quadratic equations. 

(a) z2 + z + (1- i) = 0 

(c) z2 +4z+(4+2i)=O 

(e) (2- i)z2 + (3 + i)z - 5 = 0 

3 Find the fourth roots of 

(a) -64, (b) 7+24i. 

Show your answers on an Argand diagram. 

(c) 5+12i, (d) 8- 6 i. 

(b) z2 +(1-i)z+(-6+2i)=O 

(d) (l+i)z2 +2iz+4i=O 

4 If (x + yi)3 = 8i, where x and y -are real numbers, prove that either x = 0 or x = ±-J3 y. 

Hence find all the cube roots of 8i. Show your answers on an Argand diagram. 

5 If (x+yi)3 = 2-2i, where x and y are real numbers, prove that 

x(x2 -3y2) = y(y2-3x2
) = 2. 

Show that these equations have one solution in which x = y , and hence find one cube root 
of 2-2i. 

Find the quadratic equation satisfied by the other cube roots of 2 - 2 i , and solve it. 
I 

Show all the roots on an Argand diagram. 

~!!lm'li~>"*~il!:'~~ Miscellaneous exercise 16 li:i'Jl'lf~{~ 

1 Given that z is a complex number such that z + 3z* = 12 + 8 i, find z. (OCR) 

2 Given that 3 i i~· a root of the equation 3z3 
- 5z2 + 27 z - 45 = 0, find the other two roots. 

(OCR) 

. 3 Two of the roots of a cubic equation; in which all the coefficients are real, are 2 and 
1+3i. State the third root and find the cubic equation. (OCR) 

4 It is given that 3 - i is a root of the q~adratic equation z2 
- (a + bi )z + 4(1 + 3 i) = 0 , where 

a and b are real. In either order, 

(a) find the values of a and b, 

(b) find the other root of the quadratic equation, given that it is of the form k i, where k is 
real. (OCR) 

5 Find the roots of the equation z2 = 21- 20 i . (OCR) 
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6 Verify that (3 - 2 i)2 = 5 -12 i. Find the two roots of the equation (z - i)2 = 5 -12 i. 
(OCR) 

7 You are given the complex number w = 1- i . Express w2
, w3 and w4 in the form a+ bi. 

(a) Given that w4 + 3w3 + pw2 + qw + 8 = 0, where p and q are real numbers, find the 
values of p and q . 

(b) Write down two roots of the equation z4 + 3z3 + pz2 + qz + 8 = 0 , where p and q are 
the real numbers found in part (a), and hence solve the equation completely. 

(MEI, adapted) 

8 Two complex numbers, z and w, satisfy the inequalities \ z - 3 - 2 i \ ,,-;; 2 and 
\ w - 7 - 5 i \ ,,-;; 1. By drawing an Argand diagram, find the least possible value of \ z - w \. 

(OCR) 

9 A sequence of complex numbers z1 , z2 , z3 , ... is defined by z1 = 1- 2 i and 

Zn+ I =Zn 
2 

+ 
2

Zn + 
5

n
2 

for n ~ 1. Show that z2 = 2z1 and find similar expressions for z3 2n 
and z4 in terms of z1 • Suggest a conjecture for the value of Zn , and test whether your 

conjecture is correct when n = 5. (MEI, adapted) 

10 (a) The complex number z satisfies the equation ( z + ~i )(~ - ~i) = 1, where k is a 

positive real number. Obtain a quadratic equation for z, and show that its solution can 

be expressed in the form i kz = a± -J bk2 +ck+ d for suitable real numbers a, b, c, 
~-

d . Show that z is purely imaginary when k :;-;; 1 . 

(b) A second complex number a is defined in terms of z by a = 1 + 
2 

i . What can be 
kz 

said about a when k :;-;; 1? Show that \ a \ = 1 when k ~ 1. 

( c) A third complex number f3 is defined by _!_ = 1 - i_ . By finding the real and imaginary 
f3 k 

parts of f3 - ! ki ~ show that f3 lies on a circle with centre i k i and radius i k. (OCR) 

11 Solve Example 15.6.I-on page 212 by writing the denominator as (x + 2)(x +2i)(x-2i), 
using the substitution method for partial fractions with simple denominators, and finally 
combining the two complex fractions. 

fSK'f!;"~;;s::T~~:l.0:~~k-::,<t\£.~~~,:,1L.,.~:au;.£.:;)'S~s~';~~~1GK·~,:r.ll2_-;~KtZ:..~ 



17 Complex numbers in polar form 

New insights about complex numbers come by expressing them in polar coordinate 
form. When you have completed this chapter, you should 

• know the meaning of the argument of a complex number 
• be able to multiply and divide complex numbers in modulus-argument form 
• know how to represent multiplication and division geometrically 
• be able to solve geometrical problems involving angles using complex numbers 
• be able to write square roots in modulus-argument form 
• know that complex numbers can be written as exponentials. 

17 .1 Modulus and argument 

If s and t are complex numbers, the sum s + t can be shown geometrically by the 
triangle rule for adding translations, or by the parallelogram rule in an Argand diagram. 
But you do not yet have a way of representing multiplication. 

To do this, the clue is to describe points in the 
Argand diagram in a new way. Instead of 
locating a point P by its cartesian coordinates 
x and y, you can fix its position by giving the 
distance OP and the angle which the vector 
~ 
OP makes with the x-axis (measured in 
radians). These quantities are denoted by r and 
8, as shown in Fig. 17.1. They are known as 
the polar coordinates of the point P. 

y 

0 x 

Fig.17.l 

If P represents the complex number z in the Argand diagram, then r is the same as 
I z j. The angle e is called the argument of z; it is denoted by arg z. To make the 

. definition precise, the argument is chosen so that -n < 8,;;; n. (The argument is not 
defined if z = 0 .) 

x 

You can see from Fig. 17 .1 that x = r cos 8 and y = r sin 8 . These equations still hold if 
e is obtuse or negative, because of the way in which the definitions of cosine and sine 
were extended in Pl Chapter 10. So you can write 

z = x + y i = r cos e + (r sine) i = r( cos e + isin e). 
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Example 17 .1.1 
Write in modulus-argument form 
(a) i, (b) -2, (c) -2+i, (d) -1-i. 

The points are plotted in the Argand 
diagram in Fig. 17.2. Comparing this 
with Fig. 17.1, you can see that the 
values of r and 8 for the four points are: 

-2+i i 

~::::::.:::::::.·.······ .... ·•·• .. 
-2 ' ..... /10 

(a) r=l, 8=~n; 

(b) r=2,8=n; 

-1-iL<. .... . 

(c) r=.J5, 8=n-tan-1 ~=2.677 ... ; 

, ~ 3 
(d) r=-v2, e=-4 n. 

So, in modulus-argument form, the complex numbers are: 

(a) l(cos~n+isin~n); 

(b) 2(cosn+isinn); 

(c) .f5(cos2.677 ... +isin2.677 ... ); 

(d) .fi ( cos(-i n) + isin(-i n)). 

Example 17.1.2 
If argz=;\-n and arg(z-3)=!n,find arg(z-6i). 

This is best done with an Argand diagram (Fig. 17.3). Since 
argz = ;\-n, the point z lies on the half-line u starting at 0 
at an angle ;\- n to the real axis. (Points on the other half of 
the line, in the third quadrant, have arg z =-in.) 

As arg(z..::. 3) =in, the translation from 3 to z makes an 

angle in with the real axis, so the point z lies on the half­
line v in the direction of the imaginary axis. 

Fig. 17.2 

3 

Fig.17.3 

These two half-lines meet at z = 3+3i, so arg(z-6i) = arg(3-3i). The 
translation 3 - 3 i is at an angle ;\- n with the real axis in the clockwise sense, so 
that arg(z- 6i) = -;\-n. 

MCE~ Exercise 17A 

1 Show these numbers on an Argand diagram, and write them in the form a+ bi. Where 
appropriate leave surds in your answers, or give answers correct to 2 decimal places. 

(a) 2( cos in+ i sin in) (b) 10( co~in + isin in) (c) s( cos(-in) + isin(-in)) 

(d) 3(cosn + isinn) (e) 10(cos2 + isin2) (f) cos(-3) + isin(-3) 
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2 Write these complex numbers in modulus-argument form. Where appropriate express the 
argument as a rational multiple of n , otherwise give the modulus and argument correct to 2 
decimal places, 

(a) 1+2i 

(e) 1 

(i) -J2 - -J2 i 

(b) 3-4i 

(f) 

(j) 

2i 

-1+.J3i 

(c) -5+6i 

(g) -3 

(d) -7-8i 

(h) -4i 

3 Show in an Argand diagram the sets of points satisfying the following equations. 

(a) argz = !n (b) argz = -1n (c) argz = n 

(d) arg(z-2)=~n (e) arg(2z-1)=0 (f) arg(z+i)=n 

(g) arg(z-1-2i)=~n (h) arg(z+l-i)=-~n 

4 Show in an Argand diagram the sets of points satisfying the following inequalities. Use a 
solid line to show boundary points which. are included, and a dotted line for boundary 
points which are not included. 

(a) O<argz<in (b) ~n::;;;argz::;;;n 

(c) ~n < arg(z-1)::;;;; in (d) -{-n<arg(z+l-i)<{-n 

5 Use an Argand diagram to find, in the form a+ bi, the complex numbers which satisfy the 
following pairs of equations. 

(a) arg(z+2)=~n,argz=1n (b) arg(z+l)={-n,arg(z-3)=~n 

(c) arg(z-3) = -~n, arg(z + 3) = -!n (d) arg(z + 2i) = .g.n, arg(z - 2i) = -~n 

(e) arg(z-2-3i) == -%n,arg(z-2+ i) = %n (f) argz = ~n, arg(z-2-2i) =fin 

6 Use an Argand diagram to find, in the form a+ bi, the complex number(s) satisfying the 
following pairs of equations. 

(a) argz=i-n, lzl=2 

(c) arg(z-4i) = n, I z+61=5 

7 If arg(z-!-)=!n,whatis arg(2z-1)? 

8 If arg(~ - z) = i-n, what is arg(3z-1)? 

(b) arg(z-3)=!n, lzl=5 

(d) arg(z-2)=~n, lz+2l=3 

9 If arg(z-1) = ~n and arg(z-i) = i-n, what is argz? 

10 If arg(z + 1) ~ i-n and arg(z-1) =in, what is argz? 

11 If arg(z+i)=O and arg(z-i)=-{-n,whatis izi? 

12 If arg(z- 2) =in and I z I= 2, what is argz? 
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17 .2 Multiplication and division 

Suppose that s has modulus p and argument a , and t has modulus q and argument f3. 
Then 

st= p(cosa + i sin a) x q(cos f3 + isin /3) 
= pq( cos a cos f3 + i sin a cos f3 + i cos a sin f3 + i2 sin asin/3) 

= pq( (cos a cos f3 - sin a sin /3) + i( sin a cos f3 + cos a sin /3) ). 

The expressions inside the brackets are cos( a+ /3) and sin( a+ /3) (see Section 5.3). 
Therefore 

st= pq( cos( a+ /3) + isin(a + /3)). 

Therefore pq (which is positive, since p > 0 and q > 0) is the modulus of st. It may 
also be true that a + f3 is the argument of st; but if addition takes a+ f3 outside the 
interval -n < (} ~ n , then you must adjust a+ f3 by 2n to bring it inside the interval. 

Example 17.2.1 
Show s = --J3 + i and t = -J2 + -J2 i as points in an Argand diagram. Find· st and ~ in 
modulus-argument form, and put them into the diagram. t 

You will recognise in Fig. 17 .4 triangles with 

angles of ! n and -!- n , so that 

s has modulus p = 2 and argument a = % n , 

t has modulus q = 2 and argument f3 = -!- n . 

Sx. 

ii· .. ·· 2 .... Jn 
-J3 

xt 

2 .. /: 

!.J2 .. -( 
4it 

.J2 

It follows that st has modulus pq = 4 . 

Since a+ f3 - 2 n + l n = .!l n > n the 

Fig. 17.4 

- 6 4 12 , 

argument of st must be adjusted to H n - 2n = -H n. 

Let w = ~ have modulus m and argument y . Since tw = s , equating moduli 
t 

gives qm = p, so that m = E. = .?. = 1. The argument of tW is /3 + y = -!- n + y , 
. q 2 

which (adjusted by 2n if necessary) must equal % n . In this case no adjustment is 

needed, since % n - -!- n = 12. n lies inside the interval -n < (},,;;;; n . 

So st= 4(cos(-Hn) + i sin(-Hn)) and 

The corresponding points are shown on an 
Argand diagram in Fig. 17 .5. 

You will notice that, since complex numbers are 
multiplied by multiplying the moduli and adding 
the arguments, they are divided by dividing the 
moduli and subtracting the arguments. 

s - 7 .. 7 - - cos 12 n + ism 12 n . 
t 

s x.__ 
·· .. , ___ 2 

>E---·-:·· 4 
st 

Fig. 17.5 

2/ 
.... ~ 

/\T21t 

_..xt 
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The rules for multiplication and division in modulus-argument form are 

I st I = I s 11 t I, arg( st) = arg s + arg t + k( 2n) , 

I~ I=\; l · argU) = arg s - arg t + k(2n), 

where in each case the number k (=-l,O or 1) is chosen to ensure that 
the argument lies in the interval -n < fJ ~ n . 

It would be a good idea to get used to these rules by working through some of the 
questions at the beginning of E~ercise 17B before going on to the next example. 

Example 17 .2.2 
If z has modulus 1 and argument fJ, where 0 < fJ < n, find the modulus and argument 

z-l 
of (a) z+l, (b) z-1, (c) -. 

z+l 

Since z = cos fJ + i sin fJ, 

z·+ 1 = cosfJ + isinfJ + 1 = (1 + cosfJ) + isinfJ 

and z - l = cos fJ + i sin fJ -1 = -(1- cos 8) + i sin fJ . 

These expressions can be simplified by using the identities 1+cos2A = 2 cos2 A 
and 1- cos 2A = 2 sin 2 A (see Section 5 .5) with -Bin-pface of 2A, that is 
A = ! fJ . You will then also need to express sin fJ in terms of ! fJ , using 
sin 2A = 2sinA cos A. 

(a) - z+l =(l+cosfJ)+isinfJ=2cos2 !fJ+2is~n!fJcos!fJ 

= 2cos i e( cosifJ + isin i e). 

This suggests that I z + 1 I= 2 cos! fJ and arg(z + 1) = !e. 
To be sure, you need to check that 2cos!fJ > 0 and that -n < !e ~ n. Since you 

are given that 0 < fJ < n, so that 0 < ! fJ < ! n, these inequalities are satisfied. 

(b) z - l = -(1- cosfJ) +i sin fJ = -2sin2 ! fJ + 2isin !fJcos! fJ 

= 2sin!e(-sin if}+ i cos i e). 

To get this into the standard modulus-argument form, notice that 

-sin! fJ + i cos !e can be written as (cos! fJ +.i sin! e) xi. 
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Since i has modulus 1 and argument in , 

(cos -i e + i sin -i e) x i ~ (cos -i e + i sin -i e )(cos -i n + i_sin -i n) 

= ( cos(-!e +.-! n) + isin(-!e +-in)), 
so 

z-1=2sinie(cos(ie +in)+ isin(ie +in)). 

y OU again need to check that 2 sin i e > 0 and that -n < i e + i n ,,;;; n . Since 
0 < e < n' these inequalities are certainly satisfied. It follows that 

[z-1[=2sinie and arg(z-l)=in+ie. 

(c) The rules for division give 

I 

z -11 _ [ z-1 [ _ 2sini8 _ 1 - ---- -tan-8 
z+l [z+l[ 2cosie 2 

and arg(z- l) = arg(z -1)- arg(z + 1) = (ie + in)-ie =in. 
z+l .,, 

This is shown in an Argand diagram in 
Fig. 17 .6. Since the modulus of z is 1 
and 0 < e < n ' the point z lies on the 
upper half of the unit circle, with centre 
0 and radius 1. 

The poil\ts A , B and P represent the 
complex numbers -1, 1 and z 
respectively. -

Th~ translatiOn BP then represents z - 1; 
and, writing z + 1 as z -(-1), the 

translation AP represents z + 1. Since 
the triangles OAP and OBP are 

A 0 

Fig.17.6 

isosceles, it is easy to see that the arguments of z + 1 and z -1 are i 8 and 

in+ i 8 respectively. The argument of- z - l is the angle you have to tum 
- z+l 

through to get from AP to BP, that is in anticlockwise, or +in. 
Also the moduli of z + 1 and z -1 are the lengths AP and BP. From the triangle 

ABP, in which AB = 2 and angle BAP = i 8, . __ 

AP= 2cosie and BP= 2sini8. 

B 
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Exercise 17B ~::~'J•. ·t~ .. ,~~~*~"~r~~Jrt~.-~l,!',)~,)i-;~; 0';.~w~1~~·r~ 

1 Ifs= z(cosln + isi.n~n), t = cos{-n + isin{-n and u = 4(cos(-%n) + isin(-%n)), write 
the following in modulus-argument form. · 

(a) st (b) ~ t 
(c) - (d) SU 

s 

u 
(f) 

t 
(g) s2 (h) u2 (e) - -

s u 

(i) st2u U) 
2s 

(k) s* (1) st* -
tu 

u* 1 2 
(m) ts* (n) - (o) - (p) :--

t2 t s 

(q) 4i (r) 
s3 
-

u* u 

2 If s=3(cos!n+isin!n) andif s2t=18(cos(-~n)+isin(-~n)),express t inmodulus­
argumentform. 

3 If s = cos 1 n + i sin 1 n and t = cos {- n + i sin {- n , show in an Argand diagram 

(a) s, (b) st, (c) st2 , 

(d) st3, (e) ~ s 
(f) 2· 

t 

4 RepeatQuestion3with s=4(cosin+isinjn) and t=2(cos{-n+isin{-n). 

5 Give the answers to the following questions in modulus-argument form. 

(a) If s =cos e + i sine' express s* in terms of e. 

(b) If s =cos e + isine' express ! in terms of e. 
s 

(c) If t = r(cos e + i sine)' express t* in terms of r and (}. 

(d) If t = r(cos e + isine)' express ! in terms of r and e. 
t 

(1+-13i)4. 
6 Write 1 + -13 i and 1- i in modulus-argument form. Hence express , in the form 

a+bi. {1-i) 

7 By converting into and out of modulus-argument form, evaluate the following with the aid 
of a calculator. Use the binomial theorem to check your answers. 

(a) (1+2i)7 (b) (3i-2)5 (c) {3-ir8 

8 Show in an Argand diagram the points representing the complex numbers i , - i and J3 . 
Hence write down the values of 

(a) arg(-13-i), (b) arg(-13 + i), 
.JJ+i 

(c) arg -J3 _ i' 
.;-

2i 
(d) arg -J3 + i" 
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Ii 9 A and B are points in an Argand diagram representing the complex numbers 1 and i . 
P is a point on the circle having AB as a diameter. If P represents the complex number z, 

find the value of arg z - ~ if P is in 
z-1 

(a) the first quadrant, (b) the second quadrant, (c) the fourth quadrant. 

10 Identify the set of points in an Argand diagram for which arg z - 3
. = ! n. 

z-41 

11 If A and B represent complex numbers a and b in an Argand diagram, identify the set of 

. " h" h z-a pomts 1or w 1c arg-- = n . 
z-b 

12 Identify the set of points in an Argand diagram for which arg z - ~ = {- n . 
Z+I 

13 Find the modulus and argument of 1 + i tan e in the cases 

(a) 0<8_<!n, (b) !n<8<n, (c) n<e<%n, (d) %n<8<2n:. 

14 If z = cos 28 + i sin 28 , find the modulus and argument of 1-· z in the cases 

(a) 0 < e < n, (b) -n<8<0. 

Illustrate your answer using an Argand diagram. 

~~~~Ai.~1L:8l;Fi.nS!~"f~'~t1i~·'M5~~~~.?'~f~5t~~;-W!l,m.~¥~;'.'ll~~~~~ 

17.3 Spiral enlargement 

Suppose that a number t = q( cos f3 + i sin /3) is 

represented by. a translation AT (see Fig. 17 .7). How 
would you represent the number w = st , where 
s = p(cosa + isina)? 

Since multiplication by s multiplies the modllius by 
p , and increases the angle with the real axis by a , 
w could be represented by a translation AW whose 

length is p times the length of AT and whose .· 
direction makes an angle a with the direction of AT 
in the anticlockwise sense. 

A transformation of a plane which multiplies lengths 
of vectors by a scale factor of p and rotates them 
through an angle a is called a spiral enlargement. 

A 

If complex numbers are represented by translations of a 
plane, multiplication by a complex number s has the effect 
of a spiral enlargement of scale factor I s I and angle arg s . 

T 

Fig. 17.7 
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Example 17 3.1 w 
Fig. 17 .8 shows an Argand diagram in which A and T are 
the points 1 + i and 4 - i . W is a point such that 
AW == 2AT and angle TA W == ~ n . Find the number I A SJ 
represented by W. --+--___..,..,....--____ _ 

Thetranslation AT is (4-i)-(l+i)==3-2i.The 1 
T 

translation AW is obtained.from this by a spiral Fig.17.8 

enlargement of scale factor 2 and angle ~ n , that is 
by multiplication by 2( cos~ n + i sin~ n) == 2(! + !-J3 i) == 1 + -J3 i. So AW is 

(3- 2i)(l +-J3 i) == 3+ 2-J3 + (3-v'3-2)i. 

The point Wis therefore (1 + i) + (3 + 2-v'3 + (3-v'3- 2)i) == 4 + 2-J3 + (3-v'3- l)i. 

Example 17 3.2* 
ABC is a triangle. Fig. 17 .9 shows three similar triangles BUC, CVA and AWB drawn 
external to ABC. Prove that the centroids of Afe triangles ABC and UVW coincide. 

- .• ,,, 

The centroid of a triangle, the point where 
the medians intersect, was defined in 
Pl Example 13.5.2. There it was given as the 
point with position vector ~ (a + b + c), where 
a , b and c are the position vectors of the 
vertices of the triangle. But since complex 

. numbers under addition behave exactly like 
two-dimensional vectors, the result carries 
straight over to an Argand diagram. If A , B 
and C correspond to complex numbers a, b 

and c , then the centroid of the triangle 
corresponds to ~ (a+ b + c) . Try writing out 
the proof for yourself using complex numbers 
instead of position vectors. 

c 

w 

Fig. 17.9 

What is new in the Argand diagram is that you now have a way of dealing with 
the similar triangles. Suppose that multiplication by a number s gives the spiral 

enlargement that transforms cB into ctJ . Then the same spiral enlargement 

transforms AC into ~,and BA into BW. So, if U, V ~nd W correspond to 
complex numbers u , v and w , you can write 

u-c==s(b-c), v-a==s(c-a) and w-b==s(a-b). 

If you add these three equations, you get 

(u-c)+ (v-a) + (w-b) == s((b-c)+ (c-a)+ (a-b)) == 0, 

so .u + v + w == a+ b + c . 

Therefore ~(u + v + w) =~(a+ b + c). That is, ABC and UVW have the same 
centroid. 

B 
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At the beginning of this section spiral 
enlargements were described in terms of general 
translations, and this is how they are used in these 
examples. But if you take the point A as the 
origin, you can also use them in an Argand 
diagram. Fig. 17.10 shows s, t and w =st 

represented by points S, T and W. Also shown is 
the point U representing the number 1. Then 
multiplication by s gives a spiral enlargement 

which transforms or to alt- ; it also transforms 

OU to OS , si~ce s = s x 1 . Therefore the 
triangles OTW and DUS are similar. 

In an Argand diagram, the triangles formed by the 
points representing 0, t , st and 0 , -1, s are similar. 

w 

0 u 
Fig. 17.10 

This gives you a geometrical method of drawing the point st on an Argand diagram 
when you know the points s and t . 

Exercise 17C 

s 

1 A is the point in an Argand diagra,m representing 1 + 3 i . Find the complex numbers 
represented by the two points B such that OB= ..Ji x OA and angle AOB = .,\ n. 

2 A is the point in an Argand diagram representing 3 - 2 i . Find the complex numbers 
represented by the two points B such that OB= 20A and angle AOB = ~n. 

3 · Points A and B represent 1 + i and 2 -:i in an Argand diagram. C is a point such that 
AC = 2AB and angle RAC = ~ n . Find two possibilities for the complex number 
represented by C . 

4 Points A , B and C represent i, 3- i and 4 + 2 i in an Argand diagram. D is the 
reflection of C in the line AB . Find the complex number which is represented by D. 

5 A point S represents the complex number s in anArgand diagram. Draw diagrfilI!-S to 
show how to construct the points which represent 

2 3 1 (a) s , (b) s , (c) - . 
s 

6 Points S and T represent the complex numbers s and t in an Argand diagram. Draw a 

diagram to show how to construct the point which represents ~ . 
. t 

7 A snail starts at the origin of an Argand diagram and walks along the real axis for an hour, 
covering a distance of 8 metres. At the end of each h,..our it changes its direction by !1t' 
anticlockwise; and in each hour it walks half as fai: as it did in the previous hour. Find 
where it ~s 

(a) after 4 hours, (b) after 8 hours, ( c) eventually. 
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8 Repeat Question 7 if the change of direction is through ! n and it walks ._~ times as far as 
. th . h -v2 m e prev10us our. 

9* A and Bare two points on a computer screen. A program produces a trace on the screen to 
execute the following algorithm. 

Step 1 Start at any poillt P on the screen. 

Step 2 From the current position rotate through a quarter c-ircle about A . 

Step 3 From the current position rotate through a quarter circle about B. 

Step 4 Repeat Step 2. 

Step 5 Repeat Step 3, and stop. 

Show that the trace ends where it began. 

10* A, B, C and D are four points on a computer screen. A program selects a point P on the 
screen at random and then produces a trace by rotating successively through a right angle 
about A, B, C and D. Show that, if the trace ends where it began, the line segments AC 

and BD are equal in length and.perpendicular to each other. 

11 * ABC is a triangle-Such that the order A , B, C takes you anticlockwise round the triangle. 
Squares ACPQ , BCRS are drawn outside the triangle ABC . If A , B and C represent 
complex numbers a, b and c in an Argand diagram, find the complex numbers 
represented by Q, Sand the mid-point M of QS. Show that the position of M doesn't 
depend on tlie position of C , and find how it is related to the points A and B. 

12* Points in an Argand diagram representing the complex numbers -2 i, 4, 2 + 4 i. and 2 i 
· form a convex quadrilateral. Squares are drawn outside the quadrilateral on each of the four 
sides. Find the numbers represented by the centres P, Q , R and S of the four squares. 

-Hence prove that 

(a) PR= QS, (b) PR is perpendicular to QS. 

Show that the same conclusion follows for any four points forming a convex quadrilateral. 

13* In an Argand diagram points A , B, C ." U, V and W represent complex numbers a, b , c, 
u , v and w . Prove that, if the triangles ABC and UVW are directly similar, then 
aw+ bu+ cv = av+ bw +cu. ('Directly similar' means that, if you go round the triangles in 
the order A, B, C and U, V, W, then you go round both triangles in the same sense.) 
Prove that the converse result is also true. Hence show that a triangle is equilateral if and 
only if a2 + b2 + c2 = be+ ca+ ab . · 

----~ 
#ft.'R"idW·!JWi~t~~Mtlll!CT &i& I .,WSS&'W'@I MM r 

17 .4 Square roots of complex numbers 

Section 16 .6 gave a method of finding square roots of complex numbers in the form 
a+ bi. You can also use a method based on modulus-argument form. 

A special case of the rule for multiplying two complex numbers is that, if 
s = p( cos a + i sin a), then s2 = p2 (cos 2a + i sin 2a) . That is, to square .a complex 
number, you square the modulus and double the argument (adjusting by 2n if 
necessary). 
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It follow,s that, to find a square root, you take the 
square root of the modulus and halve the argument. 
That is, 

..fs =.JP ( cosia + isinia). 

This is illustrated on an Argand diagram in Fig. 17 .11. 

This gives only one of the two square roots. Since the 
two square roots of s are of the form ±-JS , the two 
square roots are symmetrically placed around the 
origin in the Argand diagram. So the other root also 
has modulus -JP, and has argument i a± n, where 
the + or - sign is chosen so that the argument is 
between -n and n . 

The square roots of a complex number s have 

modulus M and arguments i arg s and i arg s ± n 

where the sign is +if args < 0 and - if args ~ 0. 

Example 17 .4.1 

-J.; 

Fig. 17.11 

Findthesquarerootsof (a) 8i, (b) 3-4i (see Example 16.6.1). 

(a) 8 i has modulus 8 and argument in. So its square roots have modulus 
.JS = 2.J2 and arguments ! n and !n - n = - ~ n. In cartesian form, these are 

r;::;:( 1 1 ) ( 1 1 ·) 2-..JL .J2 + .J2 i and 2.J2 - .fi,- .fi, 1 , 

that is 2 + 2_i and -2-2i. 

(b) 3-4i has modulus ~32 +(-4)2 =5 and argument -ta:n- 1 ~=-0.9272952 .... 
The square roots therefore have modulus ...[5 and arguments -0.463 647 6 ... and 
-0.463 647 6 ... + n. In cartesian form, these are 2- i and -2 + i. 

17.5 The exponential form 

The rule that, when you multiply two numbers, you add the arguments may have reminded 
you of a similar rule for logarithms, that log mn =log m +fog n. There is a reason for this; 
the arguments of complex numbers and logarithms can both be thought of as indices. 

To show this, let z = cos8 + isin8. You can differentiate this with respect to 8 to get 

dz 
d8 =-sine+ icose. 
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It is easy to see that the right side of this is i(cos8 + isin8), which is iz. So you can 
describe the relation between z and e by the equation 

dz 
d8 =iz. 

Can you think of a function which, when differentiated, gives you i times what you 
started with? 

If the multiplier were a real number a, rather than i, then the answer is simple. You know 

that this is the property of the exponential function: if y = eax, then : = aeax = ay. But 

this is not the complete answer. It is proved in Section 19 .4 that the most general function 

such that ~ = ay has the form y =Kew:, where K is an arbitrary constant. 

Coming back to the complex number problem, this suggests that z = cos8 + isin8 has 
the form Keie for some value of K. . 

To find K, consider the special value 8 = 0. Then z =cos 0 + isin 0 = 1+0i=1 , and 
KeiO = Ke 0 = K x 1 = K. So K must equal l. It follows that: 

253 

cos e + i sine can be written as e6 
i . 

z. ::::. ( ws ~ .+ i s71fLB- ~--
'f ' t9-'I 

- '( Q_,, 
Is this a 'proof'? Not strictly, since ex has so far only been defined when x is real. But 
notice that, if eY i is written as cosy+ i sin y , then 

eai x ef3i =(cos a+ i sin a)( cos ,B + isin /3) 

= cos( a + ,B) + i sin( a + ,B) 
= e(a+{3)i = eai+/3i 

' 

which is the usual multiplication rule for indices. This suggests that it would be a good 
idea to define eY i as cosy + i si~ y . Then many of the properties of the exponential 
function that you know already, such as the multiplication rule and the rule for 
differentiation, would still hold. 

Most people who use complex numbers prefer the compact notation eYi to the rather 
clumsy form cosy+ i sin y that you have used so far in this chapter. For instance, in 
Example 17.2.2 you could write z as e6

i and z +I as ( 2 cos!e) e~6 i. 
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Before stating this as a definition, it is worthwhile going one stage further, and defining 
ex+yi· as ex x eYi. You then have: 

If z = x + y i, the exponential function e z is defined by 

ez =ex(cosy+isiny). 

Thus Jez J =ex, and argez = y + k(2n), 
where k is chosen so that -n < arg ez ,,;; n. 

A special case of this, with x = 0 and y = n, leads to a famous equation which connects 
five of the most important numbers in mathematics: 

eiri+l=O. 

Exercise 17D • .r .--~,.) " '<1~j.~O, 't:~<:,:;,~\.,:-f~,"-~:/~o-,~ _;~')...';-"~.z.~L 

1 Use the modulus-argument method to find the square roots of the following complex 
numbers.' 

(a) 4(cos~n4-isin~n) 
(d) 20i-21 

2 Find 

(b). 9(cos4n-isin4n) 

(e) 1 + i 

(c) -2i 

(f) 5-12i 

(a) the square roots of s,,fj i - 8, (b) the fourth roots of g,,fj i - 8 . 

3 Prove that, if z is a complex number, then ez + ez* and ez x ez* are both real. What can 
yoi'.i'say about ez - ez* and ez + ez*? 

4 In an Argand diagram, plot the complex numbers 

(a) eiri 
' 

(e) el+i 
' 

(b) 

(f) 

eiiri 

e-l+i 

· 5 Find the square roots of 

(a) eiiri (b) e1+2i 

l : 
eyi -e-yi 

If y is real, simplify i -yi · 
eY +e 

Prove that; if s = a+ bi , then 

' 

(a) ( es)2 = e2s, (b) ( es)3 = e3s' 

(c) 2e-i, 

(g) el-i. 

(c) (esf1 = e-s. 

(d) 4i e , 

8 Use the definition of ez to prove that, if s =a+ bi and t = c +di, then es x e1 = es+r. 
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9 Use the definition of ez to prove that, if s =a+ bi, then _! e•x = se•x. 
. d.x 

10 If z = cos(} + i sin(} , find the modulus and argument of e z in terms of (} . 

11 If z=e ',showthat z+l=e2 e 2 -e 2 .DeducetheresultofExample 17.2.2(a). IF l8i ( llli -llli) 

Use a similar method to prove the result of Example 17 .2 .2(b). 

;-,!{~, ~':!--; ....:·(;,~;~,tf 'd,:;;:( .;;. ... ~i:;i r. "i'..'"• vS: Miscellaneous exercise 17 

1 Given that. z =tan a+ i, where .0 <a< ire, and w = 4( cos Jirc + isinfcirc ), find in their 
simplest forms 

(a) I z 1. (b) lzwl, (c) argz, z (d) arg-. (OCR) 
w 

2 Given that ( 5 + 12 i )z = 63 + 16 i' find I z r and arg z' giving this answer in radians correCt 
to 3 significant figures. Given also that w = 3( cos 1 rc + i sin 1 rc) , find 

(a) 1;1. (b) arg(zw). (OCR) 

3 In an Argand diagram, the point P represents the complex number z. On a single diagram, 
illustrate the set of possible positions of P for each of the cases 

(a) lz-3il,;;;3, (b) arg(z+·3-3i)=!rc. 

Given that z satisfies both (a) and (b), find the greatest possible value of I z I· (OCR) 

4 A complex number z satisfies I z-3-4i I= 2. Describe in geometrical terms, with the aid 
of a sketch, the locus of the point which represents z in an Argand diagram. Find 

(a) the greatest value of I z I, 
(b) the difference between the greatest and least values of .arg z . (OCR) 

5 Given that I z.,... 5 I = I z - 2 -3 i I, show on an Argand diagram the locus of the point which / 
represents z. Using your diagram, show that there is no value of z satisfying both 

I z - 5 I =I z - 2 - 3 i I and arg z =!re. (OCR) 

6 A complex number z satisfies the inequality I z + 2 - 2.J3 i j,;;; 2. Describe, in geometrical 
terms, with the aid of a sketch, the corresponding region in an Argand diagram. Find 

(a) the least possible value of I z I, 
(b) the greatest posi;ible value of arg z. (OCR)-

7 The quadratic equation z2 + 6z + 34 = 0 has complex roots a and f3 . 

(a) Find the roots, in the form a+ bi. 

(b) Find the modulus and argument of each root, and illustrate the two roots on an Argand 
diagram. 

(c) Find I a-{3j. (MEI) , 
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8 The complex numbers a and f3 are given by a + 
4 

= 2 - i and f3 = -.J6 + .J2 i. 
a 

(a) Show that a = 2 + 2 i and that \a\=\ /3 \.Find arg a and arg f3. 
(b) Find the modulus and argument of af3. Illustrate the complex numbers a, f3 and af3 

on an Argand diagram. 

(c) Describe the locus of points in the Argand diagram representing complex numbers z 
for which \ z - a \ = \ z - /3 \ . Draw this locus on your diagram. 

(d) Show that z =a+ /3 satisfies \ z - a\=\ z - /3 \.Mark the point representing a+ f3 on 
your diagram, and find the exact value of arg( a + /3). (MEI) 

9 (a) Given that a = -1+2 i, express a 2 and a 3 in the form a+ bi. Hence show that a is 
a root of the cubic equation z3 +7z2 +15z + 25 = 0. Find the other two roots. 

(b) Illustrate the three roots of the cubic equation on an Argand diagram, and find the 
modulus and argument of each root. 

( c) L is the locus of points in the Argand diagram representing complex numbers z for 
which \ z + i \ = i. Show that all three roots of the cubic equation lie on L and draw 
the locus L on your diagram. (MEI) 

10 Complex numbers a and /3 are given by a = 2( cos~ n + i sin~ n) and 
f3 = 4.J2( cos in+ isin in). 

(a) Write down the modulus and argument of each of the complex numbers a, f3, af3 

and ~ . Illustrate these four complex numbers on an Argand diagram. 

(b) Express af3 in the form a+ bi, giving a and b in their simplest forms. 

( c) Indicate a length on your diagram which is equal to \ f3 - a \ , and show that 

\/3-a\=6. 
(d) On your diagram, draw 

(i) the locus . L of points representing complex numbers z such that \ z - a \ = 6 , 

(ii) the locus M of points representing complex numbers z such that 
arg(z-a)=in. (MEI) 

11 You are given that a = 1 + .J3 i is a root of the cubic equation 3z3 
- 4z2 + 8z + 8 = 0 . 

(a) Write down another complex root f3, and hence solve the cubic equation. 

(b) Find the modulus and argument of each of the complex numbers a, /3, a/3 and ~. 
Illustrate these four complex numbers on an Argand diagram. /3 

( c) Describe the locus of points in the Argand diagram representing the complex numbers 

z for which \ z - a \ = .J3 . Sketch this locus on your diagram. 

(d) Express 
6 +a. in the form a+ bi, where a and b are real numbers. 
2a-1 

(MEI) 
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12* The fixed points A and B represent the complex numbers a and b in an Argand diagram 
with origin 0 . 

(a) The variable point P represents the complex number z, and A is a real variable. 
Describe the locus of Pin relation to A and B in the following cases, illustrating 
your loci in separate diagrams. 

(i) z-a=A.b (ii) z-a=A-(z-b) (iii) z-a=iA-(z-b) 

(b) By writing a= I a leia and b =I b lei/3, show that I Im( ab) I= 2~, where ~ is the area 
of triangle OAB. 

13* A function f has the set of complex numbers for its domain and range. It has the property 
that, for any two complex numbers z and w, / f(z)-f(w) /=I z -w I· Explain why 
f(l) - f(O) must be non-zero. 

The function g is defined by g(z) = f(z)- f(O). Show that g has the same property as f, 
. f(l)- f(O) 

plus the additional prop~rties g(O) = 0 and g(l) = 1. Prove, by making two suitable choices 
for w, that I g(z) I= I z I and I g(z)-1 I=/ z -1 /.By writing z = x + yi and g(z) = u +vi, 
show that, for each z, g(z) must equal either z or z*. 

If z and w have non-zero imaginary parts, why is it impossible for g(z) to equal z and 
g(w) to equal w*? Use your answer to write down the most general form for the function 
g . What is the most general form for the function f? Interpret your answer geometrically. 

(OCR) 

illillll'l!lllHlllJ!i!l!ll!lllm!;:;Jil!-lmllll!il'&imi!illllli'Jl:!lMm'!m~!!ii·!fi-~~~i~.~t:?.'~olf~,~~""'WJ1J.!ilE~~&~~~~~'lf.9~~;;,'.i:~ 
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18 Integration 

This chapter is about two methods of integration, one derived from the chain rule for 
differentiation, and the other derived from the rule for differentiating a product. When 
you have completed it, you should 

• understand and be able to find integrals using both direct and reverse substitution 
• be able to find new limits of integration when a definite integral is evaluated by 

substitution 

• recognise the form f ~(~} d.x, and be able to write down the integral at sight 

• know and be able to apply the method of integration by parts. 

18.1 Direct substitution 

None of the methods of integration described so far could be used to find 

J_l_d.x 
x+,J; . 

However, by expressing x in terms of a new variable, integrals like this can be put into 
a form which you know how to integrate. 

Denote the integral by I, so that 

d/ 1 
d.x = x+,J;. 

The difficulty in solving this equation for I lies in the square root, so write x = u2
. 

Then, by the chain rule, 

d/ d/d.x 1 2 - = - x- = --x 2u = -­
du d.x du u2 + u u + 1 

From this you can integrate to find I in terms of u , as 

I = 2 lnJ u + 1 J + k . 

The solution to the original equation is then found by replacing u by {; , so that 

I = 2 ln(--Jx + 1) + k . 

(You do not need the modulus sign, since Fx + 1 is aiways positive.) 

You can easily check by differentiation that this integral is correct. 

This method is called integration by substitution. It is the equivalent for integrals of 
the chain rule for differentiation. 
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In general, to find I= J f(x)dx, the equation : = f(x) is changed by writing x as some 

function s(u). Then di = f(x) x dx = g(u) x dx, where g(u) = f(s(u)). If you can find 
du du du 

f g(u) x dx du, then you can find the original integral by replacing u by s-1(x). 
du 

If x = s(u) and g(u) = f(s(u)), then J f(x)dx is equalto J g(u) x: du, with u 

replaced by s-1(x). 

Do not try to memorise this as a formal statement; what is important is to learn how to use 
the method. Notice how the notation helps; although the dx and du in the integrals 

have no meaning in themselves, the replacement of dx in the first integral by : du in 
the second makes the method easy to apply. 

Example 18.1.1 

Find f .!_ ln x dx using the substitution x = eu. 
x 

The difficulty lies in the logarithm factor, which is removed by using the 

substitution x = e u (that is, ln x = u ) . Then dx = e u , and the integral becomes 
du 

f e1uln(eu)xeudu= f udu=iu2 +k. 

Replacing u in this expression by ln x, the original integral is 

J ~lnxdx = !(lnx)2 +k. 

Example 18.1.2 

Find f ~ dx using the substitution 2x + 1 = u2
. 

'Y2x+l 

The awkward bit of the integral is the expression -hx + 1 . If 2x + 1 is written as 

u2
, then -J2x + 1 is equal to u. The equation 2x + 1 = u2 is equivalent to 

x = i u2 
- i. This gives dx = i (2u) = u. So f ~ dx becomes 

du 'Y2x+l 

f 6(1 u2 -1.) 2 u 2 x u du = f ( 3u2 
- 3) du = u3 

- 3u + k. 

You want this in terms of x, so substituting -J2x + 1 for u gives 

f~dx-( 3 -J2x+l - -J2x+l) -3-J2x+l+k. 
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It is quite acceptable to leave the answer in this form, but it would be neater to 

note that ( ..J2x + 1 )3 = (2x + 1)..../2x + 1, so 

f 
6x 

..../2x+l dx=(2x+l)..../2x+l-3..../2x+l+k 

= (2x + 1-3)..../2x + 1+k=2(x -1)..../2x + 1 + k. 

Since this is quite a complicated piece of algebra, it is worth checking it by using the 

product rule to differentiate 2(x -1)..../2x + 1, and showing that the result is ~. 
'V2X+ 1 

The method used in this example is sometimes described as 'substituting u = ..J2x + 1' 
and sometimes as 'substituting x = ! (u2 -1) '. In the course of the calculation you use 

the relation both ways round, so either description is equally appropriate. 

The next example requires you to find a suitable substitution for yourself. 

Example 18.1.3 

Find f ~4-x2 dx. 

You need a substitution for x such that 4 - x 2 simplifies to an exact square. A 
function with this property is 2 sin u ; since if x = 2 sin u , then 

4-x2 =4-4sin2 u =4(1-sin2 u) =4cos2 u. 

Therefore ~ 4 - x 2 = 2 cos u. Also dx = 2 cos u . The integral then becomes 
du -

f 2cosux2cosudu= f 4cos2 udu= f 2(1+cos2u)du 

= 2u+ sin2u+ k. 

To get the original integral, note that sin u = ! x, so that 2u = 2 sin_,(! x). But 

rather than using this form in the second term, it is simpler to expand sin 2u as 

2 sin u cos u, which is x x ! ~ 4 - x 2 
• Therefore 

f ~4-x2 dx = 2sin-'(!x)+!x~4-x2 +k. 

Notice one further detail. The reference in the general statement (near the top of page 259) 
to the inverse function s-1 should alert you to the need for the substitution function s to be 
one-one. This is arranged in the usual way, by restricting the domain of s. 

In the introductory example on.page 258, for x = u2 to have an inverse you can restrict 
u to be non-negative. This justifies writing -JX as u (since by definition -JX;;,,, 0) 
when the variable was changed from x to u , and then replacing u by -JX (rather than 
--JX) at the final stage. 
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In Example 18 .1.3, the domain of u is restricted to the interval -! 7r ~ u ~ i 7r, so that 

the substitution function x = 2sinu has inverse u = sin-1(!x), with sin-1 defined as in 

P 1 Section 18 .4. Over this interval cos u ~ 0 , which justifies taking 2 cos u to be the 

positive square root of 4 - x2. 
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Exercise 18A M ff NiWill •!W!.'%l!!!.--
In Questions 3 and 5 you are required to find the substitution for yourself. 

1 Use the given substitutions to find the following integrals. 

(a) f 1-[; dx X =u 2 
(b) f (3x~4) 2 dx 3x+4 =u 

x-2 x 

(c) f sin(~n-~x)dx 1 1 
37r-2X = U (d) f x(x -1)-5 dx x=l+u 

f ex x =lnu (f) f 1 dx x = u2 (e) --dx 
1 +ex 3-{; + 4x 

(g) f 3x.J x + 2 dx x=u2-2· (h) f 6dx x = 3+ u2 
x-3 

(i) f 1 --dx 
xlnx 

x =eu (j) f 1 dx 
~4-x2 

x = 2sinu 

2 Use a substitution of the form ax + b = u to find the following integrals. 

(a) f x(2x + 1)3 dx (b) J (x+2)(2x-3)5 dx (c) J x..J2x-1 dx 

(d) f x-2 dx 
..Jx-4 (e) f (x:l)2 dx (f) f-x-dx 

. 2x+3 

3* Use a suitable substitution to find the following integrals. 

(a) f ~dx 
1-9x 

(b) f ~16-9x2 dx (c) J-1
-dx 2+e-x 

(d) f v x dx 
l+x 

(e) J (1-x2 r~dx (f) f 1 dx 
2-.Jx 

4 (a) Use the substitution x = tan u to show that J ~ dx = tan -I x + k. 
l+x 

(b) Use the substitution x = lnu to find s~2 dx. 
. l+e x 

5* For the following integrals, use a substitution to produce an integrand which is a rational 
function of u, then use partial fractions to complete the integration. 

(a) J x 1 dx 
e -e 

(b) f , 1 'dx 

iJW;i!..::f.:-~~~E.Z:1,'.i.+;:,:-;;;·:;:;:.~:~;;~~:~1;7-\.~,~;s;-....:::r..;;;.:: :;r ;.'.',1 -,:,;,;~rr-~.::~E-~"~;:,~~~?.;:c:z-:'.'.~:;'.~-~\'~<;-!!~r;;:;-112-::·.•c:;:·f..;.~-.JR:;~~'.:':i'.~-.:~E~t:;;%Fi3.~;;;.>;::':.·,5?~~{..-i$(,:.l~~L'!·!µt.f[ .... ;.o""J;..~4':~r::SW..t~~$-'.:!.:m:;-,..&~ 
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18.2 Definite integrals 

The most difficult part in Example 18.1.3 was not the integration, but getting the result 
back from an expression in u to an expression in x. If you have a definite integral to 
find, this last step is not necessary. Instead you can use the substitution equation to 
change the interval of integration from values of x to values of u . 

f b fq dx 
If x=s(u),then f(x)dx= g(u)x-du, 

a p du 

where g(u)=f(s(u)),and p=s-1(a), q=s-1(b). 

Once again, it is more important to be able to use the result than to remember it in this 
form. 

Example 18.2.1 

Find f' ~4-x2 
dx, 

0 . 

(a) using the substitution x = 2sin u, 
(b) by relating it to an area. 

(a) Follow Example 18.l.3 as far as the form of the integral in terms of u, and 

note that the new limits of integration are sin_, ( ! x 0) = 0 and sin -I(! x 1) = iJ n . 

Therefore 

f I /.--;; f tir 1 

0 
\/4-x2 dx= 

0 
4cos2 udu=[2u+sin2u]3"' 

- l n +sin l n = l n + l .J3 -3 3 3 2 . 

(b) If y = ~4- x2
, then x2 + y2 = 4, 

which is the equation of a circle with 
centre the origin and radius 2. The 
integral therefore represents the area of 
the region under the upper semicircle 
from x = 0 to x = 1, shown shaded in 
Fig. 18.1. This region consists of a sector 
with angle iJ n and a triangle with base 1 

and height .J3 . The value of the integral is therefore 

l x 22 x(ln)+lx1 x .,J3 - ln + l.,)3 2 6 2 -3 2 . 

y 

0 x 

Fig. 18.1 
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Example 18.2.2 

Find f 1-
1
- 2 dx using the substitution x = tan u . 

0 1+ x 

The substitution x =tan u makes 1 + x 2 =I+ tan2 u = sec2 u (see Section 5.2). Also 

dx = sec2 u (see Section 7.2), tan-1 0 = 0 and tan - 11 = ~ n. Therefore 
du 

f 1 1 f ±ir 1 f ±ir 1 
--2 dx = --2-xsec2 udu = ldu =[u]ciir ={-n. 

ol+x osecu o 
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~~~ Exercise18B ~ 

In Questions 3 and 4 you are required to find the substitution for yourself. 

1 Use the given substitutions to find the following integrals. 

r x (a) e dx 
o l+ex 

x =lnu f6 1 (b) dx 
9 x-2-.fX 

x = u2 

(c) f x(x-1)
5

dx x=I+u (d) fi2 

x-Jx-ldx x=l+u 

(e) r I 
o ~4-x2 dx 

x = 2sinu (f) x dx f 2 6 -Jx-5 
x=5+u 

(g) .C ~16- x
2 

dx x =4sinu (h) f-1-2 dx x =2tanu 
14+x 

e2 r 1 (i) f 1 dx x=eu U) 3 dx x = sinu 
e x(lnx)2 

o (1-x2)2 

f I x = u3 
(k) ( v;) dx 

1 x I+ x 

2 Use the substitution x = sin2 u to calculate f 1 ~ x dx. 
0 1-x 

3* Use trigonometric substitutions to evaluate the following infinite and improper integrals. 

f
~ 1 

(a) - 2-dx 
0 x +4 

(b) f3 ~dx 
o 9-x 

(e) i~ 1 
--3dx 

(1 + x2)2 

f 
~ 1 

(c) - 2-dx 
-~ 9x +4 

f
~ 1 dx 

(f) 1 x~x2 -I 

4* Evaluate_ the following infinite integrals by using suitable substitutions. 

(a) --dx f 
~ 1 

2 x(lnx)3 
(b) (~ - 1-dx 

J1n2 ex -1 f 
~ 1 

(c) 1 x(x+-.fX)dx f
~ I 2 

(d) 
0 

xe -,x dx 
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5* Use a substitution, followed by a change of letter in the integrand, to show that, if a> 0, 

-- = I 2 

f
= x2 

-= e 20-2 dx =a f _= e -,x dx. 

2 

6* Use the substitution x =~,where a> 0 , to show that 
u 

--dx= --dx fa 1 J= 1 
o <:'2 + x2 a a2 + x2 . 

7* Use a substitution to prove thats: xsinxdx = s:(n-x)sinxdx. Hence show that 

J: xsinxdx = f n f :sinxdx, and evaluate this. 

18.3 Reverse substitution 

If y =-Ji+ ln x , then the chain rule gives dy = ~ x _!_. So, turning this into 
dx 2 l+lnx x 

integral form, 

f 1 . 1 
· -Jl+lnx x~dx=2-Jl+lnx+k. 

But how could you find this integral if you didn't know the answer to start with? You 
can see that the integrand is the product of two factors. The first of these has the form of 

a composite function of x; you could write it as l · where u = 1 + ln x. The lucky 

break is that the second factor, _!_, is the derivative du . So the integral can be written as 
x dx 

f 1 du 
rX-dx, 

'\/U dx 

which can be worked out as 

f 
1 . . 

Fu du = 2--Ju + k = 2-J1 + ln x + k. 

This seems to be a different form of integration by substitution, in which you can 

already see the derivative du as part of the integrand. 
dx 

To describe itin general terms, write~ as f{x), u = l+lnx as r(x) and ~as 
l+lnx '\/U 

g(u), so f(x) = g(r(x)) and du=_!_. You then get: 
dx x 
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Ifu=r(x),andif g(r(x))=f(x),then J f(x)x:dx is equal to J g(u)du, 

with u replaced by r( x}. 

You can check that this is in effect the same as the statement in Section 18 .1, with f and 
g, x and u interchanged, and r written in place of s. But the method of applying 

it is different, because you need to begin by identifying the derivative du as a factor 
. h . d dx m t e mtegran . 

As before, do not memorise the general statement, but learn to use the method by 
studying some examples. 

Example 18.3.1 

Find J x2 ~1 + x 3 dx. 

Begin by noticing that the derivative of 1 + x 3 is 3x2
, so that if the integral is 

written as 

J j~l+x3 x3x2 dx, 

then it can be changed into the form 

J j{l+x
3)t x :dx 

with u = l + x 3 
• This is equal to 

f I 3 

lu2 du= ~u2 +k 
3 9 ' 

with u replaced by 1 + x 3
• That is, 

J x2~l+x3 dx=~(l+x3 )~+k. 

Example 18.3.2 
(l" 

Find J: cos4 xsinxdx. 

If the integrand is written as -cos4 xx (-sin x), then the second factor is du with 
u = cosx. dx 

f!ir Ji" du cos4 xsinxdx= -cos4 xx-dx 
0 0 dx 

=J
0

.-u4 du=-[lu5
]
0 

=l. 
I 5 I 5 
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Notice that the limits of integration change from 0, in to 1, 0 at the step where the 

integral changes from 
2 

-cos4 xx ~dx to - u4 du. Since cosx is decreasing over fln: d fo 
0 dx I 

the interval 0 ,.;:; x ,.;:; in , the limits for u appear in reversed order. 

Example 18.3.3 

Find J c.osx -sinx dx. 
smx + cosx 

Write this as f. 1 
x(cosx-sinx)dx.If u=sinx+cosx,thisis 

smx+cosx 

f . 1 
x du dx , which is J _!. du = ln\ u \ + k . 

sm x + cos x dx u 

f cos x - sin x \ . \ So . dx = ln sm x + cos x + k. 
smx + cosx 

In this last example the integral has the form f ~(~] dx, where f( x) = sin x + cos x . This 

type of integral often arises, and the result is important: 

f f'(x) dx = ln\ f(x) \ + k · 
f(x) 

Example 18.3.4 

Find e -e dx. f
l x -x 

0 ex +e-x 

The integrand is ~(~} with f(x) =ex + e -x, so the value of the integral is 

(1nJ ex +e-x J]~ = ln( e+D-ln2 = ln( e~:lJ 

}': ',:{: ._i! ,,.(~~+}"~ \.""'trt ~.<~< t"J:vf/f_,r.!";~' ~,;f~;'. ~"{~:>1l ~ ,>~d~~~ Exercise 18C 

In Questions 2, 5 and 6 you are required to find the substitution for yourself. 

1 Use the given substitutions to find the following integrals. 

(a) f 2x(x2 +1)
3

dx u=x2 +1 (b) f x~4+x2 dx 

(c) J sin5 xi:osxdx u = sinx (d) f tan3 xsec2 xdx 

(e) f 2x
3 

--dx 
~1-x4 

u = 1-x4 (f) f cos3 2x sin 2x dx 

u = 4+x2 

u·= tanx 

u = cos2x 
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.2* Find the following integrals by using·suitable substitutions. 

(a) J x(l-x2
)
5 

dx (b) J x~3-2x2 dx 

(c) J x 2 (5-3x3 )6 dx (d) f ~dx 
\11 + x 3 

(e) J sec4 xtanxdx (f) J sin3 4xcos4xdx 

3 Without carrying out a substitution, write down the following indefinite integrals. 

f COSX dx 
(a) l+sinx 

f ex 
(d) --dx 

4+ex 

f x2 
(b) --3 dx 

l+x 

f 2e3x 
(e) 5-e3x dx 

(c) J cotxdx 

(f) J tan3xdx 

4 Evaluate each of the following integrals, giving your answer in an exact form. 

(a) J2~dx (b) (5 x-2 dx (c) fin sin2x dx 

1 ex -1 )4 x2 -4x+5 o l+cos2x 

5* Evaluate each of the following integrals, giving your answer in an exact form. 

fJ!" f 3 

!n 

(a) 
2 cosx dx (b) 

0 
x(x2 +1) dx (c) J; sinxcos

2 xdx 
o ...fl+ 3sinx 

(d) f (1+2x)~x+x2 dx (e) 
3 smx dx rn . 
0 (1 +cos x)2 (f) J: 2x~l + x

2 
dx 

ln f (lnxt dx J:n sec3 xtanxdx (g) J; sec
2 

xtan
2 

xdx (h) (i) 
I X 

6* Find an expression, in terms of n and a, for fa x ·dx. For what values of n does 
~ o (1+x

2f 
f x dx exist? State its value in terms of n . 

o (1+x
2r 
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18.4 Integration by parts 

Another method of integration depends on the product rule for differentiation. For 
example, from 

d ( . ) . - xsmx = smx+xcosx 
dx 

you can deduce that 

xsinx = J sinxdx+ J xcosxdx = -cosx+ k+ J xcosxdx. 
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You can rearrange this to give the new result 

J xcosxd.x=xsinx+cosx-k. 

But if you were asked to find J xcosxd.x, you would not immediately guess that the 

answer comes from differentiating x sin x. You can overcome this by applying the same 
argument to the general product rule. 

d du dv 
From - (uv) = -v + u - you can deduce that 

d.x d.x d.x 

f du J dv 
UV = d.x V d.x + U d.x d.x. 

If you can find one of the integrals on the right, this equation tells you the other. It can 
be rearranged to give the rule: 

Integration by parts 

Ju: d.x =uv-J: vdx. 

For example, if you want to integrate x cos x , you write u = x and find a function v 

such that dv = cos x. The simplest function is v = sin x . The rule gives 
d.x 

f xcosxd.x = xsinx-J 1 x sinxdx 

= xsinx + cosx + k. 

Notice that the result at the top of the page has a constant -k, and the same integral 

here has a constant +k. It is not difficult to see that the two forms are equivalent. 

Example 18.4.1 

Find J xe3" d.x. 

' 

Take u = x and find v such that : = e3". The simplest function for vis je3". The 
rule gives 

f xe3" d.x - x X .!e3" -f 1 X .!e3" d.x - 3 3 

=.!xe3x -.!e3x +k 
3 9 

=~(3x-l)e3"+k. 
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The next example applies the method to a definite integral. The rule then takes the form: 

fb dv fbdu 
u-dx=[uv]:- -vdx. 

a dx adx 

Example 18.4.2 

Find J: xlnxdx. 

If you write u = x, you need v to satisfy dv = ln x. But although Section 4.3 
dx 

gave the derivative of lnx, its integral is not yet known. (See Example 18.4.3.) 

When this occurs, try writing the product the other way round. Take u = ln x, and 

find a v such that dv = x , which is v = 1 x 2
• The rule then gives 

dx 

JS s JS 1 
xlnxdx=[lnxx!x2

] - -x!x2 dx 
2 2 2 x 

= 32ln8-2ln2- J: !xdx 

3 [l 218 = 32 ln 2 - 2 ln 2 - 4 x 
2 

= 32(3ln2)-2ln2-(16-1) 

= 94ln2-15. 

It is usually best to leave the answer in a simple exact form like this. If you need a 
numerical value, it is easy enough to calculate one. 

Example 18.4.3 

Find J ln x dx. 
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You wouldn't at first expect to use integration by parts for this, since it doesn't appear to 

be a product. But taking u as u = In x and dv = 1, so that v = x , the rule gives 
dx 

J Inxdx=lnxxx-J~xxdx=xlnx-J ldx 

=xlnx-x+k. 

The integral of In x is an important result. You need not remember the answer, but you 

should remember how to get it. 

The next example concerns two integrals which are used in probability. 
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Example 18.4.4 

Find f: xe-ax dx and f: x2e-ax d.X, where a is positive. 

Begin by finding the integrals from 0 to s , and then consider their limits as s ~ oo • 

F b h . l ak dv -ax 1 -ax or ot mtegra s t e - = e , so v = - - e . 
dx a 

{ xe-ax dx =[xx(-~}-ax I -{ 1x(-~}-ax dx 
1 -as [ 1 -ax ]s =--se - 2 e 
a a 0 

I -as I-as 1 =--se --e +-. 
a a 2 a 2 

{ x2e-axdx =[x 2 x(-~}-ax I-J:2xx(-~}-axdx 
1 2fs =--s2e-as+- xe-axdx. 
a a o 

The integral in the last line here is the integral that has just been found, so you 

could now use the first answer to complete the evaluation of J: x 2e-ax dx. 

For the infinite integral, you need to know the limits of e-as, se-as and s2e-as as 

s ~ oo • You know that e -as ~ 0 , and Miscellaneous exercise 7 Question 11 shows 
that also se-as ~ 0 and s2e-as ~ 0. 

f- 1 It follows that xe-ax dx = 2, 
o a 

and that J: x2e-ax dx 2s- 2 = ~ o xe-ax dx = a3. 

~M.ll.t]i .. ~~~1~«.},-,J~,:~.,·.) , , , r·'~ ,,' _ _ ~ Exercise 18D 

1 Use integration by parts to integrate the following functions with respect to x. 

(a) xsinx (b) 3xex (c) (x+4)ex 

2 Use integration by parts to integrate the following functions with respect to x. 

(a) xe2x (b) xcos4x (c) xln2x 
3 Find 

(a) f x5 In3xdx, (b) f xe2x+I dx, (c) f ln2xdx. 
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4 Find the exact values of 

(a) f xlnxdx, (b) J:n xsin-ixdx, (c) f xn lnxdx (n >D). 

5 Prove that J x 2 sinxdx =-x2 cosx+2 J xcosxdx. Hence, by using integration by parts a 

second time, find J x 2 sinxdx. Use a similar method to integrate the following functions 

with respect to x . 

(a) x2e2x (b) x 2 cos-ix 

6 Find the area bounded by the curve y = xe -x, the x-axis and the lines x = 0 and x = 2. 
Find also the volume of the solid ofrevolution obtained by rotating this region about the x­

axis. 

7 Find the area between the x-axis and the curve y = x sin 3x for 0 .;;; x .;;; j- tr . Leave your 
answer in terms of tr. Find also the volume of the solid of revolution obtained by rotating 

this region about the x-axis. 

8 Find 

(a) f: ex cosxdx, (b) f~n e-4
x sin2xd.x, J

2n 
(c) 

0 
e-ax cosbxdx. 

9 Find 

. (a) J: e-x sinxd.x, fl x dx 
(b) o..Jl-x . 

Draw diagrams to illustrate the areas measured by these definite integrals. 

Miscellaneous exercise 18 ,~ ~~-{, 0;1"".i~_:• _/;: ;;', • - ' '~f "--:~; r;i.:, _ 

In Questions 3 and 4 you are required to find the substitution for yourself. 

1 By using the substitution u = 2x -1, or otherwise, find f 2
x " dx. 

(2x-1) 

2 Use integration by parts to find the value of Ii2 

x In x dx. 

3* Find J-2
1
-d.x. 

4x +9 

4* By using a suitable substitution, or otherwise, evaluate J~ x(l- x)9 dx. 

5 Use integration by parts to determine J! xe2
x dx. 

(OCR) 

(OCR) 

(OCR) 

(OCR) 

(OCR) 
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6 Use the given substitution and then use integration by parts to complete the integration. 

(a) f cos-1 xdx x=cosu (b) f tan-1 xdx x=tanu (c) f (lnx)2 d.x x=eu 

7 Use the substitution x = sinu to find J~ sin-1 x dx. 

8 Find f 1 
d.x , by means of the substitution u = ex, followed by another 

ex +4e-x 

substitution, or otherwise. (OCR, adapted) 

9 Find f~c1.x. 
1+3x 

f 3 x 
10 Calculate the exact value of --2 d.x . 

ol+x 

(OCR) 

(OCR) 

11 By using the substitution u =sin x, or otherwise, find f sin3 x sin 2x dx, giving your 

answer in terms of x. (OCR) 

12 By means of the substitution u = 1 + -JX, or otherwise, find J 1 
1 d.x, giving your 

· I+~x 
answer in terms of x. (OCR) 

13 Integrate with respect to x, (i) by using a substitution of the form ax+ b = u, and (ii) by 
parts, and show that your answers are equivalent. 

(a) x-v'4x-1, (b) x-v'2-x, (c) x-J2x+3. 

e2 

14 Use the substitution u = ln x to show that f ~ d.x = 2-v'l - 2. 
e x~lnx 

f
l 3 

15 Use the substitution u = 4 + x2 to show that 6d.x=H16-1.JS). 
o 4+x2 

(OCR) 

(OCR) 

16 Use the substitution u = 3x -1 to express f x(3x -1)4 d.x as an integral in terms of u. 

Hence, or otherwise, find f x(3x -1)4 d.x, giving your answer in terms of x. (OCR) 

J
I Jln; 

17 Show, by means of the substitution x = tan(}, that 
1 

2 d.x = 
4 

cos 2 
(} d(} . 

J
1 

1 0 (x 2 +1) o 
Hence find the exact value of ~ d.x . 

(x
2 +1) 

18 Find o 

(a) J x(l + x)6 dx, (b) J x(3x-1)4 dx, (c) J x(ax+b)12 dx. 

J
I 

19 Evaluate 
0 

xe-x dx, showing all your working. (OCR) 
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20 Showing your working clearly, use integration by parts to evaluate J~ 4x sin ix d.x. (OCR) 

21 By using the substitution u = 3x + 1 , or y 

otherwise, show that 

J
I 

x d.x = ~ln2-_!_ 
o(3x+1)2 9 i2· R 

The diagram shows the finite region R in 
the first quadrant which is bounded by the 

6-JX th . nd th l" curve y = -- , e x-axis a e me 
3x+l 

0 

x = 1. Find the volume of the solid formed when R is rotated completely about the 
x-axis, giving your answer in terms of n and ln 2. 

22 Use integration by parts to determine J 3x-J x -1 d.x. 

x 

(OCR) 

(OCR) 

23 Use the trapezium rule with subdivisions at x = 3 and x = 5 to obtain an approximation to 

f
7 3 

~d.x, giving your answer correct to three places of decimals. 
I l+x 

By evaluating the integral exactly, show that the error in the approximation is about 4.1 %. 
(OCR) 

24 The diagram (not to·scale)"shows the 
region R bounded by the axes, the curve 

3 

y = ( x 2 + 1f2 and the line x = 1. The 

integral 

f
l 3 

o ( x2 + 1 f2 d.x 

is denoted by I . 

(a) Use the trapezium rule, with ordinates 

at x = 0 , x = ! and x = 1, to estimate 
the value of I, giving your answer 

0 1 x 

correct to 2 significant figures. 

(b) Use the substitution x = tan e to show that I = ! -J2 . 

(c) By using the trapezium rule, with the same ordinates as in part (a), or otherwise, 
estimate the volume of the solid formed when R is rotated completely about the 
x-axis, giving your answer correct to 3 significant figures. 

(d) Find the exact value of the volume in part (c), and compare your answers to 
parts (c) and (d). (OCR, adapted) 

(l" 
25 Use integration by parts to determine the exact value of J : 3x sin 2x d.x. (OCR) 
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26* The figure shows part of a cycloid, given by 
the parametric equations 

x=a(t-sint), y=a(l-cost) 

for 0 ,,;;; t ,,;;; 2re. Show that, if A denotes the 
region between the cycloid and the x-axis as 
far as the value of x with parameter t, then 

t=O t='21t x 

dA = y dx . Deduce that the total area of the region enclosed between this arch of the 
dt dt 

cycloid and the x-axis is J Zir y dx dt. Calculate this area in terms of a. 
0 dt 

Use a similar method to find the volume of the solid of revolution formed when this region 
is rotated about the x-axis. 

27* The figure shows part of a tractrix, given by 
parametric equations· 

x = cln(sect + tant)- csint, y = ccost 

for 0 ,,;;; t < ire . Find the area of the region 
between the tractrix and the positive x-axis, 
and the volume of the solid of revolution 
formed when this region is rotated about the 
x-axis. 

y 

c 

0 

28* Show that the area enclosed by the astroid in Example 10.4.2 is given by the integral 

x 

lir 

f 2 

12a2 sin 4 t cos 2 t dt. Use the substitution t = ! re - u to show that the area could also 

0 Jlir 
be calculated as ; 12a2 cos4 tsin2 tdt. 

Prove that sin 4 t cos 2 t. + cos 4 t sin 2 t = k (1- cos 4t) , and deduce that the area enclosed by 
lir 

the astroid is equal to a2J 2 ~ (1- cos4t)dt. Evaluate this area. 
' 0 

29* (a) Given that 
2 A B Cx 

--+---+--
(x-1)2(x2+1) x-1 (x-1)2 x2 +1' 

find the values of the constants A , B and C . 

(b) J
3 

2 
Show that 2 ( 2 ) dx =a+ b In 2, where a and b are constants whose 

2 (x-1) x + 1 

values you should find. (OCR) 

f 
2 

2x3 +3x2 +28 .. . 
30 Calculate ( 2 ) dx givmg your answer m exact form. 

I (x+ 2) X +4 

--~,.~~~~ 



- --------------

19 Differential equations 

Thischapterisaboutdifferentialequationsoftheform dy =f(x), dy =f(y) or dy = f~x~. 
When you have completed it, you should dx dx dx g Y 

• be able to find general solutions of these equations, or particular solutions satisfying 
given initial conditions d dx 
know the relation connecting the derivatives -1:'. and - , and understand its • 
significance 

dx dy 

• be able to formulate differential equations as models, and interpret the solutions . 

19.1 Forming and solving equations 

Many applications of mathematics involve two variables, and you want to find a relation 
between them. Often this relation is expressed in terms of the rate of change of one 
variable with respect to the other. This then leads to a differential equation. Its solution 
will be an equation connecting the two variables. 

Example 19.1.1 
At each point P of a curve for which x > 0 the tangent cuts the y-axis at T, and N is 
the foot of the perpendicular from P to the y-axis (see Fig. 19.1). If Tis always 
1 unit below N, find the equation of the curve. y 

Since NP = x , the gradient of the tangent 

. 1 h is -,sot at 
x 

dy 1 
-=-
dx x 

This can be integrated directly to give 

y=lnx+k. 

The modulus sign is not needed, since x > 0 . 

'I)le equation y = ln x + k is called the general 

solution of the differential equation dy = _!_ for 
dx x 

x > 0 . It can be represented by a family of 
graphs, or solution curves, one for each value of 
k. Fig. 19.2 shows just a few typical graphs, but 
there are in fact infinitely many graphs with the 
property described. 

N T-+-------;;;r 
I 

1_ 
T 

y 

Fig. 19.1 

k=2 

k=I 
k=i 
k=O 
k=-1 

r-::=;, 
Fig. 19.2 

x 
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A differential equation often originates from a scientific law or hypothesis. The equation 
is then called a mathematical model. of the real-world situation. 

Example 19.1.2 
A rodent has mass 30 grams at birth. It reaches maturity in 3 months. The rate of growth 

is modelled by the differential equation dm = l20(t- 3)2
, w~ere m grams is the mass of 

dt 
the rodent t months after birth. Find the mass of the rodent when fully grown. 

The differential equation has general solution 

m = 40(t-3)3 +k. 

However, only one equation from this family of solutions is right for this problem. It 
is given that, when t = 0 (at birth), m = 30. So k must satisfy the equation 

30 = 40(0-3)3 +k, giving 30 =-1080+k; so k = 1110. 

The mass of the rodent after t months is therefore m = 40(t ~ 3)3 + 1110. 

The mass when fully grown is found by putting t = 3 in this formula, giving 
m = 0 + 1110 = 1110 . So the mass of the rodent at maturity is 1110 grams. 

In this example the variables have to satisfy an initial condition, or boundary 
condition, that m = 30 when t = 0. The equation m = 40(t - 3)3 + 1110 is the 
particular solution of the differential equation which satisfies the initial condition. 

Example 19.1.3 
A botanist working in the UK makes a hypothesis that the rate of growth of hot-house 
plants is proportional to the amount of daylight they receive. If t is the time in years 
after the shortest day of the year, the length of effective daylight is given by the formula 
12-4cos2nt hours. On the shortest day in the December of one year the height of one 
plant is measured to be 123.0 cm; 55 days later the height is 128.0 cm. What will its 
height be on the longest day of the year in the following June? 

If h is the height in centimetres, the rate of growth is given by 

dh = c(12-4cos2nt), 
dt 

but c, the constant of proportionality, is not known. Nor can it be found directly 
from the data. However, integration gives 

h = c( 12t -~sin2nt) + k. 

The initial condition is that h = 123 .0 when t = 0 , so 

123.0 = c(0-0) + k, giving k = 123.0. Therefore 

h =c(12t-~sin2m)+ 123.0. 
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After 55 days the value of t is fis = 0.150 ... , and it is given that at this time 

h = 128.0. So 

128.0=c(12x 0.150 ... -;sin(2nx 0.150 ... ) ) + 123.0 

=c(l.80 ... -0.51 ... ) + 123.0, which gives c = 3.87 .... 

The longest day occurs when t = ! , and then 

h = 3 .87 ... x ( 6 - 0) + 123 .0 = 146, correct to 3 significant figures. 

According to the botanist's hypothesis, the height of the plant on the longest day 
will be 146 cm. 

This last example is typical of many applications of differential equations. Often the 
form of a hypothetical law is known, but the values of the numerical constants are not. 
But once the differential equation has been solved, experimental data can be used to find 
values for the constants. 

Exercise 19 A 
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When you have found a solution to a differential equation, it is often helpful to sketch its graph 
and to look at its features in relation to the original differential equation. 

1 Find general solutions of the following differential equations. 

(a) dy = (3x - l)(x - 3) 
dx 

(c) dP = 50e0.11 
dt 

r dy , 
(e) v x - = x + 1, for x > 0 

dx 

(b) dx = sin2 3t 
dt 

(d) e21du=100 
dt 

(f) sint dx = cost+sin2t,for 0 < t< n 
dt . 

2 Solve the following differential equations with the given initial conditions. 

(a) dx =2e0
·
41 ,x=l whent=O 

dt 

(b) :; = 6(sin2t-cos3t), v = 0 when t = 0 

(c) (1-t2)dy=2t,y=Owhent=O,for -l<t<l 
dt 

3 Find the solution curves of the following differential equations which pass through the 
given points. 

dy x-l 
(a) - = - 2 , through (1,0), for x > 0 

dx x 
dy 1 

(b) - = 1 , through (4,0), for x > 0 
dx '\/X 

( c) ( i + 1) dy = x - l, through the origin, for x > -1 
dx 
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4 In starting from rest, the driver of an electric car depresses the throttle gradually. If the 

sp~ed of the car after t seconds is v m s-1
, the acceleration dv (in metre-second units) is 

dt 
given by 0.2t. How long does it take for the car to reach a speed of 20 m s-1? 

5 The solution curve for a differential equation of the form dy = x - a2 for x > 0 , passes 
dx x 

through the points (1,0) and (2,0). Find the value of y when x = 3. 

6 A point moves on the x-axis so that its coordinate at time t satisfies the differential 

equation dx = 5 +a cos 2t for some value of a. It is observed that x = 3 when t = 0 , and 
dt 

x = O when t = ! n . Find the value of a, and the value of x when t = ~ n. 

7 The normal to a curve at a point P cuts the y-axis at T , and N is the foot of the 
perpendicular from P to the y-axis. If, for all P, Tis always 1 unit below N, find the 
equation of the curve. 

8 Water is leaking slowly out of a tank. The depth of the water after t hours is h metres, and 

these variables are related by a differential equation of the form dh = -ae-o.1r. Initially the 
dt 

depth of water is 6 metres, and after 2 hours it has fallen to 5 metres. At what depth will 
the level eventually settle down? 

Find an expression for dh in terms of h . 
dt 

9 Four theories are proposed about the growth of an organism: 

(a) It grows at a constant rate of k units per year. 

(b) It only grows when there is enough daylight, so that its rate of growth at time 

t years is k( 1- ~cos 2nt) units per year. 

(c) Its growth is controlled by the 10-year sunspot cycle, so that its rate of growth at 

time t ye~s is k( 1 + ! cos ~ n t) units per year. 

( d) Both (b) and ( c) are true, so that its rate of growth is k( 1-i cos 2nt )( 1 + ! cos~ nt) 
units per year. 

The size of the organism at time t = 0 is A units. For each model, find an expression for 
the size of the organism at time t ye3JS. Do they all give the same value for the size of the 
organism after 10 years? 

':mrwww~ 

19.2 Independent and dependent variables 

In many applications there is little doubt wbich of two variables to regard as the 
independent variable (often denoted by x), and which as the dependent variable (y). 

But when a function is one-one, so that an inverse function exists, there are occasions 
when you can choose to treat either variable as the independent variable. 



~ 

CHAPTER 19: DIFFERENTIAL EQUATIONS 

For example, you could record the progress of a journey either by noting the distance 
you have gone at certain fixed times, or by noting the time when you pass certain fixed 
landmarks. If x denotes the distance from the start and t the time, then the rate of 

change would be either dx (the speed) or dt (which would be measured in a unit such 
dt dx 

as minutes per kilometre). 

What is the connection between dy and dx ? The notation suggests that 
dx dy 

dx =l/dy . 
dy dx, 

and this is in fact correct. 

Fig. 19 .3 shows the graph of a relation connecting 
variables x and y, and triangles showing the 
increases ox and oy when you move from p to 
Q . If you are thinking of y as a function of x , 
then you would draw the triangle PNQ, and the 

gradient of the chord PQ would be ~ . For x as 

a function of y , you would draw the triangle 
. Ox 

PMQ, and the gradient of PQ would be - . 
oy 

y 

The product of the gradients is oy x Ox , which clearly equals 1. 
ox oy 

Fig. 19.3 

oy dy ox 
Now let Q tend to P, so that both ox and oy tend to 0. Then - tends to - and ~ 

Ox dx uy 
tends to dx. Assuming (as in Pl Section 12.5) that the limit of a product is the product 

dy 

of the limits, 

dy dx 1. (oy) 1. (O.x) 1. (oy ox) 1. 1 1 dx X dy = Im OX X lffi Oy = Im Ox X Oy = Im = . 

Example 19.2.1 

Verify that dy x dx = 1 when y = x3 • 
dx dy 

If y = x3
, then ~ = 3x2

. You can also write the relation y = x 3 as x = y!, so 

dx 1 _,_ 1 ( 3)-% 1 2 1 
dy = 3 Y ' = 3 x = 3 x- = 3x2 . 

dy dx 1 
Therefore - x - = 3x2 x - 2 = 1. 

dx dy 3x 

279 

x 
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19.3 Switching variables in differential equations 

In all the differential equations in Section 19.1 the derivative was given as a formula 
involving the independent variable, which was x in Example 19.1.1 and t in 
Examples 19 .1.2 and 19 .1.3. 

Often, however, the derivative is known in terms ofthe dependent variable. When this 

occurs, you can use the relation dy x dx = 1 to turn the differential equation into a form 
11 dx dy 

which you know how to solve. That is, 

dy dx 1 f l 
dx = f(y) ¢=> dy = f(y) ¢=> x = f(y) dy. 

Example 19.3.1 
A hot-air balloon can reach a maximum height of 1.25 km, and the rate at which it gains 
height decreases as it cliinbs, according to the formula 

dh =20-16h, 
dt 

where h is the height in km and t is the time in hours after lift-off. How long does the 
balloon take to reach a height of 1 km? 

You can invert the differential equation to give 

dt ;ah 1 
dh = 1 dt = 20-16h , 

sothat t=f 1 
dh. 

20-16h 

The solution can be completed in either of two ways. 

Method 1 The indefinite integral is 

f 1 1 t= dh=--ln(20-16h)+k. 
20-16h 16 

(Notice that 20 -16h is always positive when 0,;;; h,;;; 1.) Since t is measured 

from the instant of lift-off, h = 0 when t = 0. The particular solution with this 
initial condition must therefore satisfy 

0=-ftln20+k, so k=ftln20. 

The equation connecting the variables h and t is therefore 

I I ( 20 )- __!_ l (-5 ) t=-1~ln(20-16h)+I6ln20=16ln 20-16h -16 n 5-4h. 

I ( 5 ) I When h=l, t= 16 ln -- = 16 ln5,,,0.10. 
5-4 
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Method 2 Since only the time at h = 1 is required, you need not find the 
general equation connecting h and t. Instead, you can find the time as a definite 
integral, from h = 0 to h = 1: 

J
I 1 _ 1 I o 20-16h dh -[-I6 ln(20-16h) ]o = -/6 (ln4 -ln20) 

= -fg ln(io) = -fg In(!)= 1~ ln5., 0.10. 

The balloon talces 0.1 hours, or 6 minutes, to reach a height of 1 km. 

Example 19.3.2 
When a ball is dropped from the roof of a tall building, the greatest speed that it can 
reach (called the terminal speed) is u. One model for its speed v when it has fallen a 
distance x is given by the differential equation 

dv u
2 
-v

2 
h . . . 

- = c ---, w ere c 1s a positive constant. 
dx v 

Find an expression for v in terms of x . 

No units are given, but the constants u and c will depend on the units in which v 
and x are measured. 

Since dv is given in terms of v rather than x, invert the equation to give 
dx . 

dx 1 v so that -=-X-2-2 -, 
dv c u -v Jl v 

x = - x -
2
--2 dv. 

c u -v 

Th · al b " db · · th · 1 - 2v e mtegr can e 1oun y wntmg e mtegrand as --x - 2 --2 . 2c u -v 

Note that v must be less than u, so u2 - v2 > 0. The second factor has the form 

f'( v) ( ) 2 2 . . . 
f( v) , where f v = u - v . It can therefore be mtegrated usmg the result m 

Section 18.3, as 

1 ( 2 2) x=-2cln u -v +k. 

The ball is not moving at the instant when it is dropped, so v = 0 when x = 0 . 
This initial condition gives an equation for k: 

1 
0=-2cln{u2)+k, so k = lnu

2 

2c . 

The equation connecting v and x is therefore 

x = _!_{lnu2 -ln{u2 -v2)) = _!__ ln(~J. 
2c 2c u -v 

281 
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You must now tum this equation round to get v in terms of x : 

2cx = ln(-/--z). u -v 
2 

U 2cx 
-2--2 =e ' 
u -v 
u2=(u2-v2)e2cx, 

v2e2cx = u2(e2cx -l), 

v2 =u2(l-e-2cx). 

Therefore, since v > 0, the required expression is v = u .J1 - e-2cx . 

Example 19.3.3 
A steel ball is heated to a temperature of 700 degrees Celsius and dropped into a drum 
of powdered ice. The temperature of the ball falls to 500 degrees in 30 seconds. Two 
models are suggested for the temperature, T degrees, after t seconds: 

(a) the rate of cooling is proportional to T, 
(b) the rate of cooling is proportional to TI.2. 

It is found that it talces a further 3 minutes for the temperature to fall from 500 to 100 
degrees. Which model fits this information better? 

The rate of cooling is measured by dT, and this is negative. 
dt 

(a) This model is described by the differential equation 

dT T h . . . - = -a , w ere a 1s a positive constant. 
dt 

Inverting, ~ = _ _!_ , which has solution t = _ _! ln T + k. 
dT aT a 

Since T = 700 when t = 0 , 0 = - .! ln 700 + k , so k = .! in 700 . 
a a 

The equation connecting T and t is therefore 

1 
t = ~ (ln 700 - ln T) = .! ln 700 

a T 

The value of a can be found from the fact that T = 500 when t = 30 : 

30 = .!1n 700 
a 500' 

(b) For this model 

which gives a= lnl.
4 "'0.0112. 

30 

dT bT1.2 dt 1 T-1.2 d 1 T-0.2 k -=- so-=-- an t=- + . 
dt ' dT b ' 0.2b 
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From the initial condition, that T = 700 when t = 0 , 

0=~100-0·2 + k b , so t = ~ ( r-0.2 - 700-0.2 ). 

From the other boundary condition, that T = 500 when t = 30 , 

30 = ~(500-0·2 -100-0
·
2 

), so 

Fig. 19.4 shows the two models to be 
compared, whose equations are 

1 700 
(a) t=--ln-,and 

O.Q112 T 

(b) t = 5 (r-0.2 - 700-0.2). 
0.00313 

That is, 

(a) T = ':'OOe--0~ 112r, and 

(b) T = 1 . 
(0.000 626t + 0.270)

5 

500-
0

·
2 

-100-
0

·
2 

""0.00313. 
b= 6 

T 

700 

soo~----

283 

To choose between the models, use the 
other piece of data, that T = 100 after a 
further 3 minutes, which is when 

100 ;----- ---------------------~---

t = 30+180 = 210. Try putting T = 100 
in the two equations: model (a) gives 
t = 174, and model (b) gives t = 205. 

This suggests that (b) is the better model. 

19A The equation for exponential growth 

30 100 

Fig. 19.4 

The key feature of exponential growth or decay is that the rate of increase or decrease of 
a quantity is proportional to its current value. Denoting the quantity by Q, this is 

expressed mathematically by the differential equation dQ = aQ , where t stands for the 
dt 

time and a is a constant. The sign of a is positive for exponential growth, and negative 
for exponential decay. 

Y 1 h. . b . . dt 1 d . . 
ou can so ve t is equation y wntmg dQ = aQ an mtegratmg: 

t= -dQ=-lnJ Qj+k. f 1 1 

aQ a 

200 t 



284 PuRE MATHEMATICS 3 

1 
Suppose that Q has the value Qi when t = 0. Then 0 = -In\ Qi \ + k, so that 

a 

1 1 
t = - Inl Q I - - In\ Qi \ , so 

a a I~ \=eat 

Now Q must have the same sign as Qi . In the equation ~ = -
1
- the value Q = 0 has to 

dQ aQ 
be excluded, since -

1
- has no meaning. So if a solution begins at a value Qi > 0 , Q 

axO 
remains positive; and if a solution begins at a value Qi< 0, Q remains negative. So JL 
is always positive, and you can replace I ~ I in the above equation by ~ . Gi 

It follows that: 

If dQ = aQ, where a is a non-zero constant, 
dt 

and Q = Qi when t = 0, then Q = Qiear. 

You wili meet this differential equation so often that it is worthwhile learning this result. 
_In a particular application, you can then write down the solution without going through 
the theory each time. 

If ea is written as b, then b > 0 whether a is positive or negative. The equation 

Q =Qi eat can then be written as Q = Gi (ear = Qib1
' which has the form of the 

definition of exponential growth given in Chapter 3. 

• Wfi¥ N EH Exercise 19B -;$qflljim 

When you have found a solution to a differential equation, it is often helpful to sketch its graph 
and to look at its features in relation to the original differential equation. 

1 Find general solutions of the following differential equations, expressing the dependent 
variable as a function of the independent variable. 

(a) dy = Y2 
dx 

(b) dy = tan y, for - ! 1t' < y < ! 1t' 
dx 

(d) dz 
dt 

1 dx 
-,forz>O (e) -=cosecx,for0<.x<1t' 
z dt 

dx 
(c) - =4x 

dt 

2 du 
(f) u dx =a, for u > 0 

2 Solve the following differential equations with the given initial conditions. 

dx ~ 3 
(a) -d =-2x,x=3whent=0 (b) -=u ,u=lwhent=O 

t dt 
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3 Find the solution curves of the follo:ving differential equations which pass through the 
given points. Suggest any restrictions which should be placed on the values of x. 

(a) dy = y+ y2, through (0,1) (b) dy = eY, through (2,0) 
fil fil 
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4 A girl lives 500 metres from school. She sets out walking at 2 m s-1
, but when she has 

walked a distance of x metres her speed has dropped to ( 2 - 460 x) m s-1. How long does 
she take to get to school? 

5 A boy is eating a 250 gram burger. When he has eaten a mass m grams, his rate of 
consumption is 100- 960 m

2 grams per minute. How long does he take to finish his meal? 

6 A sculler is rowing a 2 kilometre course. She starts rowing at 5 m s-1
, but gradually tires, 

so that when she has rowed x metres her speed has dropped to Se -o.ooolx m s-1
• How long 

will she take to complete the course? 

7 A tree is planted as a seedling of negligible height. The rate of increase in its height, in 

metres per year, is given by the formula 0.2-../25 - h, where h is the height of the tree, in 
metres, t years after it is planted. 

(a) Explain why the height of the tree can never exceed 25 metres. 

(b) Write down a differential equation connecting h and t, and solve it to find an 
expression for t as a function of h . 

( c) How long does it take for the tree to put on 

(i) its first metre of growth, (ii) its last metre of growth? 

(d) Find an expression for the height of the tree after t years. Over what interval of 
values of t is this model valid? 

8 Astronomers observe a luminous cloud of stellar gas which appears to be expanding. When 
it is observed a month later, its radius is estimated to be 5 times the original radius. After a 
further 3 months, the radius appears to be 5 times as large again. 

It is thought that the expansion is described by a differential equation of the form : = crm 

where c and m are constants. There is, however, a difference of opinion about the 

appropriate value to take for m. Two hypotheses are proposed, that m = ~ and m = ! . 
Investigate which of these models fits the observed data better. 

:~;~;s:.r,:: 1;~-;F_;rr::~.Jl::Zf::...'t:l'.~.::;i:I!.01.':'~S} "J~~.'..}'. .. ~··{:,::,-~,.':- ,· · -··-·:.'r~:s1::::-~u.~~~?W:~··,;.s 

19.5 Differential equations with separable variables 

All the differential equations you have met so far in this chapter have had ~I expressed 
fil 

as functions of either x or y, but not of both. Another common type of equation has the 

form 

dy f(x) 
fil = g(y)" 
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This can be solved by reversing the process described in Section 11.3. Such an equation 
is said to have separable variables, because it can be rearranged to get just y on the 
left side and just x on the right. This process is called 'separating the variables'. 

Multiplying by g(y) gives 

dy 
g(y) dx = f(x), 

and this is the kind of equation you get when you differentiate an implicit equation. If 
you can find functions G(y) and F( x) such that G'(y) = g(y) and F'( x) = f( x) , then the 
equation can be written as 

G'(y)dy =F'(x). 
dx 

The term on the left is ~ G(y), so you can integrate with respect to x to obtain the 
implicit equation dx 

G(y) = F(x) + k. 

This last step is based on 

f G'(y) ~ dx = f G'(y)dy, 

which you use when doing integration by substitution. 

Example 19.5.1 
The gradient of the tangent at each point P of a curve is equal to the square of the 
gradient of OP. Find the equation of the curve. 

If ( x, y) is a point on the curve, the gradient of 0 P is 2:'. , so the gradient of the 
2 x 

tangent at P will be ( ~) . Therefore y and x satisfy the differential equation 

dy y2 
-=2· 
dx x 

h . bl b d b . . . b 2 . h . 1 dy 1 T e vana es can e separate y d1v1dmg y y , wh1c gives 2- = 2. 
y dx x 

Integrating with respect to x gives the general solution _.!_ = _.!_ + k. 
y x 

This can be written as 

l-kx x 

y x so y=l-kx 0 
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y 
It is interesting to see what happens when you take 
different values of k . All the solution curves in 
Fig. 19.5 have the property described above. But 
you have to exclude the origin, since the property 
has no meaning if P coincides with 0 . :JJ 
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Notice that all the curves have positive gradients at 
all points. This is expected, since at each point P 
the gradient is the square of the gradient of OP. 

Notice also that if you draw a line y = mx through 
the origin ( m "* 0 or 1 ) , it will cut a lot of the 
curves. At every point P of intersection the 
gradient of OP is m, so the gradient of the curve 
will.be m2

• So the tangents to the curves at the 
points where the line cuts them are all parallel. 

~· 

Example 19.5.2 

For the differential equation dy = -{l-, find 
d.x x +1 

(a) the equation of the solution curve which passes through (1,2), 

(b) the general solution. 

Fig. 19.5 

You can separate the variables by dividing by y , giving .! dy = ---;..-- . Integrating 
ydx x +1 

with respect to x gives f .! dy d.x = J---;-c1.x. 
ydx x +1 

The left side can be expressed as f; dy , and the right side has the form 

!f f'(x) d.x with f(x) = x2 +1 (see Section 18.3). So 
f(x) 

lnl y I = ! ln{ x
2 

+ 1) + k . 

(a) Substituting x = 1, y = 2 in this equation gives ln 2 = ! In 2 + k, so the 

required solution has k = ! ln 2 , and is 

lnl y I= !ln{x2 +1) +!lni. 

This equation can be written without logarithms, as I y I= ~2(x2 +1). 

In this form the equation represents not one, but two solution curves, with 

equations y = ±~2{ x 2 + 1). Since the square root on the right is positive, the curve 

which passes through (1,2) has the equation with the positive sign, 

y=~2(x2 
+1). 
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(b) You already have one form of the general solution in the equation found above, 
but you should try to rearrange it in a simpler form. For the particular solution through 
(1,2), the constant .k came out as a logarithm. Similarly, in the general solution it 
helps to write the arbitrary constant k as ln A, where A is a positive number. Then 

ln\ y \ = i ln( x 2 
+ 1) + ln A, 

which can be written without logarithms as 

\y\=A~x2 +l. 

Now \ y \ is positive, and so is A~ x2 + 1 . But y might be negative, so 

Y = ±A~x2 +l. 

Finally, instead of writing the constant as ±A, where A is positive, it is easier to write 
it as c, where c can be positive or negative. The solution can then be expressed as 

Y =c~x2 +1. 

There are a number of points to notice about the solution to the last example: 

• Although when integrating you need to put the modulus sign in ln\ y \ , it is not needed in 
ln(x2 + 1), because x2 + 1 is always positive. . 

• When integration introduces logarithms into the equation for the general solution, it is 
often worth adding the arbitrary constant in the form + ln A, rather than + k . 

• What about the value c = 0? You can't include A = 0 in the solution because ln 0 
has no meaning. But obviously y = 0 (the x-axis) is a solution of the original 

differential equation, since dy = 0 at every point. This solution in fact got lost at the 
dx 

very first step, dividing by y to separate the variables; you can't do this if y = 0. But 
now that this special case has been checked, you can say that the general solution of 

the differential equation is y = c~ x 2 + 1 , where the constant c can be any number, 
positive, negative or zero. 

Check this solution foryourself by finding dy and showing that it does satisfy the 

differential equation for any value of c. dx 

Example 19.5.3 
For a certain period of about 12 years, the rate of growth of a country's gross national 
product (GNP) is predicted to vary between + 5% and -1 % . This variation is modelled 
by the formula ( 2 + 3 cos it)%, where t is the time in years. Find a formula for the GNP 
during the 12-year period. 

Denote the GNP after t years by P. The rate of growth dP is given as a 

f . l dt percentage o its current va ue, so 

dP 

dt 

1 
2+3cos2t p. 

100 
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The variables can be separated by dividing by P: 

~ dP = 2 + 3 cos i t 
p dt 100 

Integrating, 

2t+6sinit 
lnP= +k. 

100 
(Note that the GNP is always positive, so by definition P > 0 .) 

If P has the value P0 when t = 0 , then 

lnP0 =O+k, 

and the equation can be written 

lnP 
. 1 t 

2t + 6 sm 2 + ln Po ' 
100 

or p = p
0
ett\o(21+6sin!t) 
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t~;.~r,~-2~~!~~~~~@~~l~~~~ll~!~~?~in~~ Exercise 19C ~·~~1~~~~~~sr~~~~~~~llk~~ 

1 Find the general solution of each of the following differential equations. 
2 

(a) dy = x 
dx y2 

(b) dy =~ 
dx y 

dy 
(c) -=xy 

dx 
(d) dy 

dx xy 

2 Find the equation of the curve which satisfies the differential equation dy = __ Y_ and 
passes through the point (1,2). dx x(x + 1) 

3 Find the general solution of the differential equation dy = - ~ . Describe the solution 
dx y 

curves, and find the equation of the curve which passes through (-4,3). 

4 Solve the differential equation dy = x + 
1 

, and describe the solution curves. 
dx 2-y 

5 Find the equations of the curves which satisfy the given differential equations and pass 
through the given points. 

(a) dy = 3y 
dx 2x 

(c) dy = sinx 
dx cosy 

(2,4) 

(~n,o) 

(b) dy 
dx 

(d) dy 
dx 

3y 

2x 

tanx 

tany 

(2,4) 

(~n,o) 

6 Solve the equation v: = -m2 x , where m is a constant. Find the particular solution for 

which v=O when x=a. 

,. 
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7 Find the general solution of the equations 

dy 2x(y2+1) 
(a) dx = y(x2 + 1) ' (b) dy = tanxcoty. 

dx 

8 Find the equations of the curves which satisfy the following differential equations and pass 
through the given points. 

(a) dy = y(y-1) 
dx x 

2 dy l+y 
(c) -=-(-2) 

dx y 1-x 

(1,2) 

G.2) 

(b) dy = cotxcoty 
dx 

(d) dy = ytanx 
dx 

9 Find the general solution of the differential equations 

(in,o) 

(0,2) 

(a) 4+xdy =/, (b) eY dy -l=lnx, 
dx dx 

dy dy 
(c) ycosx-=2-y-. 

dx dx 

10 The gradient at each point of a curve is n times the gradient of the line joining the origin to 

that point. Find the general equation of the curve. 

11 The size of an insect population n, which fluctuates during the year, is modelled by the 

equation dn = 0.01 n(0.05-cos0.02t), where t is the number of days from the start of 
dt 

observations. The initial number of insects is 5000. 

(a) Solve the differential equation to find n in terms of t. 

(b) Show that the model predicts that the number of insects will fall to a minimum after 
about 76 days, and find this minimum value. 

12 The velocity v m s-1 of a spacecraft moving vertically x metres above the centre of the 

earth can be modelled by the equation v dv = -
10~

2 

, where R metres is the radius of the 
dx x 

earth. The inital velocity at blast-off, when x = R, is V m s-1
. 

Find.an expression for v2 in terms of V, x and R, and show that, according to this model, 
if the spacecraft is to be able to escape from the earth, then V 2 

;;;;,, 20R. 

~~m Miscellaneous exercise 19 ~-~~~1~l~~i1 

1 Find the solution of the differential equation x : = 2x2 + 7 x + 3 for which y = 10 when 
x = 1. (OCR) 

2 In a chemical reaction, the amount z grams of a substance after t hours is modelled by the 

differential equation dz = 0.005(20 - z)2
• Initially z = 0. Find an expression for t in terms 

dt 
of z, and show that t = 15 when z = 12. (OCR) 
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3 The gradient of a curve is given by ~ = 3x2 
- 8x + 5 . The curve passes through the point 

(0,3). Find the equation of the curve. Find the coordinates of the two stationary points. 

State, with a reason, the nature of each stationary point. 

4 The area of a circle of radius r metres is A m 2 
• 

(a) Find dA and write down an expression, in terms of r, for dr . 
w dA 

(b) The area increases with time t seconds in such a way that dA = ~ . Find an 
dr dt (t + 1) 

expression, in terms of r and t, for - . 
dt 

(MEI) 

(c) Solve the differential equation dA = ~ to obtain A in terms oft, given that 
A=Owhen t=O. dt (t+l) 

(d) Show that, when t = 1, w = 0.081 correct to 2 significant figures. 
dt 

(OCR) 

5 The rate of destruction of a drug by the kidneys is proportional to the amount of drug 
present in the body. The constant of proportionality is denoted by k . At time t the quantity 
of drug in the body is x. Write down a differential equation relating x and t , and show 
that the general solution is x = Ae -kt , where A is an arbitrary constant. 

Before t = 0 there is no drug in the body, but at t = 0 a quantity Q of the drug is 
administered. When t = 1 the amount of drug in the body is Qa, where a is a constant 
such that 0 < a < 1. Show that x = Qa1 

• 

When t = 1 and again when t = 2 another dose Q is administered. Show that the amount 
of drug in the body immediately after t = 2 is Q( 1 +a + a 2

) . 

If the drug is administered at regular intervals for an indefinite period, and if the greatest 
amount of the drug that the body can tolerate is T, show that Q should not exceed 
T(l - a). (OCR, adapted) 

6 (a) The number of people, x, in a queue at a travel centre t minutes after it opens is 

modelled by the differential equation dx = l .4t - 4 for values of t up to 10. 
dt 

Interpret the term ' -4' on the right side of the equation. Solve the differential 

equation, given that x = 8 when t = 0. 

(b) An alternative model gives the differential equation dx = l .4t - 0 .5x for the same 
dt 

values of t . Verify that x = 13 .6e - 0
·
51 + 2.8t - 5 .6 satisfies this differential 

equation. Verify also that when t = 0 this function takes the value 8. (OCR) 

7 (a) Two quantities x and y are related to each other by the differential equation 

y dy = -16x. Solve this equation to get an implicit equation of the solution curve 
dx 

for which y = 0 when x = 0.1. 

(b) Sketch your solution curve from part (a), showing the values of x and y at which 

the curve cuts the coordinate axes. (OCR) 
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8 At time t = 0 there are 8000 fish in a lake. At time t days the birth-rate of fish is equal to 
one-fiftieth of the number N of fish present. Fish are taken from the lake at the rate of 100 

per day. Modelling N as a continuous variable, show that 50 dN = N - 5000. 
dt 

Solve the differential equation to find N in terms of t . Find the time taken for the 
population of fish in the lake to increase to 11 000 . 

When the population of fish has reached 11 000 , it is decided to increase the number of 

fish taken from the lake from 100 per day to F per day. Write down, in terms of F, the 

new differential equation satisfied by N . Show that if F > 220, then dN < 0 when 
dt 

N = 11 000. For this range of values of F, give a reason why the population of fish in the 

lake continues to decrease. (OCR) 

9 A metal rod is 60 cm long and is heated at one end. The temperature at a point on the rod at 
distance x cm from the heated end is denoted by T °C . At a point halfway along 

dT 
the rod, T = 290 and - = -6 . 

dx 

(a) In a simple model for the temperature of the rod, it is assumecl that : has the 

same value at all points on the rod. For this model, express Tin terms of x and 
hence determine the temperature difference between the ends of the rod. 

(b) In a more refined model, the rate of change of T with respect to x is taken to be 
proportional to x. Set up a differential equation for T, involving a constant of 
proportionality k. Solve the differential equation and hence show that, in this 
refined model, the temperature along the rod is predicted to vary from 380 °C to 
20 °C. (OCR) 

10 A battery is being charged. The charging rate is modelled by dq = k(Q- q), where q is 
. dt 

the charge in the battery (measured in ampere-hours) at time t (measured in hours), Q is 
the maximum charge the battery can store and k is a constant of proportionality. The 
model is valid for q ~ 0.4Q. 

(a) It is given that q = A,Q when t = 0, where A is a constant such that 0.4~A<1. 
Solve the differential equation to find q in terms of t . Sketch the graph of the 
solution. 

(b) It is noticed that the charging rate halves every 40 minutes. Show that k = i ln 2 . 

(c) Charging is always stopped when q = 0.95Q. If T is the time until charging is 

2ln(20(1-A,)) 
stopped, show that T = for 0.4 ~A,~ 0.95. (MEI) 

3ln2 

11 Find the general solution of the differential equation dy = x(y2 + 
1
) , expressing y in terms 

dx (x-l)y . 
of x. (OCR, adapted) 

12 Solve tlie differential equation dy = xye2
x, given that y ~ 1 when x = 0. 

dx 
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13 The rate at which the water level in a cylindrical barrel goes down is modelled by the 

equation dh = -Jh , where h is the height in metres of the level above the tap and t is 
dt 
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the time in minutes. When t = 0, h = 1. Show by integration that h = (1-i t )2
. How long 

does it take for the water flow to stop? 

An alternative model would be to use a sine function, such as h = 1- sin kt. Find the value 
of k which gives the same time before the water flow stops as the previous model. Show 

that this model satisfies the differential equation dh = -k~2h - h2 
. (OCR, adapted) 

dt 

14 A tropical island is being set up as a nature reserve. Initially there are 100 nesting pairs 
of fancy terns on the island. In the first year this increases by 8. In one theory being 
tested, the number N of nesting pairs after t years is assumed to satisfy the differential 

equation dN = 50~0 N(500- N). 
dt 

(a) Show that, according to this model, the rate of increase of N is 8 per year when 
N = 100 . Find the rate of increase when N = 300 and when N = 450 . Describe 
what happens as N approaches 500, and interpret your answer. 

(b) Use your answers to part (a) to sketch the solution curve of the differential equation 
for which N = 100 when t = 0 . 

(c) Obtain the general solution of the differential equation, and the solution for which 
N = 100 when t = 0. Use your answer to predict after how many years the number 
of pairs of nesting fancy terns on the island will first exceed 300. (OCR) 

15 A biologist is researching the population of a species. She tries a number of different 
models for the rate of growth of the population and solves them to compare with 

observed data. Her first model is dp = kp(1-E.) where p is the population at time 
dt m 

t years, k is a constant and m is the maximum population sustainable by the environment. 
Find the general solution of the differential equation. 

Her observations suggest that k = 0.2 and m = 100 000. If the initial population is 30 000, 
estimate the population after 5 years to 2 significant figures. 

She decides that the model needs to be refined. She proposes a model dr = kp( 1-(~r) 
and investigates suitable values of a . Her observations lead her to the conclusion that the 
maximum growth rate occurs when the population is 70% of its maximum. Show that 
(a+ l)0.7a = 1, and that an approximate solution of this equation is a"" 5. Express the 
time that it will take the population to reach 54 000 according to this model as a definite 
integral, and use the trapezium rule to find this time approximately. (MEI, adapted) 

16 Obtain the general solution of the differential equation y dy tan 2x = 1- y2. 
dx 

(OCR, adapted) 
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17 Find the general solution of the differential equation dy = 2 y2 in the region x > 2 . 
dx x -x-2 

Find also the particular solution which satisfies y = 1 when x = 5 . (OCR) 

d . 2 

18 Find the solution of the differential equation -1'. = sm 2 x which also satisfies y = 1 when 
x=O. dx y (OCR) 

19 Solve the differential equation dy = ~ex+y, in the form f(y) = g(x), given that y = 0 
when x = 0 . dx Y 

20 To control the pests inside a large greenhouse, 600 ladybirds were introduced. After t days 
there are P ladybirds in the greenhouse. In a simple model, Pis assumed to be a 

continuous variable satisfying the differential equation dP = kP, where k is a constant. 
dt 

Solve the differential equation, with initial condition P = 600 when t = 0 , to express P in 
terms of k and t . 

Observations of the number of ladybirds (estimated to the nearest hundred) were made as 
follows: 

p 

0 

600 

150 

1200 

250 

3100 

Show that P = 1200 when t = 150 implies that k = 0.00462. Show that this is not 
consistent with the observed value when t = 250 . 

In a refined model", allowing for seasonal variations, it is assumed that P satisfies the 

differential equation dP = P(0.005-0.008cos0.02t) with initial condition P = 600 when 
dt 

t = 0 . Solve this differential equation to express P in terms of t , and comment on how 
well this fits with the data given above. 

Show that, according to the refined model, the number of ladybirds will decrease initially, 
and find the smallest number of ladybirds in the greenhouse. (MEI) 

21 The organiser of a sale, which lasted for 3 hours and raised a total of £1000, attempted to 
create a model to represent the relationship between s and· t , where £ s is the amount 
which had been raised at time t hours after the start of the sale. In the model s and t were 
taken to be continuous variables. The organiser assumed that the rate of raising money 
varied directly as the time remaining and inversely as the amount already raised. Show 

that, for this model, ds = k 
3 

- t, where k is a constant. Solve the differential equation, 
dt s 2 (3- t)2 

and show that the solution can be written in the. form ~ + --2- = 1. Hence 
1000 3 

(a) find the amount raised during the first hour of the sale, 

(b) · find the rate of raising money one hour after the start of the sale. (OCR) 
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22 A biologist studying fluctuations in the size of a particular population decides to investigate 

a model for which dP = kP cos kt, where P is the size of the population at time t days and 
dt 

k is a positive constant. 

(a) Given that P = P0 when t = 0, express P in terms of k, t and P0 . 

(b) Find the ratio of the maximum size of the population to the minimum size. (OCR) 

23 For x > 0 and 0 < y < ! n , the variables y and x are connected by the differential 
. dy lnx 1 equation - =--,and y = 6 n when x = e. 

dx coty 

Find the value of y when x = 1, giving your answer to 3 significant figures. Use the 
differential equation to show that this value of y is a stationary value, and determine its 
nature. (MEI) 
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Revision exercise 3 

1 Express --
1
- in partial fractions. 

r(r+2) 
(MEI, adapted) 

2 Find the factors of x3 + 8, and hence split 
6(~ - 2

) into partial fractions. 
x +8 

Sh h f16(x- 2)d.x 1 b h · · · db.. · · · ow t at -
3
-- = a n , w ere a is a negative mteger an is a positive mteger. 

0 x +8 
Find the values of a and b . 

How do you interpret the fact that the value of the integral is negative? 

3 Find 

l tir f !ir cos x f ±ir 
(a) cot4 xdx, (b) ,J . d.x, (c) xtan 2 xdx, 

tir o 1 +smx o 

lir 
(d) J

0

2 

e 3
x cos4xd.x. 

4 Find the complex numbers which satisfy the following equations. 

(a) (l+i)z:::::1+3i (b) z2 +4z+13=0 

. 2 . { (1- i)z + (1 + i)w = 2, 
(c) (1-1)z -4z+(1+31)=0 (d) (l 3 .) (4· ·) 3 . + iz- +1w= i 

5 If z = cos e + i sine, where -;r; < e ~ 7r , find the modulus and argument of 
(a) z2 and (b) 1 + z2

, distinguishing the cases 

(i) e = o, (ii) e =in, (iii) e = n, (iv) e =-in, 

(v) 0<8<in, (vi) in<8<n, (vii) -in<8<0, ( ... ) e I 
Vlll -7r < < -27r. 

6 (a) If z = x + y i, sketch in an Argand diagram the curves given by Re z2 =a and 
Im z2 = b , where a. and b are positive constants. Show that, where the two curves 
intersect, their tangents are in perpendicular directions. 

1 1 
(b) Repeat part (a) for the curves given by Re-= a and Im-= b. 

z z 

7 (a) Write x 3 -1 and x 3 + 1 as products ofreal factors. 

(b) Write z3 -1 and z3 +1 as products of complex factors. 

(c) Solve the equations x6 -1=0, x6 + 1=0 and x 12 -1=0 in real numbers, and 
illustrate your answers with graphs of y = x6 -1, y = x6 + 1 and y = x12 -1. 

(d) Solve the equations z6 -1=0, z6 + 1=0 and z12 -1=0 in complex numbers, and 
illustrate your answers using Argand diagrams. 

I 

8 Write. down the first five terms in the expansion of (1+2x )2. Show that, when 
I 

differentiated, the result is zero plus the first four terms in the expansion of (I + 2x )-2 . 

Investigate similarly the effect of differentiation on the terms of (1+3x)t and (1 + xr3
• 
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9 . Determine whether or not the point (1, 2, -1) lies on the line passing through (3, 1, 2) and 

(5,0,5). 

10 A , B and C are points in an Argand diagram representing the complex numbers -1 + 0 i , 
1+0 i and 0 + i respectively, and P is the point representing the complex number z (with 

--7 --7 
Im(z) > 0 ). The displacements AP and BP make angles a and f3 with the x-axis, and 
the angle APB= in:. 

(a) Show that arg(z -1)- arg(z + 1) =in:. 

(b) Show that ~ = cos 2a + i sin 2a and write down a similar expression for ~. 
z* + 1 z* -1 

(z - l)(z* + 1) 
(c) Show that, ) =i and deduce that zz* + i(z-z*)=l. 

z* -1 (z + 1) 

(d) Show that the equation in part (c) can be written as (z - i)(z* + i) = 2 and deduce that 

lz-i1=.J2. 
(e) State in words what geometrical property is established by combining the results of 

parts (a) to (d). 

11 Find the following integrals. 

(a) J sin(2x+in:)dx (b) J sin2 3xdx (c) J sin2 2xcos2xdx 

12 Find a vector equation of the line which passes through (1,4,2) and (-2,3,3), and find 

the coordinates of its point of intersection with the line with vector equation 

'"[gH~:l 
I 

13 Expand ( 1- x + x2
) 

2 as a series in ascending powers of x up to. and including the term 
. 3 
Ill x. 

14 B "d "f . h . 1 • 1 x 3 1 x 3 x 5 b" . 1 . f h " y i enti ymg t e senes - - +-- - +· ... as a momia senes o t e 1orm 
4 4x8 4x8x12 

(1 + x )" and finding the values of x and n, find the sum to infinity of the series 

1 _ _!.+ lx3 _ lx3x5 + .... 
4 4x8 4x8x 12 

15 find the voctm oquation of the 'traigl.t line parallel to r " [Tl+' [ ~ i)orrough the 
pomt (2,-1,4). 

16 A straight line has vector equation r = ( ~) + t (!). Find its cartesian equation. 

17 1 +ax+ bx2 are the first three terms of a binomial expansion for (1 +ex)". Write two 
equations involving n and c, and hence express n and c in terms of a and b . 

Prove that the next term of the expansion is !!._ ( 4b - a2 )x3
. 

3a 
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18 By squaring both sides of the expansion (1 + x r I = 1- x + x 2 
- x3 + ... ' obtain the 

expansion of (1 + xr2
. Then use (1 + xr2 (1 + xr1 = (1 + xr3 to obtain the expansion of 

(l+xr3
. 

19 (a) Find the area of the region enclosed by the curve with equation y =tan x, the x-axis 
and the lines x = 0 and x = ~ 7r . 

(b) Find the volume generated when this area is rotated about the x-axis. 

20 Express 
1 

as the sum of partial fractions. Hence express 2

1 
2 as the 

(l+x)(3-x) (l+x) (3-x) 

sum of partial fractions. 

A region is bounded by parts of the x- and y-axes, the curve y = 
1 

and the 
(1 + x)(3- x) 

line x = 2 . Find the area of the region, and the volume of the solid of revolution formed by 
rotating it about the x-axis. · (OCR) 

flir flir 
21 (a) Use the substitution y = ! 7r - x to show that : sin2 x dx = : cos2 y dy. 

f !ir f !ir J~ir Jiir (b) Showthat 
0 

cos 2 ydy= 
0 

cos 2 xdx and 
0 

sin2 xdx= 
0 

cos2 xdx. 

f
~n in 

(c) Find 
0 

(sin2 x + cos 2 x) dx, and hence show that f 0 sin2 x dx = i1r. 

22 An anthropologist is modelling the population of the island of A. In the model, the 
population at the start of the year t is P . The birth rate is 10 births per 1000 population per 
year. The death rate is m deaths per 1000 population per year. 

(a) Show that dP = (lO- m)P. 
dt 1000 

(b) At the start of year 0 the population was 108 000. Find an expression for P in 
terms of t. 

(c) State one assumption about the population of A that is required for this model to 
be valid. 

(d) If the population is to double in 100 years, find the value of m. 

(e) Explain why the population cannot double in less than 69 years. (OCR) 

23 A model for the way in which a population of animals in a closed environment varies with 

time is given, for P > ~ , by dP = ! ( 3P2 
- P) sin t , where P is the size of the population in 

dt 

thousands at time t. Given that P = ! when t = 0, show that ln 
3

Pp- l = ! (1- cost). 

Rearrange this equation to show that P = --1-~ •• 

3 _ e2 I-cost 

Calculate the smallest positive value of t for which P = 1 , and find the two values between 
which the number of animals in the population oscillates. . (MEI, adapted) 
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24 Two small insects A and B are crawling on the walls of a room, with A starting from the 
ceiling. The floor is horizontal and forms the .xy-plane, and the z-axis is vertically 
upwards. Relative to the origin 0 , the position vectors of the insects at time t seconds 

(0,;;;; t,;;;; 10) are oA = i + 3j+ (4-~t)k, OS= (~t + 1)i-3j + 2k, where the unit of 
distance is the metre. 

(a) Write down the height of the room. 

(b) Show that the insects move in such a way that angle BOA = 90° . 

(c) For each insect, write down a vector to represent its displacement between t = 0 and 
t = 10, and show that these displacements are perpendicular to each other. 

(d) Write down expressions for the vector AS and for I Ah I, and hence find the 
minimum distance between the insects, correct to 3 significant figures. 

25 (a) Differentiate x-h- x with respect to x. 

(b) Find J x..J2 - x dx 

(i) by using the substitution 2 - x = u , (ii) by integration by parts. 

(OCR) 

26 The lines 11 and 12 intersect at the point C with position vector i + 5 j + 1 lk . The equations 
of 11 and12 are r=i+5j+llk+/l(3i+2j-2k) and r=i+5j+llk+µ(8i+llj+6k), 
where /l and µ are real parameters. Find, in the form ax + by+ cz = d , an equation of the 
plane II which contains 11 and 12 . 

The point A has position vector 4i- j + 5k and the line through A perpendicular to II 
meets II at B. Find 

(a) the length of AB, 

(b) the perpendicular distance of B from !1 , giving your answer correct to 3 significant 
figures. 

27 With respect to an origin 0, the point A has position vector 30i - 3j - 5k. The line l 
passes through 0 and is parallel to the vector 4i - 5j- 3k. The point B on l is such that 
AB is perpendicular to l . In either order, 

(a) find the length of AB, (b) find the position vector of B. 

The plane II passes through A and is parallel to both l and the vector -2i + 2j + k . The 
point Q on AB is such that AQ = {-QB. Find, correct to 2 decimal places, the 
perpendicular distance from Q to II. (OCR) 

·2s The plane n has equation r .(2i- 3j + 6k) = 0, and P and Q are the points with position 
vectors 7i + 6j + 5k and i + 3j- k respectively. Find the position vector of the point in 

which the line passing through P and Q meets the plane n. 

Find, in the form ax+ by+ cz = d , the equation of the plane which contains the line PQ 

and which is perpendicular to n. (OCR) 

29 The region bounded by the curve with equation y = _P,(\ ) , the x-axis and the 
(x+4) x +4 

lines with equations x = 0 and x = 2 is rotated through 2n radians about the x-axis. 

Calculate the volume of the solid of revolution formed. 



Practice examination 1 for P3 

Time 1 hour 45 minutes 

Answer all the questions. 
The use of an electronic calculator is expected, where appropriate. 

1 By writing cot x in the form c~s x, show that the result of differentiating cot x with 
2 smx 

respect to x is - cosec x . [ 4] 

2 The variables x and y are related by the equation 2Y = 3l-x. 

Show that the graph of y against xis a straight line, and state the values of the gradient and 
the intercept on the y-axis. [4] 

3 The cubic polynomial f(x) = x 3 + 3x 2 +ax+ b, where a and bare constants, has a factor 
x + 1. The remainder when f(x) is divided by x + 2 is the same as the remainder when 
f(x) is divided by x - 2. Find this remainder. [6] 

4 The population of a community with finite resources is modelled by the differential 
equation 

dn = 0.0 In e --0.011 , 

dt 

where n is the population at time t. At time t = 0 the population is 5000. 

(i) Solve the differential equation, expressing ln n in terms oft. 

(ii) What happens to the population as t becomes large? 

5 Two planes have equations x + 2 y - z = 3 and 2x - z = 0. Find 

(i) the acute angle between the planes, 

[5] 

[2] 

[3] 

(ii) the coordinates of two points on the line of intersection, l, of the planes, [2] 

(iii) the equation of l, giving your answer in the form r =a+ th. [2] 

6 The angle 8° satisfies the equation tan 2() 0 = sin () 0 
• 

(i) 

(ii) 

7 (i) 

Show that either sin 8° = 0 or 2 cos () 0 = 2 cos 2 () 0 -1 . 

Hence find the smallest positive value of (). 

2x+1 
Express ( ; ) in partial fractions. 

(x -2) x + 1 

(ii) Hence show that 

J
l 

2x+l 
o (x-2)(x2+l)dx=-~ln2. 

[5] 

[3] 

[4] 

[4] 
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8 (a) Find f xlnxdx. [3] 

(b) 
_ sec 2 x 

Show that . = --. and hence evaluate 
smxcosx tanx 

f
~ir 1 
----dx. 

iir sinxcosx 
[5] 

9 The parametric equations of a curve are 

x=t3-e-1, y=t2-e-21. 

(i) Find the equation of the tangent to the curve at the point where t = 0. [5] 

The curve cuts the y-axis at the point A. 

(ii) Show that the value oft at A lies between 0 and 1. [2] 

(iii) Use the iteration t n+I = ~ e -t. to find this value oft correct to 2 significant figures, 

and hence determine they-coordinate of A, correct to 1 significant figure. [4] 

10 On!! root of the cub:lc equation z 3 + az + 10 = 0 is 1 + 2 i. 

(i) Find the value of the real constant a. 

(ii) Show all three roots of the equation on an Argand diagram. 

(iii) Show that all three roots satisfy the equation I 6z -1 I = 13, and show the locus 
represented by this equation on your diagram. 

[4] 

[4] 

[4] 



Practice examination 2 for P3 

Time 1 hour 45 minutes 

Answer all the questions. 
The use of an electronic calculator is expected, where appropriate. 

1 Solve the inequality 2 x Tx < 5 x 10-2 . [4] 

2 (i) Use the trapezium rule, with three intervals each of width /8 n; to estimate the value 
of 

(11!' 
)

0

6 

secxdx. [3] 

(ii) State with a reason whether the trapezium rule gives an overestimate or an 
underestimate of the true value of the integral in this case. [2] 

3 (i) Show that the iteration given ·by 

2+kxn 
Xn+I =-2-k­

Xn + 

corresponds to the equation x 3 = 2, whatever the value of the constant k. [2] 

(ii) Taking k = 3, use the iteration, with x1 = 1 , to find the value of lfi. correct to 2 
decimal places. [3] 

4 The equation of a curve is sin y = x cos 2x . Find : in terms of x and y, and hence find the 

gradient of the curve at the point (~ n,o). [5] 

5 (a) Find the quotient and remainder when 4x2 is divided by 2x + 1. 

(b) Use the binomial series to show that, when xis small, 

1 2 ---==l-x+kx 
..JI+ 2x ' 

where the value of the constant k is to be stated. 

6 (i) Show that the equation 2 sec e0 
- tan e0 = 3 can be expressed in the form 

R cos( e -a )0 = 2, where the values of Rand a (with 0 <a < 90) are to be stated. 

(ii) Hence solve the equation 2 sec e0 
- tan e0 = 3, giving all values of e such that 

[4] 

[3] 

[4] 

O<e<360. [4] 
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7 (i) Show that the substitution y = e -x transforms the integral 

J
ln2 1 

--d.x 
o 1 +e-x 

(ii) Hence, or otherwise, evaluate 

to ll 1 
--dy 

! y{l+y) . 
2 

J
ln2 l 

--d.x. 
o 1 +e-x 

[4] 

[4] 

8 (i) Find the modulus and argument of the complex number 2 + 2.J3 i. [2] 

9 

(ii) Hence, or otherwise, find the two square roots of 2 + 2.J3 i, giving your answers in 
the form a+ ib. [3] 

(iii) Find the exact solutions of the equation 

iz 2 -2.J2 z - 2.J3 = 0, 

giving your answers in the form a + ib. [4] 

I 
x 

l 
Water is flowing out of a small hole at the bottom of a conical container whose axis is 
vertical. At time t, the depth of the water in the container is x and the volume of the water 
in the container is V (see diagram). You are given that Vis proportional to x 3

, and that the 
rate at which V decreases is proportional to ../x . 

dV . f d.x (i) Express - m terms o x, - and a constant. 
dt dt 

(ii) Show that x satisfies a differential equation of the form 

d.x A 
-=-3, 
dt x' 

[2] 

where A is a positive constant. [2] 

(iii) Find the general solution of the differential equation in part (ii). [3] 

(iv) Given that x = 4 when t = 0 and that x = 1 when t = 1, find the value oft when 
x=O. [4] 
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10 The lines 71 and 12 have equations 

r~GJ+{~l and r~GJ+HJ 
respectively. 

(i) Show that 11 and 12 intersect, .. and find the position vector of the point of 
intersection. [4] 

The phme p ""'""through thC poillt with po'itioo ve®' Gland;, pe'P"ndicufa' to 1,. 

(ii) Find the equation of p, giving your answer in the form ax+ by+ cz = d. [3] 

(iii) Find the position vector of the point of intersection of i2 and p. 

(iv) Find the acute angle between 12 and p. 

[3] 

[3] 



Answers to P2&3 

1 Polynomials 

Exercise lA (page S) 

1 (a) 3 (b) 1 
(d) 0 (e) 1 

2 (a) 4x2 +7x+6 
(b) 5x3 +3x2 -6x-3 

(c) 4 
(f) 0 

(c) 8x4 -3x3 +7x2 -3x+l 
(d) 2x5 +2x4 -5x2 +3 
(e) -x3 -2x2 -5x+4 

3 (a) 2x2 +x-8 
(b) 3x3 +7x2 -8x+9 
(c) -2x4 -x3 +7x2 +3x-3 
(d) 2x5 -2x4 -6x3 +5x2 +l 
(e) -x3 -6x2 +9x+2 

4 (a) 2x3 -3x2 +9x-2 
(b) 3x3 -7x2 +16x-13 
(c) x3 -4x2 +7x-ll 
(d) 3x3 -8x2 +17x-17 

5 (a) 6x2 -7x-3 
(b) x 3 + x2 

- 7 x + 2 
(c) 2x3 +5x2 -3x-9 
(d) 12x3 -13x2 + 9x - 2 
(e) x4 +2x3 -2x2 +2x-3 
(f) 8x4 -6x3 -15x2 +18x-5 
(g) x4 +5x3 +5x2 +3x+l8 
(h) x5 -5x4 +3x3 +10x2 -8x+5 
(i) 3+8x-4x2 +13x3 -4x4 +4x5 

G) 8-22x+l9x2 -3x3 -3x4 +x5 

(k) 6x 3 +29x2 -7x-10 
(I) 2x5 -7x4 +6x3 -10x2 +4x-3 

6 (a) 0,-1 
(c) -3,-9 
(e) 20,-21 
(g) -17,-J 
(i) 5,-6 

7 (a) 4, 1 
(c) 2, 1 
(e) 1, 2 
(g) 2,3 

(b) -11,-1 
(d) 25,-8 
(f) -16, 13 
(h) -5,11 
G) -11,8 

(b) 2,-3 
(d) 3,-2 
(f) 2,-3 
(h) 2, -1 

Exercise 1B (page 8) 
1 (a) x-3 (b) x+l7 

(d) 7x-3 (c] 3x+ 11 
(e) x-3 

2 (a) 1,-5,22 
(c) 3, -4, 0 
(e) 4,1,4 

(f) 7x-2 

(b) 1,8,-11 
(d) 3,-1,-4 
(f) 7,1,8 

3 (a) 1,-3,5,2 
(c) 1,1,-1,3 

. (e) 2,7,-1,0 

(b) 1,-2,4,22 
(d) 4,1,-3,11 
(f) 3,0,-5,10 

4 (a) 2,-3,4,-1,-2 
(c) ~. 1, -1, 2, 0 

(b) 4,1,0,-2,3 
(d) 1, -2, 5, -3, 2 

Exercise)C (page 12) 

1 (a) x-2,-4 (b) x+l,-7 
(c) _ 2x+7,13 (d) x+.2,3 
(e) 2x-l,-l (f) x,0 

2 (a) x 2 -3,7 
(b) x2 +2x+l5,71 
(c) 2x2 -'-6x + 22, - 71 . 
(d) 5x2 +20x+77,315 
(e) x2 -x-l,-6 
(f) 2x2 +7x-l,3 

3 (a) x2 -4x+2,-x+7 
(b) x2 -2x+3,2x+5 
(c) 2x-6,9x2 +4x+ll 
(d) 3x2 +2x-5,30 

4 (a) -5 
(e) ?_ 

8 

(b) 13 
(f) 7 !l 

27 

(c) 50 
(g) 0 

5 -1 

6 -2 

7 -5 

8 3 

9 5,-3 

10 4,-3 

11 2,1 

12 5,3 

Exercise lD (page 15) 

1 (a) (x + l)(x - 2)(x + 3) 
(b) (x-l)(x-3)(x+l) 
(c) (x-l)(x-5)(x+3) 
(d) (x+l)2(x-5) 
(e) (x-2)(x+2)(x+3) 
(f) (2x+l)(i-l)(x+4) 

(g) (3x - l)(x- 2)(x + 2) 

-3,-1,2 
-1, 1,3 
-3,1,5 
-1,5 
-3,-2,2 
-4,-~, 1 

-2,~,2 

-1,-~.~ 

(d) -355 
(h) 279 

(h) (x + 1)(2x-1)(3x + 2) 

(i) (x-l)(x2 +3x-l) l,H±m-3) 

/ 
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2 (a) (x-3)(x- l)(x + l)(x + 2) -2,-1,1,3 
(b) (x-2)(x+l)(x+2)(x+3) -3,--:2,-1,2 
(c) (x - 3)(x- l)(x + 2)(2x + 1) -2.-i.1.3 

(d) (x + l)(x-2)(2x+ 1)(3x +2) -1.-j. -i. 2 
(x-1)3(x+l) -1,1 (e) 

(f) (x- 2)2 (2x+1)2 
-i.2 

3 (a) (x-2)(x2 +2x+4) 

(b) (x+2)(x2 -2x+4) 

(c) (x-a)(x2 +ax+ a 2
) 

(d) (x+a)(x2-ax+a2) 

(e) (x-a)(x + a)(x2 + a 2
) 

(f) (x+ a)(x4 -tix3 + a 2x2 -a3x + a4
) 

4 (b) n must be odd; 
x"-' -axn-2 +a2xn-3 - ... +an-I 

Miscellaneous exercise 1 (page 16) 

1 a=-3,b=l 

2 1 

3 3x+4, 2x+3 

4 a =-1, b=-10 

5 -6 

6 1 I. 3 
- '2'-2 

7 (a) 2 
(b) 2,.J2.-.J2 

8 (x-3)(x 2 + x+ 2); one root only as the 
discriminant of the quadratic is negative; one 

. point only, as the equation for the intersections is 
the given cubic. 

9 x2 +4x+6=(x+2)2 +2 

IO x2 -3;x2 +x+2 

11 (b) p =--JS. q =-JS 

12 4x+7 

13 x 2 +2x+2,0 

14 (a) 84,0; x-2 isnotafactorof p(x),but 
x+2 is. 

(b) -2.-Ii.-! 

15 (a) -15 

(b) (x +2)(x-5)(x +-JS)(x--JS) 

(c) x<--J5,-2<x<-J5,x>5 

16 A(-.J3.o),B(.J3,o); (x-2)(x+1)2 

(a) 2 
(b) Theytouchat (-1,-2). 

17 (b) 6x-4 
(d) 1.1-.J2.1+.J2 

2 The modulus function 

Exercise 2A (page 23) 

3 (a) 2<x<4 (b) -2J,,;;;x,,;;;-l.9 
(c) 1.4995,,,;;; x,,,;;; 1.5005 
(d) -1.25,,;;;x,,;;;2.75 

4 (a) [x-1.5[,,;;;o.s (b) [x-1[<2 
(c) [x+3.65[,,;;;0.15 (d) [x-2.85[<0.55 

5 [a+b[,,;;;[a[+[b[; [a+b[;;:.J[a[-[b[J 

Exercise 2B (page 28) 

1 (a) 3,-7 (b) 8,-6 
(d) 3,-3j (e) 4,j 
(g) -2,-8 (h) -4,q 

(c) 0, 3 
(f) -2, i 

2 (a) -3<x<-1 (b) x < -2 or x > 8 
(c) -5,,;;; x ,,;;;-2 (d) x,,,;;; - 3~ or x;;:;. 2 

x<-lor x>l (f) x<-3orx>2~ (e) . 4 2 
(g) l<x<3 (h) x,,,;;; 0 

3 

4 

5 

(a) -.1,,;;;x ,,,;;;] (b) 

(a) x"" 1 (b) 

(a) True (b) False 

x"" 1 (c) x,,;;;-1 

x,,;;;O (c) 0,,,;;; x,,,;;; 1 

Miscellaneous exercise 2 (page 28) 
1 x<l 

2 

2 3 and - 2 respectively 

3 -lO<x<j 

4 -~.-1 
5 x<l 

6 I I. I I 
-·v5.x<-3or x>5 

7 Any value of x such that -3,,,;;; x,,,;;; 3 

8 (a) (ii) O,,;;;f(x),,;;;2, -1,,;;;g(x),,;;;1 
(b) f(x) is periodic, with period 180; g(x) is 

not periodic. 

9 x<2.4 or x>4 

IO (a) 2x-l (b) 7 (c) 1-2x 

11 (a) -2, 1 (b) No solution 

12 (a) 8 (b) -3 

13 (a) y=3x-l (b) y=l-x 

15 (a) 

(b) 

(c) 

x<lorx>lj 
5 5 x < - 3 or -1<x<1orx> 3 

x<lorx>2 
5 3 

3 Exponential and 
logarithmic functions 

Exercise 3A (page 34) 

1 (a) 800 . (b) 141 (c) 336 



2 (a) 1.059 (b) 262 (c) between D and D# 

3 (a) 45.5 °C (b) 13.6 minutes 

4 (a) 5.42 (b) 5.42 

6 (a) 8=23 

(c) 0.04 = 5-2 

(e) 5 = x' 

(b) 81=34 

(d) x=74 

(f) q = p' 

7 (a) 3 = log2 8 (b) 
I (c) -3 = log4 64 

(e) 9 = logh g 
• (d) 

(f) 

8 (a) 4 
(d) 0 
(g) j 

9 (a) 7 

I (d) IO 

I 
(g) 256 

(b) 2 
(e) 1 
(h) ~ 

2 

(b) _!_ 
64 

(e) 4-fi 

(h) -10 

Exercise 3B (page 36) 

1 (a) logp+logq+logr 
(b) logp+21ogq+31ogr 
(c) 2+logp+5logr 
(d) i(Iogp-2logq-logr) 

(e) logp+ logq-21ogr 
(f) -(logp+logq+logr) 
(g) logp-ilogr 

(h) logp+ logq + 7logr-l 
(i) i(l+lO!ogp-logq+logr) 

6 = log3 729 
8=log0 20 
n=logmp 

(c) -2 
(f) -~ 
(i) 7 

(c) 4 

(f) 6 

(i) ~-)3 

2 (a) 2 (b) -1 (c) log30 575 (d) 0 
(h) 0 (e) 3 (f) -3 (g) log8 

3 (a) r-q (b) 2p+q 
(d) -q (e) p+2q+r 
(g) q- p-r (h) 4p+q-2r 

Exercise 3C (page 40) 

1 (a) 1.46 (b) 1.56 
(d) 1.22 (e) 3.58 
(g) -2.21 (h) 3 

(c) p+ir 
(f) p-q+2r 
(i) p+q-2r 

(c) 1.14 
(f) 1.71 
(i) -0.202 

ANSWERS 307 

Exercise 3D (page 46) 
1 (a) y=2.5lx3.98x 

(c) y=5.0lx50JX 
(b) y=l012 x0.00F 
(d) y=5.0lx2 

(e) Y = 0.316 
XS 

2 (a) y = 1.49 x 1.8Y 

(b) y = 1.63 X lOS X 20Tx 

(c) y = 2.01x5.4r 

(d) y = 2.0lx 2 (e) y = 0.607 
XS 

3 p = 3.9.7X1.022x gives p = 39.7, 49.4, 61.3, 
76.3, 94.8. The exponential model does" not fit so 
well in this period. 

4 61, 30, 19, 13 

5 a~ 1, n ~ 1.5 

6 Investment= £850, interest at 7.5% 

7 (a) 3, 2 (b) 3.15x106 (c) 3, In 2 

8 (a) Between 1050 and 1170 
(b) 3 (c) 843 

Miscellaneous exercise 3 {page 48) 

1 (a) _I_ (b) {Sc; 
Ioga-2 ~2 

2 0.774 

3 C 1:xf--7ex -1, XE~ 

4 2-log2 

6 log3-i 

x+2 2 11 log2 --, 7 x 

12 10 000 , 451 

13 (a) 0.202, 0.4 (b) 1.84 tonnes 

14 (a) 15.3, 2.7; 39.6 mm (or 39.3 mm if you use 
the exact values a = -¥ , b = ~) 

2 (a) x > 1.89 
(d) x>9.97 
(g) x;;;., -2 

(b) x < 1.43 (c) x ~ -1.68 (b) 12.5, 1.46 

3 37 

4 14 

5 28 

6 7 

7 9.56 

8 71 

9 (a) 0.891 

(e) x > 8.54 (f) x < -2 
(h) x ~ -5.61 (i) x;;;., 3,77 

(b) 12 days (c) 19.9 days 

10 9.49 a.m. Tuesday 

11 389 years 

12 (a) 1.79 
(d) -7.97 

(b) 2.37 
(e) 1.04 

(c) 0.486 
(f) 2.32 

(c) Both models give a reasonable fit, but (b) is 
slightly better. 

4 Differentiating 
exponentials and 
logarithms 

Exercise 4A (page 54) 

1 (a) 3e3
x (b) 

(d) 16e-4x (e) 

(g) -el-x (h) 
_lx2 

(j) -xe ' (k) 

-e-x 

3e3x+4 

12e3+4x 
1 I 

--ex 
xz 

(c) 6e2x 

(f)_ -2e3-2x 

(i) 3x2ex' 

1 
(1) -e..r; 

2--Jx 
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2 (a) 3e 2 

(d) -2 

3 (a) ey=x+2 
(b) y=3x-1 

(b) -2e 

(c) y=(4+4e4)x-(4+6e4) 
(d) 4y=-2x+l+2ln2 

(c) -1 

4 (a) 2ex2+x+1(2x+l) (b) -15e-x(e-x +1}4 

(c) -x(l-x2f!eM 

5 -31 
4 

6 (a) No stationary points . 
(b) (fn2,21n2-2), maximum · 
(c) (0,1),minimum; (±l,2+e-1),maximum 

7 (a) .!.e3x +k 
3 

(c) le2x+k 
2 

(b) -e-x +k 

(d) e-4
x +k 

(e) .!.e3x+4 +k 
3 

(f) -.!.e3-2x+k 
2 

(g) -el-x +k (h) l e3+4x + k 
4 

8 (a) t(e4 -e2) (b) 
1 

e-­
e 

(c) e5 -e 

_(d) e10 -es (e) 6 (f) £e 

(g) ln2 

9 i(e4 -1) 
10 1-e-N; l 

11 ! 

(h) _1 (39 _J..) 
ln3 27 

2 

Exercise 4B (page 57) 
l 2 

1 (a) - (b) -
x 2x-l 
2 b 

(d) - (e) --
x a+bx 

-2 
(c) l-2x 

-1 
(f) --_; 

-3 2 3 
(g) - (h) ----

3x + l 2x + 1 3x -1 

(i) 6 U) .!_+_1_ (k) 3.+_1_ 
x x+l x x-1 x 

l l 
(1) -+­

x-1 x+2 

2 (a) y=2x-ln2-l 
(b) y=2x-l 
(c) y=;.-3x-ln3-) 
(d) ey=x+eln3 · 

3 (a) l, minimum 
(b) ±-ln2,minimum 
(c) l, minimum 
(d) l, minimum 

4 (a) 3x2 (b) ~ 
l+x3 2+x4 

(c) 3x2 +4 
x3+4x 

6 2y=2-x 

l 1 
7 x>6; --+--

x~-2 x-~ . 
1 

(a) x > 6 (b) None 

2<x ------
x-2 6-x 

8 (i) 

(a) 2 (b) 4<x<6 
(ii) There are no p(;>ints in the domain . 

• Exercise 4C (page 58) 

1 (a) y=tlnx+k, x>O 
(b) y=ln(x-l)+k, x>l 
(c) y=-ln(l-x)+k, x<l 
(d) y=~ln(4x+3)+k, x>-% 

(e) y=-21n(l-2x)+k, x<! 

(f) y=21n(1+2x)+k, x>-i 

(g) y=-21n(-l-2x)+k, x<-i 

(h) y = 21n(2x-l)+k, x > ! 

2 (a) ln2 (b) ln2 (c) ln2 (d) ln2 

3 (a) ln2 (b) !-ln3 (c) jtnl,f 

Se-7 
(d) In-- (e) ln2 (f) 8+ln5 

4e-7 

4 21ni 

5 nln-f 

6 intn3 

7 y=f1n(t(2x+l)) 

8 y = 21n(4x-3)+2 

9 2nln2 

Exercise 4D (page 62) 

1 (a) -ln4 (b) -!ln3 (c) jln5-ln4 

7-2e 5 (d) In-- (e) -ln-
7-e 3 

(f) 2-ln2 

2 ln7, -9 
3 2x ln2,3x ln3,10x lnlO,-{tf ln2 

Miscellaneous exercise 4 (page 62) 
3 -3 

1 (a) -- (b) --· 
3x-4 4-3x 

(d) -e-x (e) _I __ _ 
3-x 2-x 

2 E.g., 13 

3 (!,s),(4,1); 1s%-121n2 

(c) 3e3x 

-6 
(f) 3-2x 

4 (a) le-.!.e-2 -.!. 
3 6 2 (b) Minimum 

5 2x-e-x +k 

6 x=!,minimum 



/ 

8 y=x+4 

9 y=-+x+i 

.2 
(b) 3ln2 10 (a) -

x-l 

11 (3,0) 

13 (a) -1 (b) 1 

14 (a) 2-e-a =a (b) {(2-e-x-x)dx 

15 (-3,e-81 ),(0,1),(3,e-81
) 

16 (a) e-2a -3a=O 

(d) _1__1a2 _'._l_e-2a 
·2 2 2 

17 le 
2 

18 (a) 3.00 (b) 1.22x106 

5 Trigonometry 

Exercise SA (page 68) 
1 (a) -0.675 (b) 1.494 (c) 1.133 

2 (a) cosec x (b) cotx (c) secx 
(d) sec2 x (e) cotx (f) -cosec x 

3 (a) .J2 (b) 1 (c) --13 
(d) -.J2 I ,--

(e) - 3 '13 (t) ~-J3 
(g) 0 (h) -~-J3 

4 (a) 0.951 (b) 1.05 (c) 3.73 
(d) 2 (e) -0.924 (t) 3.73 
(g) -1.04 (h) -./3 

5 (a) ~ 
(d) ~-J3 

(b) ± 
3 

(c) _ _1_.fj 
3 

6 ±4-J3' ±.J2' ±i-J5 
7 (a) ltancf>I (b) sincf>coscf> (c) cot¢ 

(d) lsin<f>I (e) ltan<f>I (t) cot2 
cf> 

8 (a) 3sec28-sec8-3 (b) 0.72, n, 5.56 

9 1.11, 2.82' 4.25' 5.96 

10 ;}n, in. in.tn, in. ~n 

Exercise SB (page 73) 

1 H ~ + -n) • 2 + -J3 

2 (a) t(.J2-~) .. (b) H~+-n) 

(c) -2--J3 

3 -!cosx--!-J3sinx 

4 -coscf>, -sine/> 

5 
-J3+tanx 1+-J3tanx 

1--J3tanx' tanx--J3 

ANSWERS 

7 (a) 4 (b) ts (c) ± (d) !!1 
3 5 44 

8 63 33 -65· -56 

Exercise SC (page 7S) 

1 -j-J5' -i-JS' -4-J5 

2 ~. ±;}.Ji4 

3 sin 3A = 3sinA-4sin3 A 

4 cos3A = 4cos3 A- 3cosA 

5 tan2 ix 

7 ±~. ±i-JiI 
8 ~· -~ 
9 ±.J2-1, .J2-1 

10 (a) n (b) -!n, 3.99, 5.44 
(c) o, 0.87, 2.27, n, 4.01, 5.41, 2n 

Exercise SD (page 78) 

1 0.588 

2 53.1 

3 54 
4 m ,o.165 

5 (a) -J5' 1.11 (b) -J5' 0.464 
(c) -J5' 1.11 (d) -J5' 0.464 

6 -J6i cos(O- 0.876) 
(a) Ki when e = 0.876 
(b) -Ki when e = 4.018 

7 lOsin(x + 36.9)0 (a) 1 (b) 0 

8 0.87 or 3.45, correct to 2 decimal places 

Miscellaneous exercise S (page 78) 

1 (b) -~ 
2 60,120,240,300 

3 (a) 1 (b) ~ 

4 (b) 60,300 

5 H~--n) 

7 (a) -~ (b) -¥s, fs 
8 73.9 

9 26.6, 90, 206.6, 270 

12 2sin(8+60)0
; 90, 330 
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13 (a) 2cos(x+60)0 (b) 0, 60, 180, 240, 360 

14 (a) 15cos(x-0.644) (b) 0.276 

15 -J5 cos(x- 26.6)0 

(a) 90,323.1 (b) --J5~k~-J5 
16 -0.5 

17 (a) 13sin(x+67.4)0 

(b) 7.5 when x = 202.6, 1 when x = 22.6 
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18 5cos(x + 53.1)0 (a) 13.3, 240.4 
(b) ~, "3 

19 (a) in (b) x+y 
1-xy 

20 (b) ..!.,l-2x2 

x 

21 (a) x+2y=3 
(b) ..J5 sin( e + 63.4 )0 

(c) (2sin0°,2cos0°), 74.4 

23 (a) (56.8,0), (123.2,0) 
(b) 53.1, 120; (53.1,0.6), (120,±0.5) 

6 Differentiating 
trigonometric functions 

Exercise 6A (page 88) 

2 (a) -cosx 
(c) 4cos4x 

(e) ~Jr COS~JrX 

(g) -2sin(2x-1) 

(i) 5 cos5x 

(k) 2cos 2x 

3 (a) 2sinxcosx 

(c) -3cos2 xsinx 

(e) -8cos3 2xsin2x 

(g) -42x2 sin4x 3 

(b) sinx 
(d) -6sin3x 

(t) -3n sin 3n x 

(h) 15cos(3x+{-n) 

(j) 2cos({-n-2x) 

(1) -Jr sin Jr x 

(b) -2cosxsinx 

(d) 5sinixcosix 

(t) 2xcosx2 

(h) sin( ix -~Jr )cos( ix -tn) 

(i) 

(j) 

-6n cos2 2n xsin 2n x 

6xsin2 x 2 cosx2 

I 

(k') 0 

4 (a) 2sec2xtan2x 

(1) -cosixsinix 

(b) -3cosec3xcot3x 

(c) -3cosec(3x +~Jr )cot( 3x +~Jr) 

(d) sec(x-tn)tan(x-tn) 

(e) 8sec2 xtanx (t) -3cosec3xcotx 

(g) -12cosec4 3xcot3x 

(h) 10sec2 
( 5x -{-n )tan( 5x -{-n) 

5 (a)-. 2cot2x (b) -3tan3x 
(c) -cotx (d) 4tan4x 
(e) 2cotx (t) -6tan2x 

6 (a) cosxesinx 
. 2 

(c) lOsinxcosxe"" x 

8 (a) 2y-x=.J3-~n 

(b) 3y=.J2(x-i-{-n) 

(c) .J2y+x=2+{-n 

(b) -3sin3xecos3x 

(d) y=x+iln2-{-n 

(e) y = 3 

9 (a) (±n ,.J2), maximum; (~n ,-.J2), minimum 

(b) (Jr ,Jr), neither 

(c) (0,2),maximum; (n,-2),minimum 

(d) (tzn .~-J3 +tzn), maximum; 

(
5 1 r,;3 5 ) · · . 

12 n,-.2°\15+ 12 n ,mm1mum, 

(
13 1 r,;3 13 ) · . 
12 n ,2 -.Jj + 12 n , maximum, 

(
17 1 r,;3 17 ) · · 
12 n ,- 2v 5 + 12 n , mm1mum 

(e) (±n ,2.J2), minimum; 

(~n ,-2.J2), maximum 

(t) (~n.-3),minimum; (~n.i),maximum; 

( 3 1) · · . ( 1 f 3) · 
2 7r, , rmmmum, 6 7r ,2 , maximum 

10 cos(a+x), -sinasinx+cosacosx 

11 sin(in-x); -sinx, -cosx 

12 As 2cos2 x-1=1-2sin 2"x = cos2x, they all 
differ by only a constant, and therefore have the 
same derivative. 

13 cos2x 

1.4 Above, at y = cosin+A-n = 0.443 

is (a) cos-h 
2-h 

-sinx 
(b) 2.Jcosx 

(c) 
1 1 

~2cos­

x x 

16 The curve bends downwards when y > 0 , and 
upwards when y < 0; y = siri(nx +a). 

l+sin2 x 3 2 
17 · 

3 
-sec x+tan xsecx 

cos x 

19 (a) Growing'at 50 million doliars per year 
(b) Falling at 9 .7 million dollars per year 

20 (a) 55.3 mm s-1 (b) 153 m s-2 

Exercise 6B (page 92) 

1 (a) isin2x+k (b) -tcos3i+k 

(c) isin(2x+l)+k (d) -tcos(3x-l)+k 

(e) cos(l-x)+k (t) -2sin(4-ix)+k 

(g) -2cos(ix+tn)+k 

(h) tsin(3x-{-n)+k (i) 2cosix+k 



2 (a) (b) i'12 (c) i 
(d) -i'12 
(g) sinl 

(e) i(-J3-1) (f) 0 

(h) 2cosl-2cos% (i) 4 

3 (a) ilnsec2x + k (b) ~lnsin5x + k 

(c) ~sec3x+k (d) -icosec4x+k 

(e) lncos(in-x) + k 

(f) -ilnsin(~n-2x)+k 

(g) 2sec(ix + 1) + k (h) icosec(l-2x) + k 

(i) isec2x+k 

4 (a) ilri2 (b) iln2 

(c) Hi-'12) (d) ln2 

(e) Hcoseci-cosecl) 

(f) 4(sec0.075-sec0.025) 

5 (a) Hx+isin2x)+k (b) i(x+sinx)+k 

(c) Hx-isin4x)+k (d) ksin 4 x+k 

(e) ~sec3 x+k (f) -ib-cosec5 2x + k 

(g) icosx-A-cos7x+k 

(h) ~cos3 x-cosx+k 

(i) -cosx+~cos3 x-~cos5 x+k 

U) ~sin4x-fgsin8x+k 

6 (a) 2sec2 xtanx (b) sec2 x 
(c) tanx+k, tanx-x+k 
(d) -cotx+k, -x-cotx+k 

7 l· l~2 , 4,. 

8 n+2, ~n(8+3n) 

9 (a) 2-'12 (b) in(n-2) 

10 (.0,1),(jn,o); 1+'12; in(3n+2) 

Miscellaneous exercise 6 (page 94) 

1 (a) 2cot2x 

(b) -i(cos2x+2cosx)+k 

(c) -2cosxsinx 

(d) 3t2 cos(t3 + 4) 
(e) ix+lzsin6x+k 

(f) 1 . ' ---sm-Vx 
2-!X 

() I 3·2 k g 2X-4S1Il3X+ 

,/ 

ANSWERS 

2 (a) i(l-cos2x) 

3 (a) i'12(-J3-l), -J3-1 
-J3 +1 

(c) 3.106, 3.215 
2 

4 
sec xtanx 2 2 
--r==== =sec x ; sec x 

1 

5 (0,-0.404); 1.404,1.360,1.622 

6 i; better, values are 0.5236 and 0.4997 

approximating to 0.5. 

7 (a) v=ll(l-cos(:
5

t)).90seconds 

(b) 990metres,llms-1 

(c) 0.665 m s-2 

8 (b) in, in 
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( c) The model suggests that the motion will 
continue indefinitely, but in practice it will 
gradually die out because of friction. In the 
new model the motion will die out. 

10 (a) icosix-~sin~x (b) q 
(c) 4n, 6n 
(d) Any integer multiple of 12n 

11 (a) ~n, n, -1n, 2n 

Revision exercise 1 
(page 97) 

1 (a) -2 (b) 1 (c) 3 (d) ±? 
3 (a) 3e3x-I (b) ~ 

x 2 -1 

4 (a) -7,25 (b) -5, 5 
(c) -7.;;;x.;;;25 (d) -5:;;; x:;;; 5 

5 (a) le6 -.!. (b) lne12 -ln 
2 2 4 4 

6 mcos(x+0.165 ... ); 0.441, -0.771 

300 
7 -, 240cos600t (a) 0 (b) ±0.4 

7r: --·-----... 
8 (a) -icos(2x+~n)+k 

(b) ix-lzsin6x+k 

(c) isin 3 2x+k 

9 (a) 2, 2 
(b) (x +2)(x+ l)(x- l)(x- 2); -2, -1, 1, 2 

10 (x +4 )(x- 2)(x- 3) 
11 (a) -At 3.49 hours (b) After 15 hours 

(c) 2.51x10 5 
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12 (a) (6x-6)e3x
2

- 6x 

(c) x+6y=8 

(b) (1,e-3), minimum 

13 (a) e-1 (b) -}(e-(e-l)ln(e-1)) 

14 (b) sina (c) (a,-}sina) 

15 1.04, 3.03,4.18, 6.17 

7 Differentiating products 

Exercise 7 A (page 101) 

1 (a) 2x 
(c) 5x4 +9x 2 +8x 
(e) 3x2 

2 (a) (x + l)ex 

(b) 3x2+4x 
(d) 63x2 + lOOx + 39 
(f) (m+n)xm+n-1 

(b) x(2lnx+l) 

(c) 3x 2 (sin x+l)+x3cos x 

(d) cos2 x-sin2 x (e) cosx-xsinx 

(f) e-x(cosx-sinx) 

3 (a) (x 2 +2x+3)ex 

(b) 2x(sinx + cosx) + x2 
( cosx-sinx) 

(c) sin2 x+2xsinxcosx 

4 (a) 4x+(2x+x2)ex 

4 
(c) 6xlnx+-+3x 

x 

(b) x 2(3+2x)e2x 

5 (a) -3e-4 (b) e 2 (sin2+cos2) 
(c) l+ln6 

6 (a) y=-nx+n-2 

(c) 8y=47x-75 

7 ( 2,4e-2
), (0,0) 

(b) y=x-1 
(d) y=O 

8 (a) 2xsin3 2x+6x 2 sin 2 2xcos2x 

(5x2 +5x+2)ex 
(b) 

~5x2 +2 

(c) 8sin3 2xcos2xcos3 5x 

-15sin4 2xcos2 5xsin5x 

(d) 12(4x+1)2In3x+(4x+l)
3 

x 
ln2x+2 . 

(e) ~ (f) -eax(asmbx+bcosbx) 
2-v x 

9 sin2+2cos2 

10 x+2y=l 

11 (1,-3-13) 

12 v = 51.8, x = 6.4 

13 When n is even, there is a maximum at x = n, 
and a minimum at x = 0 . When n is odd, there is 
a maximum at x = n ; if n > 1 , there is also a 
point of inflexion at x = 0 . 

14 (a) (sinx+xsinx+xcosx)ex 

(b) (2xcos4x-3x 2 cos4x-4x2 sin4x)e-3' 

Exercise 7B (page 105) 

1 (a) (1+5x)2 
(b) 3x

2
-4x 

(3x-2)2 

(c) 2x 
(1+2x2)2 (d) 

(12x-13)e3x 

(4x-3)2 

(e) 1-2x3 

(l+x3)2 

(f) (x -1)2 ex 

(x2+1)2 

2 -cosec2x 

xcosx-sinx 
3 (a) 

x2 

2x(sin x - x cos x) 
(c) . 

• 3 sm x 

4 (a) 

(c) 

5 (a) 

(c) 

x+2 · ---, 
2(x+l)2 

3x+4 

4x2 '13x+2 

2xsinx+cosx 

2x.Jx 

-1 

(1 +x)~(l-x)i 

(b) sinx-xcosx 
sin2 x 

10-x 
(b) 2x2-Jx-5 

(b) 3ex -10-5xe' 

(ex -2)2 

6 (a) 
1-lnx 

~ 
(b) _2 _ In(x

2 
+4) 

x 2 +4 · --. 

3 
(c) -

(3x+ 

2ln(3x+2) 

7 4y=x+3 

(2x- l)ex 
8 (a) -

(2:x+ 1 

9 14y=8x-37 

(b) (-}.-}e!) 

10 (2("2-1),2(1+"2)), (-2(1+"2),-2("2-1)) 

11 (a) 
x 2 +2x-3 

(x + 1)2 

(b) -3,,;;x<-l, -l<x,,;;1 

12 (a) 2 (b) l 
3 

Miscellaneous exercise 7 (page 106) 

2 . 3 x+6 1 (a) 3x smx+x cosx (b) -- 3 

) -3x (' I -1) 2 (1-3x e ; 1 ,.3e 

2(x+3)2 



3 (a) ex(cosx-sinx) (b) {n<x<~n 
(c) The gradient is negative for these values 

of x. 

4 --
7r2 

5 (a) 2cos2xcos4x-4sin2xsin4x 

(b) 3x(2lnx-l) (c) _2(1 -~)
9 

(inx)2 5 

6 (~,4~) 

7 
xcosx-sinx 

x2 

2 
11 (a) -

a 

8 Solving equations 
numerically 

Exercise SA (page 112) 

2 2 

ANSWERS 

3 1.91,-29.6; as the graph is continuous there is at 
least one root in the interval 3 < x < 4 . 

4 (a) (i) -2 (ii) -1.71 
(b) (i) 2 (ii) 2.63 
(c) (i) 1 (ii) 1.33 
(d) (i) 6 (ii) 6.30 
(e) (i) -8 (ii) -7.86 
(f) (i) 4 (ii) 4.53 

5 The graph of the function f may have a break in 

it. f(x)=.!. has f(-l)f(l)<O,but f(x)=O has no 
x 

root between -1 and 1 . 

Exercise SB (page 114) 

1 Here are three possible examples for each part. 

(a) x=V5x-6;x=!(x5 +6);x=~5xx~ 6 

(b) x = 5e-x; x = ln5-lnx; x = ~5xe-x 

·~ 3 v 5 ~ 1999 (e) x=I999-x ;x=1999-x ;x=3 - 2-x +1 

2 (a) (i) f(x)=x 11 -x7 +6=0 (ii) -1.1769, 
-1.2227 , -1.2338 , -1.2367 , -1.2375 
(iii) Converging to a root 
(Iv) x5 is an approximate root of f( x) = 0 

(b) (i) f(x)=x4 -x3 -34x2 +289=0 
(ii) 7:1111, 22.283, 463.11, 214440, 
4.598x10 10 (iii) Diverging 

(c) (i) f(x)=x 4 -500x-10=0 (ii) 7.9446, 
7 .9437 , 7 .9437 , 7 .9437 , 7 .9437 
(iii) Converging to a root· 
(iv) x5 is an approximate root of f(x) = 0 

3 1.6198, 1.8781, 1.6932, 1.8208, 1.7304, 1.7933; 
converging 

4 (b) 0.7895; it is converging to another root. 

5 xn+I = Vex" + 2 with x0 = 2 converges to 2.27 

in 11 steps; 
ex" +2 

xn+I = --2 - with x0 = 2 converges to-2.27 
xn 

in 3 steps 

6 (a) 9 
(b) 5 steps; x 4 and x 5 are the same to 

4 significant figures; 9 .725 
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7 One root; x r+I = cos x, with x0 = t n converges 
to 0.739 

Exercise SC (page 119) 

1 (a) No convergence; F-1 
( x) = -

3
-, 1.303 

x+l 

(b) No convergence; F-1(x) = ~ln(5- x ),0.501 

(c) Noconvergence; F-1(x)= tan-1(2x), 

1.1656 

(d) No convergence; F-1(x) = -~300-lOx, 
-2.6237 

(e) Converges to 1:8955 

2 (a) 5, 1.179 (b) -13,6.730 
(c) 10, -1.896 (d) -3.485, 12.87 

Miscellaneous exercise S (page 119) 

1 5, 13 (a) There exists a root between x = 1 
and x = 2. (b) It 

2 2 

3 2.15 

4 0.381<x<0.382 

5 5.0 

6 (b) 0.77 

7 (a) Two roots 

8 233.1 

9 (a) x+15y+30=0 
(b) One graph is increasing from -oo to oo, and 

the other is decreasing in -90 < x < 90 . 
Hence there is a point of intersection, and 
only one. 

(c) -35 

10 2.13 

11 1.210 

12 6.72 
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13 (a) 1, 1.389. There could be an even number of 
roots in the interval. 

(b) 

14 (b) 

0.310 or 0.756 (c) 0.62 or 1.51 

3.11111, 3.10332, 3.10384, 3.10380; 
3.104 

15 (b) The second, as its derivative is numerically 
less than 1 between x = 2 and x = 3; 2.93 

16 (a) 

17 (a) 

18 (a) 

3 (b) F(t)=1+ 1~~~),F-1 (t)=~41-1 ,or 
vice versa; t = F(t); 3.486 

-5 (b) k=-63, a=-4.4188 

(±-15,±-JS) 
(c) 
(d) 

The function g is self-inverse. 
2.236068 

19 (b) 
(e) 

30, 40 (c) 30, 35 (d) 32.5, 35 
a, = 30, 30, 32.5, 33.75, 34.375, 
34.375, 34.531 25, 34.609 375, 
34.648 437 5, 34.667 968 75 
b, = 40, 35, 35, 35, 35, 34.6875, 34.6875, 

34.6875, 34.6875, 34.6875 
a= 34.7 correct to 1 d.p. 

20 (a) 1.324 72 (b) 0.11183, 3.577 15 

9 The trapezium rule 

Exercise. 9 (page 125) 
1 (a) 2.12 (b) 0.75 

2 5.73 

3 3.09 

4 (a) 1.26 (b) 0.94 (c) 0.8 

5 8.04 

6 1.034 

8 2.86 

9 3.14 

10 (a) 19.40 (b) Underestimates (c) 6.25n 
(d) 3.10 

Miscellaneous exercise 9 (page 126) 

1 10.6 

2 3 .28; overestimate 

3 1.701 

4 0.52 

5 0.70 

6 (a) 1.41 

7 51 

8 1140ril. 

9 8.15 km 

10 (a) 0, 1.708, 2.309, 2.598, 2.582, 2.141, 0 
(b) 34.0 m2 (c) 3400 m3 

11 0.55 

12 (a) 0.622 m2 (b) 12.4 m3 (c) 3.9 m3 

(d) (b) overestimate, (c) underestimate 

13 (a) 5~2 (b) 98 + 70.fi 

14 a=lO, (x+l)(x-2)(2x-5); 16; 18 

15 0.535, O.~; T=~h-±+~h-2 ; 
h = 2x 3-3 ,or1.39 

I 16 (a) 3 (b) I 3 II 43 
2' s• 32' 128 

( ) I I I I 
c -6,-24,-%,- 384 

1 
(d) E. = --2 (e) 409, or more 

6n 

10 Parametric equations 

Exercise lOA (page 133) 
1 (a) (180,60) (b) (5,-10) 

2 (a) (~.j) (b) (2,0) 

3 in 
4 ~n 

1 
9 (a) l=- (b) l=l2x . x 

(c) x 2 + y2 = 4 

10 (a) 

(b) 
(c) 
(d) 

x+y=l,for O~x~l 
1 1 

x' +y 3 =1 
x + y = 2, excluding (1,1) 
4x3 =27y2 

Exercise lOB (page 136) 
2 

1 (a) - 2 3t 

(c) -Jcott 

2 (a) 2 

3 (a) -3 

5 (a) ! 
6 x+y=l+n 

(b) -tant 

(d) 2t-1 
3t2 +1 

(b) l (c) -1 
3 

(b) 1 (c) -f3 

(b) 3y=x-1 

I (d) -54 

(d) -8 

7 (a) 3y=x+9 

8 (a) 3x+y=165 

9 (a) y = 4x - 30 

(b) Sy= 3-f3x-30 

(b) y = --f3x 

(b) (-i,-32) 
10 (a) y=2x-36 (b) (27,18) 

Exercise lOC (page 138) 

7 (b) The point N always lies on the circle with 
centre at the origin and radius -J2 . 



ANSWERS 

Miscellaneous exercise 10 (page 139) 

1 (a) !n (b) 2x+y=2.fi 

2 6cost 

t 2 -1 
3 (a) -

2
-.-

t + 1 

4 (a) ~ 
3t2 +1 

5 (a) -..J3tant 

1 6 -
1
-, ln2 

e -1 

(c) /-x2 =4 

(b) 2x+y=6 

(b) x+y=2 

7 (b) y=2x-2 (c) (0,-2) 

8 (a) 2x+y=9 (b) y=4x-x2 

10 (a) The half-line of gradient 1 through (0,0) for 
which x;;,,O 

(b) y = x; the straight line of gradient 1 through 
(0,0) 

( c) Each point of the curve given by the 
parametric equations lies on the curve given 
by the cartesian equation, but the reverse is 
not necessarily true, as this example shows. 

11 Curves defined 
implicitly 

Exercise llA (page 147) 

1 (a) t (b) 6 (c) t (d) --! 

2 _.J. 
3 

3 3x-2y=S 

4 x-2y=1, -M 
5 (a) (±1,0), (o,±-!) 

(b) -1 ,;;;; x ,;;;; 1, - ~ ,;;;; y ,;;;; ~ 

(d) 2x +Sy dy = 0; the gradient is zero where 
dx 

the graph cuts the y-axis. 

(e) 2x dx +Sy= 0; the tangent is vertical where 
dy 

the graph cuts the x-axis. 

6 (a) (±1,0) 

(b) x;;,,.lor x,,;:;-1; ycantakeanyvalue. 

( d) 2x - 2y dy = 0; x is never zero, so the 
dx 

gradient is never zero. 

(e) 2x dx - 2y = 0; the tangent is vertical where 
dy 

the graph cuts the x-axis. 

7 (a) (1,0), (0,1) (b) y < 0 

(c) 2(x-1) _l 
3y2 , 3 
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(d) The modulus of the gradient becomes very 
large. 

9 (b) dy = -ex-y 

dx 
(c) Both x and y are less than ln2. 

10 (a) The curve is symmetrical about the y-axis. 

(b) dy 2x h . .. dy . - = --2 ; w en x 1s positive - 1s 
dx 3y dx 

negative, and vice versa. 
(c) Maximum 

11 (0,0), (-1,0); 0, 1 

12 1, -2 and 1 at (0,0), (0,1) and (0,2) 
respectively 

Exercise llB (page 150) 

1 (a) y+xdy 
dx 

dy 
(b) y2 +2xy dx 

(c) 2xy2 +2x2ydy 
dx 

(d) 

2 dy 
2xy-x dx 

y2 

y+xdy 

2 (a) 
2
.Jt (b) (2xy+x

2 
:)cos(x

2
y) 

(c) .!.+_!_dy (d) (y+xdy+dy)exy+y 
x ydx dx dx 

4 3 (a) -3 (b) ~ 
11 

4 (a) -~..J3 (b) 0 (c) -2 (d) -~n 

5 3y=x+5 

6 x=l 

7 (3,1), (-3,-1) 

8 (a) -1 (b) ~ 

(c) (0,0), where there are two branches, one 

parallel to each axis; ( 2~ ,2~), ( 2~ ,2~) 

9 (a) (x2 +/)2 
;;,,o so x2 -l ;;,,o 

(b) (±b/6,±t.fi), (±1,0) 

Miscellaneous exercise 11(page151) 

1 5x - 13y + 3 = 0 

x-y 
2 (a) -- , (2,2), (-2,-2) 

x-4y 

(b) 2x - y = 3..J3 
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3 3x-7y=13 

4 (a) 
2+x-2xy 

(b) (2,1), (-1.i) 
2+x2 

a2 b2 
5 (a) x 2 + y2 = 4 

6 3, maximum; -3, minimum 

7 4 

8 (a) --3 1-8y 

( ) 
. diy . h . . b c 1; smce - 2 1s zero at t e ongm, ut 

d.x 
positive close to the origin, the curve has a 
point of inflexion there of the same 

orientation as y = x3 . 

-Revision exercise 2 
(page 152) 

1 -1.17, 0.69, 2.48 

2 (a) 3.!. 
2 (b) 3.21 

3 (a) 2xlnx+x (b) 1-2lnx 
x3 

(c) 
ex( 1- 2xex) 

(d) ( 1+2x2 )ex
2 

(x2ex +1)2. 

4 25.5 

5 2.74 

6 4.4934 

7 (a) 1.9113 (b) 1n +~.J3 (c) 0.1 % 

8 (33,27) 

9 5 

10 t2 y+x = 2ct 

11 (a) -sin8cos2 8 (b) 3x+8y=15 

12 (4,-2), (-4,2); (2.JS,-~Fs), (-2.JS,~Fs) 

13 (a) 

(c) 

(e) 

(f) 

14 (a) 

e2x(7+6x) (b) 
xsinx+2cosx 

x3 

2(cos2x-sin2x) (d) 2xsec22x-tan2x 
e2x x2 

e-x(sin x- xsinx +xcosx) 

e2x(xsin2x + xcos2x-xsinx) 

e-x(.x; + 1)2 

(1+x2)2 

2x3 

15 (a) 3x+2y = 5 Cb) ( 81,-10) 

ln < t,,;;;, n 
2 

16 (a) 

(b) x + 4 y cos T = cos T + 4 cos T cos 2T 
(c) 1+3cosT=4cosTcos2T 

(d) 8X3-7X-1=0; X=l, T=O 
(e) 1.72, 2.59 

Practice examinations 
forP2 

Practice examination 1 (page 155) 

1 1, ~ 
2 (ii) 2.61 

4 (a) ln3 (b) 2.17 

6 (i) 9.51 units (ii) 69.3 
(iii) 0.0951 units per second 

7 (i) Yi , , y 

e 
(iv) 0.644 

Practice examination 2 (page 157) 

1 2x-1, 3 

2 (i) l<x<5 C 0 ln5 
11) <y<-

ln2 

3 7.5,0.5 

4 (a) fin -ft, .J3 (b) ~n + 1 

5 (i) 1 -a -e (iii) 2.3 

6 (i) 2x(x + l)e2x n 1-ln2x 
11 ~ 

... 1 
(111) -(--) 

x x+l 

e 

7 (i) 
l+cos8 

(ii) tan-11=0.927 ---
2-sin8 

(iii) 1.80, 5.77 
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Answers to P3 

12 Vectors: lines in two 
and three dimensions 
Since-vector equations are not unique, other correct 
answers are sometimes possible. 

Exercise 12A (page 164) 

1 (a) r=(:3)+{~).y=2x-7 
(b) r=(~)+t(}).2x+3y=ll 

(c) r~(~)+t(~).y=7 
(d) r=t(~1).x+2y=O 
(e) r=(~.)+t(~).x=a 

(
cosa) (-sina) . (f) r= . +t ,xcosa+ysma=l 
sma cosa 

2 (a) r = (~) +_t(~) 

(c) r~·(=D+{D 

(b) r=G)+{!1) 

3 (a) (7,3) (b) (S,-5) (c) No common points 

(d) (4.76,3.68) 
(e) The lines coincide, 2x + 3y = 17 
(f) (-1,1). 

4 x=2+t,y=-1+3t; (4,5) 

5 (3,1) 

6 (a), (d), (e) 

7 (a) r=(~)+t(:3) (b) r=G)+{~) 

r=(=!)+{D (c) r=(~1)+t(:1) (d) 

(~) r=(~2)+t(~) (f) r=G)+tG) 

s (a) r=(~1)+sG).r=(-;)+te1}(1.-2) 
(b) (Bj,-5).(4,11~) 

9 (a) Yes (b) Yes 
(c) Meaningless, since 0 has no direction 

r=G)+{-34) . 

10 GJ r=G)+{~3} (4.4) 

11 (2,0) 

12 r=(~1)+tG} x=...:l+t,y=l+2t; 

(-1,1)' (3,9) 

13 (1,8),(-7,-4) 

Exercise 12B (page 168) 

1 (a) r=GJ+t[!J (b) r=t[n 

(c) r=[~1]+t[~1] (d) r=rnl+t[~] 
2 (a) r=[~1]+t[fl (b) r=[i]+t[-~4] 

(c) r=[!]+t[~:J 
3 They all represent the same straight line. 
4 The point lies on line (a) only. 
5 Set (a) lies on a straight line, but set (b) does not. 
6 (a) 2, -3 (b) 3, 1 (c) No solution 
7 (a) (-3,1,5) (b) (3,-5,4) 
8 Any multiple of 1, 2, - 3; the translations are all 

parallel to the same plane. 
9 (4,-3,0) 

10 All i<a + b + c + d); the lines joining the mid­
points of opposite edges of a tetrahedron meet 
and bisect one another. 

11 ie+if; j(a+b+c), i<a+b+c+d) 
12 (a) Intersect at (1,-1,0) 

(b) Parallel ( c) Skew 
13 0.4m 

Exercise 12C (page 172) 

1 5 c 

2 f:J./69 13 
3 3 

4 5 

5 r=i+3j+k+t(-6j-2k), lf.Jls 
Miscellaneous exercise 12 (page 172) 

1 ( ~·l 
2 (a) r=G)+t(!2) (b) (2,1) 

Vc> ---y· 
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3 (a) r=[~J+A[_LJ (b) 25m 

4 (cos2a,sin2a); for all a, the intersection lies 
on the circle with (-1,0) and (1,0) at ends of a 
diameter. 

5 1.68 km, 20 seconds 

6 (a) (i) [-t] (iii) 1, 2m (b) 47 .9° (c) 21 

7 (a) Above (61,77) on the ground (b) 4200 m 
(c) 384kmh-1

, 38.7° 
(d) 386kmh-1,5.35° 

8 (a) (i) 3i + 3j + 4k (ii) 25° 
(b) 5i+9j+12k, -~(15i+123j+164k) 
(c) ~i+ij+2k 

9 (85,-10); 2200 m, 2 minutes 

10 u <-1oru>0.5; 0.5 < u < 0.753 

13 Vectors: planes in three 
dimensions 
Since vector equations are not unique, other correct 
answers are sometimes possible. 

Exercise 13A (page 179) 

1 5x-8y+4z=l 

2 2x-y-z=4 

3 There are many possibilities. Two are (2,0,0) 
and (0,0,1). 

5 5x+y+7z=0 

6 r = [ !
1 
J + t [ ~J 

7 2 .±. 2. 
' 3' 3 

Exercise 13B (page 185) 

. (•) m ~) l ~: J (c) [ ~ J or [!] 
2 (a) -6j or j (b) -lOi +5j or -2i + j 

(c) -2k or k 

3 i-4j-7k, x-4y-7z=23 

4 [tl x+y+z=-3 

5 (a) z.=0 (b) x+y+z=O 
(c) llx+2y+5z=30 (d) 5x+13y+7z=21 

6 (0,0,0), 7 

7 

8 5x+y+7z=O 

9 r =4i+2j-k+t(3i+4j-k) 

10 53° 

11 They lie in the plane 5x + y = 10. 

12 r = -7i +3j +t(33i-9j+k) 

13 r = 4i+2j-3k+t(2i+3j-4k) 

14 2x+y-z=0 

15 5x-y+7z=20 

16 5x-y+3z = 12 

17 (a) r=[~1J+s[!:], r=[~1)+t[~J 
(b) (1,2,-3) (c) cos-

1 k (d) [~J 
Miscellaneous exercise 13 (page 186) 

1 8x+3y+4z = -11 

2 (a) 63.1° (b) r~[~)+t[i7J 
, (•) [,:) (b) ·~UJ{~l 
4 lap+bq+cr-dl 

~a2+b2+c2 

5 2x-3y-8z=28 

7 (a) (5,1,-1) is a point on the line, so the 
position vector of (5,1,-1) is suitable for a. 
The vector 2i - 3 j + k is normal to the plane, 
and therefore lies along the line, so it is a 
suitable choice for b . 

(b) (i) 69° or 111° 

8 (a) r = 2i + j- k + s(i - j), 
r = 5i-2j-k + t(j+2k) 

(c) 71.6° or 108.4° 

(e) 2x+2y-z=7 

9 3x-2y-z=16 

10 (a) 3 
[
-17] 

(b) ~~o 
21 

(c) -../65 

14 The binomial expansion 

Exercise 14 (page 193) 

1 (a) 1-3x+6x2 (b) 1-5x+15x2 

(c) 1+4x+10x2 (d) 1+6x+21x2 



2 (a) l-4x+16x2 (b) 1+6x+24x2 

(c) 1+12x+90x2 (d) 1-x+%x2 

3 (a) 84 (b) -8 (c) -270 (d) 256 

(e) ~ (f) -20a3 (g) 20b3 

(h) i n(n + l)(n + 2)c3 

4 (a) l+jx-~x2 (b) 1+%x-~x2 

(c) 1-ix+~x2 
(d) l+ix+~x2 

5 (a) 1+2x-2x2 (b) 1-x+2x2 

(c) 1-8x+8x2 (d) l+ix+ti&-x2 

6 (a) -i (b) W (c) i.r (d) -i 
(e) 20 (f) ~..J2 (g) -ft,-a3 

(h) fgn(n+2)(n+4)b 3 

7 (a) 1-ix-Js-x2 (b) l+ix2-Js-x4 

(c) 2+{x-okx2 (d) 6+%x-'4-x2 

8 lxl<j 
(a) 4+12x+27x2 +54x3 

(b) {+%x+ftx2 +¥x3 

9 (a) 1-3x-ix2-¥x3 ,lxl<f; 

(b) 1-5x+25x2-125x3 ,lxl<! 

(c) 1-3x+18x2 -126x3 ,lxl<~ 
(d) 1+8x+40x2 +160x3 ,lxl<i 

(e) l+x2-ix
4
+ix

4
,lxl<i..'2 

(f) 2-jx-~x2 -~x3 ,lxl < i 

(g) 10-4x+~x2 -~x3 ,!xi< 5 

(h) l+ix+{x2+ix3 ,lxl<2 

(i) i-~x+~x2 -:frx3 ,!xi< 2 
(j) 2x-Ix4+3x7- 5 xlO lxl<V4 4 b4 m , 
(k) 1+2x-6x2+28x3 ,lxl<i 

(I) j-!¥-..J3x + ~x2 
+ ~..J3x3 , Ix I< ..J3 

10 1+4x-8x2+32x3 ,1.039 232 
(a) 10.392 32 (b) 1.732 05 

11 l+jx-!¥-x2 (a) 5.06578 (b) 9.99667 

12 6 

13 15 

14 1+3x+Jfx2, lxl<{, 4.123 

15 4,6,-100 

16 l+x+2x2+3x3 +5x4 ,l.001002003005 

17 (a) 2-2x+ix2 (b) 1+5x+6x2 

18 -~ 

Miscellaneous exercise 14 (page 195) 

1 1+5x+Jfx2 +ix3 

2 1-2x-2x2-4x3 

3 1-6x+24x2-80x3 

4 1-4x2+12x4 -32x6 

5 2+{x-okx2 ,!xi< 4 

ANSWERS 

6 1_ 3x2 +15x
4 

2a2 8a4 

7 l+ix-ix2 ,a=2,b=-% 

8 1+2x + 3x2 + 4x3
, a= 5, b = 7 

9 4+x-Jkx2 ,lxl<~ 
10 1-jx-~x2 -fix3 

11 l+{x-~x2 

12 i-%x+3x2 

13 n=l5, 1-ix-ix2
, -WJ 

15 lxl<{ 

16 (a) 1-2x+3x2 -4x3 

(b) 1+2x2 + 3x4 +4x6 

(c) 1-4x2 +12x4 -32x6 

17 A=l,B=-1,C=O,D=l,E=-1 
(a) 0.999 700 000 026 9919 

18 1+2x + 3x2 + 4x3
, 1.000 200 030 004 

19 1-{x + :frx2, 1.495 35 

20 1-ix+~x2 +ft;x3 

23 l+ix+~x2 , 3.605 525 

24 1-2x+4x2-8x3 +16x4
, 0.346056,0.69 

25 3+ix+ix2
, 3i4 

26 1-2x2 +15x4
, 0.531 
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15 Rational functions 

Exercise ISA (page 201) 

1 (a) 2x-4 

(c) x2 -3x+6 

(e) (x + 3)(x- 2) 

2 (a) 5 
(d) -1 

3 (a) x+4 

(d) x+6 
x-3 

5x 
4 (a) 12 

(d) x- 7 
15 

5 (a) 8+3x 
4x 
7 

(c) 
12x 

(e) 

(b) l 
4 

(e) 1 

(b) 
. x+7 

(e) x+4 
x-4 

(b) 25x 
12 

4 

(b) 3x+2 

(d) _1_ 
3x+2 

1 
(f) x2+x+1 

(c) 
(f) 1 

3 

(c) 3x+2 
2x+l 

(f) -2(4x+5) 
3x+l 

(c) 7x+ll 
12 

(b) 2 
2x 

(f) 13x+14 
5 

(d) 3x-5 
2x 
2 

(f) x +2x+l 
x2 
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6 (a) 
6x+l0 

.(x + l)(x + 3) 

(c) 2x+l0 
(x+3)(x+4) 

(e) 22x+l9 
(2x+3)(3x+l) 

7 (a) 4x+7 
(3x -1)(2x + 1) 

(c) 8x
2

+13x 
(x+2)(x+l) 

(e) 2x
2 

+6x+5 
(x+l)(x+2) 

8 (a) 4x+5 
(x + l)(x + 3) 

(c) 6x+2 
x(x-3) 

1 
(e) -

x-3 

(b) 13x-l 
(x-2)(2x+l) 

(d) 5x+l3 
(x-3)(x+l) 

26x-20 
(f) (2x + 1)(5x -3) 

(b) 

(d) 6x
2

+17x 
(2x- l)(x + 2) 

(f) x
2 

-2x+l8 
(x+4)(x-2) 

(b) 6x-1 
(x+2)(x-l) 

-4x 
(d) 

(x+2)(x-2) 
5 

(f) 2x-l 

9. (a) 6 (b) 3x (c) 3x+l5 (d) x+3 
x+3 x+l 

(e) 2x+2 
x+3 

(f) (2x + 3)(3x- 2) 
(2x-3)(3x+2) 

10 (a) 2 (b) -~ (c) x+4 
x+2 

(d) (5x - l)(x + 2) (e) 
x-1 

11 a=5,b=l0,c=4 

I 12 X
2 -9 

16x-6 
13 (a) (x+4)(x-3) 

3 
14 (a) x(x- l)(x - 3) 

Exercise lSB (page 206) 
1 1 

l.(a) -+-
. x+5 x+3 

-4 5 
(c) --+­

x-4 x-5 

5 3 
2 (a) -+­

x+2 x-1 
4 6 

(c) -+­
x-3 x+3 

3 5 2 
3 (a) ----+­

x+2 x-1 x-3 

(f) -1 

(b) 7x-77 
(x+4)(x-3) 

(b) 1 
(2x + 1)(3x -1) 

3 7 
(b) -+­

x-1 x+5 

8 4 
(d) ---

2x-l x+3 

5 5 
(b) --­

x-4 x+l 

3 6 
(d) --­

x 2x+l 

9 2 1 
(b) ---+- (c) 

x+3 x+l x-1 

3 5 7 
-+--+-­
x x-6 x+4 

4 (a) 10ln\x-3\-3ln\x-l\+k 

(b) In\ x - 2 \- In\ x + 2 \ + k 

(c) 7ln\ x \+!In\ 2x + 5 \+ k 

(d) ~ln\3x+l\-~ln\2x-1\+k 

5 (a) ln18 (b) ln40 (c) 3lnlf (d) lnfu. 

1 1 
6 -+--, 2+x+5x2+7x3 

l+x l-2x 

6 3 2 3 I I 1 7 -----, 3-18x+84x -360x; x <-
1+4x 1+2x 4 

8 ~+-a­
x+2a x-a 

9 2ln~ 

Exercise lSC (page 211) 
1 1 2 

1 (a) ---+-­
x-1 x-3 (x-3)2 

5 2 1 
(b) -+--+­

.x+2 (x+2)2 x-1 
3 3 3 

(c) ----+--
2x 2(x-2) (x-2)2 

(d) 2 1 5 
2x-l - x+l - (x+1)2 . 

2 (a) 
5 

4ln\ x+ 1 \ +2ln\ x+2 \--+ k 
x+2 

1. 
(b) ln\2x-3\-ln\5x+2\ +k 

· 5(5x+2) 

4 ~+2ln2-lln2 
2 2 5 

5 1-3x+9x2 

Exercise lSD (page 215) 
1 1 

1 (a) -+-­
x-1 x 2 +l 

1 x-2 
(c) --+-­

x+3 x 2 +4 
1 1 

(e) -----
3x+2 x2+16 

2 2+x 
(g) -----

1+2x 4+x2 

3 6x+ 1 
(i) ----2-

x+4 2x +7 

x 
(b) x:l-x2+4 

4 x-4 
(d) 2x-3- x2+l 

1 1-4x 
- 2 (f) 1+4x 4+x 

2 x 
(h) ;- x2 +9 

2 (a) 1-3x+x2+x3 (b) -2x+lj-x2-8x3 

(c) 3-92x+27x2-so 623 x3 
25 .625 

3 4x 1 2(4-x2) 
3 (a) ---+ (b) --+-'----'-

(x+2)2 (x2 +1)2 x2 (x2 +4)2 

1 Bx 
(c) ---+--

(x+4)2 (x2 +16)2 



Exercise lSE (page 219) 

1 1 2 
1 (a) 1+- (b) 1-- (c) 1+-

x x+l x-1 
2 1 1 

(d) 1+--, 1+-· --
x2-1 x-1 x+l 
. x 3 2 

(e) 3- 3+-----
( 2x _: 3 )( x - 2) ' 2x - 3 x - 2 

(f) 4 _ x+9 4 +_1 ___ 2_ 
(2x+5)(3x+l)' 2x+5 3x+l 

2 (a) 
l l 2 

1--+--- (b) 
x 2 x x+l 

1 x-1 
l + - - ----z:;:]" 

2 x-4 
(c) l---+-­

x+4 x 2 +1 

x x 3 
. 2 ___ 2_ 

(d) 2+ x-2 (x+2) 

5 2 - _3 
(e) 3+ x- 2 - x+2 2x-l 

2 _l_+ _3 
(f) -1+~+ 2x-5 2x+5 

2 l _l_ 
(g) l + x - l - ~ - x + 1 

3 4 
(h) 1+2- x+2 

x 

2 4 
(i) 3- x-1 + 4x2+9 

Miscellaneous exercise 15 (page 220) 
l l 

1 --­
x-3 x+l 

2 l l 
2 --+--+­

x x-1 x+l 

l l 3 
3 -+-+-­

x x-1 (x-1)2 

l 1 2 
4 --+-----­

x+2 (x+2)2 3x-l 

5 Inlxl- Inl x+ ll+k 

1 1 1 
6 -+-+-­

x2 x 3-x 

7 -lnlx +ll+2Inlx +2l+k 

8 3x-~+lnlx 2(x-l)i+k 
x 

9 l+lx-§_x2 
4 4 16 

1 1 l 1 
10 ----+-, -lnlxl+-+Inlx-ll+k 

x x2 x-1 x 

11 I 3x-l I 
4x-3 

12 
2x 

(x-3)(x + 3) 

ANSWERS 321 

2 l l 
13 1- +-3 ___ 3_ 

(2x-3)2 2x-3 2x+3 

x+l 2 x-1 
14 (a) ---

2
- (b) --+-

2
-

x 2x + 3 x - l 3x + 2 

2 1 10 15 ---+-, ln-
2x+ 1 x-1 7 

1 1 1 JO 16 --+--, -ln-
7(x+3) 7(4-x) 7 3 

2 2 
17 ---- l+lx+lx2 +-12x3

• lxl<l 
1-x 2-x' 2 4 8 ' 

18 _1_+_1_, l+lx+~x2; lxl<.!. 
2 + x 1- 2x 2 4 s 2 

19 B=l,C=3 

20 A=2,B=2,C=-1; 2+ix-ix2 +ljx3
; i 

1 2 3 
21 -+--2 +--, 2ln2+1 

1-x (1-x) 4-x · 

22 1 + 1 1 +--1 
30(x+3) 30(x-3) 20(x-2) 20(x+2) 

1 2 3 . 
23 ----+--, c0 =0,c1 =5,c2 =6; 

l+x 1-x (1-x)2 

3r+l-(-1)' 

24 (a) 2x3 -3x2 -llx+6 (b) -14 
2 1 

(c) -----
5(2x-l) 5(x+2) 

25 n(2-ln2) 

26 (a) A=l,B=4,C=2 

• 1 
27 (a) ---·, 

x-3 x-1 
1 1 1 1 

----+--+­
(x-3)2 x-3 (x-1)2 x-1 

(c) {¥s-Ini)n 

16 Complex numbers 

Exercise 16A (page 226) 

1 (a) 4 (b) 6i (c) 13 (d) 24i 
(e) 24i (f) -10 (g) 16 (h) -36 

2 (a) 4-i (b) 2+3i (c) 7+0i 
(d) 5+2i (e) 5-5i (f) 8+6i 

(g) ~(1+7i) (h) fci(l-7i) (i) 1-3i 

U) 2+4i (k) i(-1-3i) (I) ~(3+i) 

3 2x-y=l, x+2y=3, x=l, y=l; l+i 

4 (a) 3 (b) -3 (c) 3 (d) -6 
(e) i (f) -1 

5 (a), (b), (d) 
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Exercise 16B (page 230) 

1 (a) -2-5i (b) ~(7-2i) 

(c) i(-5+i) (d) -fs-(7+24i) 

2 (a) z=2,w=i (b) z=l+i,w=2i 

3 (a) ±3i (b) -2±i 
(c) 3±4i (d) i(-1±5i) 

4 (a) 1-7i (i) 2 (ii) 14i (iii) 50 
(iv) -fs-(-24+7i) 

(b) -2- i (i) -4 (ii) 2i (iii) 5 
(iv) !(3-4i) 

(c) 5 (i) 10 (ii) 0 (iii) 25 
(iv) 

(d) -3i (i) 0 (ii) 6i (iii) 9 
(iv) -1 

5 (a) (z-5i)(z+5i) 
(b) (3z-1-2i)(3z-1+2i) 
(c) (2z+3-2i)(2z+3+2i) 
(d) (z-2)(z+2)(z-2i)(z+2i) 
(e) (z-3)(z+3)(z-i)(z+i) 
(t) (z-2)(z + 1-2i)(z + 1+2i) 
(g) (z + l)(z - 2 - i)(z - 2 + i) 
(h) (z-1)2 (z+l-i)(z+l+i) 

6 1-i' -1+2i, -1-2i 

7 -2-i, 2+.J7i, 2-.fii 

10 as -10a3b2 +5ab4
, 5a4b-10a2b3 +bs; 

as -10a3b2 + 5ab4
, -5a4 b+ 10a2b3 -bs 

_Exercise i6C (page 235) 

3 (a) ±1,±i 

(c) -2,1±3i 

(e) ±2i.i(-1±-J3i) 

4 -1,q(u-J3i) 

(b) -1.Hu-J3i) 

(d) -3,1,-l±.J2i 

5 (a) Circle centre (') radius 5, x 2 + y2 = 25 
(b) Line x=3 / (c) Line x=3 
(d) Line y=l -
(e) Circle centre 2+0i radius 2, 

x2 +/-4x=O 
(t) Line x = 2 (g) Line y = 2x+3 
(h) Circle centre i + 0 i radius Ji- , 

x 2 +l-x =2 
(i) Parabola y2 = 4x 

6 (a) Exterior of circle centre 0 radius 2, 
x 2 +y2 >4 

(br interior and boundary of circle centre 0 + 3'i 
radius 1, x2 +y2-6y+8""'0 

(c) Half-plane including boundary, x + y""' 0 
( d) Interior of circle centre -1 + 0 i radius 2, 

x2 + y2 + 2x - 3 < 0 

11 If in a triangle ABC , 0 is the mid-point of BC, 
then AB2 + AC2 = 20A2 + 20C2 (this is 
Apollonius' theorem). 

Exercise 16D (page 239) 

1 (a) 1-i, -l+i _ 
(c) 3+2i, -3-2i 

2 (a) i,-1-i 
(c) -1-i, -3+i 
(e) 1,-2-i 

(b) 1+2i, -1-2i 
(d) 3-i, -3+i 

(b) 2,-3+i 
(d) -2i,-l+i 

3 (a) 2+2i, -2-2i, 2-2i, -2+2i 

(b) -}.J2(3+i), -}.J2(-3-i), i.J2(1-3i), 

i.J2(-1+3i) 

4 -2i, -J3+i, --J3+i 

5 -1-i; z2 -(l+i)z+2i=0; 

Hi+-J3)+H1--J3)i, Hl--J3)+H1+-J3)i 

Miscellaneous exercise 16 (page 239) 

1 3-4i 

2 -3i' j 
3 1-3i; z3 -4z2 +14z-20=0 

4 (a) 3, 3 (b) 4i 

5 5-2i, -5+2i 

6 3-i' -3+3i 

7, -2i, -2-2i, -4 
(a) p=-4, q=2 (b) 1-i, l+i,-1, -4 

8 2 

-9 z3 = 3z1 , z4 = 4z1 ; Zn= nz1 , correct for n = 5. 

10 (a) kz 2 +2iz-k=O; a=l, b=-1, c=O, 

d=l 
(b) a is real and negative. 

(c) /3-fki=-( : )(2k+(1-k2)i) 
2 k +1 

17 Complex numbers in 
polar form 

Exercise 17 A (page 242) 

1 (a) I+-J3i 
(c) 0-5i 
(e) -4.16+9.09i 

2 r(cos8+isin8) where 

(b) -5.J2 + 5.J2 i 
(d) -3+0i 
(t) -0.99-0.14i 

(a) r=2.24,8=1.ll (b) r=5,8=-0.93 
(c) r=7.81,8=2.27 
(d) r~l0.63,8=-2.29 

(e) r=l,8=0 (t) r=2,8=!n 



(g) r = 3, (} = n 
(i) r = 2, (} = -!n 

5 (a) -2+2.J3i 
(c) -3-6i 
(e) 2-2.J3+i 

6 (a) .J3 + i 
(c) -3+4i, -9+4i 
(d) +i.J2+(2±i.J2)i 

7 ln 
5 

8 -in 
9 ln 

4 
10 ln 

3 
11 .JS 
12 ln 

3 

Exercise 17B (page 247) 

1 r(cos(}+isin(}), where 

(a) r=2,(}=~n 

(c) r=!,.e=-fz-n 

(e) r=2,(}=tn 

(g) r = 4, (} = jn 

(i) r = 8, (} = 0 

(k) r=2,(}=-t1f 

(m) r = 2, (} = -fz-n 

(o) r='i.e=-in 

(q) r=l,e=-jn 

2 2(cos~n + isin~n) 
5 (a) cose-isin(} 

(c) r(cose-isin(}) 

(h) r=4,(}=-tn 
(j) r = 2, (} = ~n 
(b) 1+2i 
(d) 1+.J3i 
(f) (1-.J3)+(1+.J3)i 

(b) 3+4i 

(b) r=2,e=fz-n 

(d) r=8,(}=-!n 

(f) r -l (}--!l~ - 4' - 12 ,. 

(h) r=16,e=jn 

(j) r = 1, e = H n 

(1) r=2,e=fz-n 

(n) r = 4, (} = j n 

(p) r=l,(}=-jn 

(r) r=2,(}=-in 

(b) cos(}-isin(} 

(d) !(cos(}-isin(}) 
r 

6 2(cosjn+isinjn), 

.JZ(cos{-in)+isin{-!n)); -.J3 +i 

7 (a) 29+278i (b) -122-597i 
(c) (-8.432 + 5.376i)x10-5 

8 (a) -!n (b) in · (c) jn (d) jn 

9 (a) !n (b) -!n (c) -!n 

10 The semicircle in the first quadrant of the circle 
with 3 and 4 i at ends of a diameter 

11 The line segment AB 

12 The major arc of the circle with centre -1 
passing through i and - i cfli ./ ! / 

-p;;:. ( ./ 
13 (a) sec(},(} (b) -s .~ ),; 

(c) -sece,e-n (d) s ce,6i~' 

ANSWERS 

14 (a) 2sine,e-!n (b) -2sine,e+!n 

Exercise 17C (page 250) 

1 -2+4i, 4+2i 

323 

2 (3+2.J3) +(3.J3-2)i' -(2.J3-3)-(3.J3 + 2 )i 

3 ±2.J3+(3±.J3)i 

4 ~(1-5i) 
7 (a) 6+3i (b) m6+3i) (c) ~(6+3i) 

8 (a) lO(l+i) (b) lf-(l+i) (c) 8(1+i) 

11 (1-i)a+ic, (l+i)b-ic, i(a+b)+i(b-a)i; 
M is the third vertex of an isosceles right-angled 
triangle having AB as hypotenuse. 

12 3-3i, 5+3i, 4i, -2 

Exercise 17D (page 254) 

1 (a) ±2(cos~n+isin~n) 

(b) ±3{costn-isintn) (c) ±(1-i) 

(d) ±(2+5i) (e) ±(1.098 ... +0.455 ... i) 

(f) ±(3-2i) 

2 (a) ±{2+2.J3)i (b)±{.J3+i), ±{1-.J3i) 

3 e' - e'* is imaginary, e' + e'* has modulus 1. 

5 (a) e~'", e4"i (b) ±vfe(cosl+isinl) 

6 i tany 

10 ecose, sin(} 

Miscellaneous exercise 17 (page 255) 

1 (a) seca (b) 4seca (c) tn-a 
(d) ~n-a 

2 5, -0.927 (a) i (b) 0.120 

3 6 

4 Circle with centre 3 + 4i and radius 2 
(a) 7 (b) 2sin-10.4"'0.823 

6 Interior and boundary of the circle with centre 
-2+2.J3iandradius2 (a) 2 (b) %n 

7 (a) -3±5i (b) .../34, ±2.11 (c) 10 

8 (a) 1 5 4n, 6n 
11 (b) 8, - 12n 

( c) Perpendicular bisector of line segment 
joining points representing a and /3 

(d) lln 
24 

9 (a) -3-4i, 11-2i; -1-2i, -5 
(b) .JS, ±2.03; 5, n 

10 (a) 2, kn; 4-v'z, in; 8-v'z, ~n; 

!.J2, -tn 

(b) -8+8i 

J 
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11 (a) 1--J3i, -~ 

(b) 2, ~n; 2, -~n; 4,0; 1, ~n 

( c) Circle with centre 1 + -J3 i and radius -J3 
(d) 1_:_-J3i 

12 (a) (i) Line through A parallel to OB 
(ii) Line AB 
(Iii) Circle having AB as a diameter 

13 \f(l)-f(0)\=1 
If g(z) = z and g( w) = w *, 
then lz-w * l=I z-w I, (z-z *)(w-w*) = 0, 
Imzxlmw=O,so Imz=Oorlmw=O; 
g(z) = z or g(z) = z *; 
f(z) =a+ /3z with \ /31=1 (rotation then 
translation) or f(z) =a+ /3z * with I /31=1 
(reflection in real axis then rotation then 
translation) 

18 Integration 

Exercise 18A (page 261) 

1 (a) 2Inl,/x-2l+k 

(c) 2cos(~n-!-x) + k 

(b) _l_+k 
3(3x+4) 

(d) t(x-1)6 +~(x-1)7 +k 

=Jz(6x+l)(x-1)6 +k 

(e) · ln(l+ex)+k (f) !-In(3+4,/x)+k 

6 5 3 
(g) 5(x+2)' -4(x+2)' +k 

=%(3x+4)(x+2)! +k 

(h) 6(x-3)! +~(x-3)!+k 

= ~(x +6)-J x-3 + k 

(i) ln(lnx)+k U) sin-'(ix)+k 

2 (a) io(2x+1)5 -rt,(2x+1)4 +k 

= Jo-(8x -1)(2x + 1)4 + k 

(b) ,jg(2x-3)7 +f.r(2x-3)6 +k 

= ds-(12x +31)(2x-3)6 + k 

(c) f;.(2x-l)f +rtJ(2x-1)~ +k 

= f;{3x+ 1)(2x-l)f +k 

(d) 4(x-4)~ +j(x-4)f +k 

=j(x+2)-Jx-4+k 

1 
(e) ln\x+l\+-+k 

x+l 

(f) !-x-~ln\2x+3\+k 

3 (a) ~sin- 1 3x+k 

(b) ~sin-'{xtix~16-9x2 +k 

(c) tln(2ex +l)+k 

(d) ~(x+l)Li(x+l)t +k 

= rlr(2x-3)(x+ l)t + k 

x 
(e) c--;; +k 

\ll-x2 

(f) -4lnl2-Fxl-2Fx+k 

4 (b) tan-1 ex+k 

5 (a) lJnlex +ll+k 
2 ex -1 

(b) 2ln ,Ix -- +k 
.,Jx +I 

Exercise 18B (page 263) 

1 (a) ln(i(l+e)) (b) 2ln2 (c) fi 
(d) Ifs- (e) kn (f) 109fs-

(g) 8n (h) i( tan -I 3- tan-1 t) =in 
(i) ! U) !"'3 (k) 3In1 

2 ln-l 
4 2 

3 (a) in 
(d) n 

(b) !n (c) !n 

(e) I-i.J2 (f) !n 

4 a -
1
-

( ) 2(ln 2)2 (b) ln2 

(c) 2(1- ln 2) 

7 n 

(d) 

Exercise 18C (page 266) 

1 (a) Hx2 +1)
4

+k 
3 

(b) j{4+x2
)

2 +k 

(c) isin6 x+k (d) ~tan4 
x+k 

(e) -~1-x4 +k (f) -lcos4 2x+k 

2 (a) -A-(1-x2
)

6 
+k (b) -i(3-2x2 )f +k 

J 

(c) -i:J-(5-3x3f +k (d) 

(e) ~sec 4 x + k (f) 

j~l+x3 +k 

rt,sin 4 4x+k 

3 (a) ln(l+sinx)+k 

(c) In\ sinx \+ k 

(e) -~ln\5-e3x \+k 

(b) jln\ 1 +x3 
\+k 

(d) ln(4+ex)+k 

(f) jln\sec3x\+k 



4 (a) ln(e+l) (b) !-ln2 (c) !-lnj 

5 (a) 1 
(d) ~-.fi 

(g) .! 
3 

(b) 78 

(t) i 
(h) __! 

n+l 

(c) ~( 4--.fi) 

<o H 10-JW -1) 
(i) ]_ 

3 

6 -
1-[1- l n 1] if n;tl, 

2(n-1) . (l+a2) -

.!1n(l+a2) if n=l· n>l· -
1
-

2 ' ' 2(n-1) 

Exercise 18D (page 270) 

1 (a) sinx-xcosx+k (b) 3(x-l)e' +k 

(c) (x+3)e' +k 

2 (a) t(2x - l)e2' + k 

(b) · ixsin4x+fi,cos4x+k 

(c) ix2(21n2x-l)+k 

3 (a) -kx6 (61n3x-l)+k 

(b) t(2x-l)e2x+l +k 

(c) x(ln2x-l)+k 

4 (a) i{e2 +1) (b) !--.fi(4-;rr) 

ne•+l +1 
(c) (n+l)2 

5 (2-x2)cosx+2xsinx+k 

(a) i(2x2 -'2x+l)e2' +k 

(b) 2(x2 -8)sin!-x+8xcos!-x+k 

6 1-3e-2, in(l-13e-4
) 

7 ~ ;rr , 3i4 ;rr2 ( 2;rr2 - 3) 

8 (a) -!-(1 + e") 
(b) .!.e4

" -.!.e-4
" 

IO IO 

(cf a-e-2""(acos2b;rr-bsin2b;rr) 
a2 +bi 

I 9 (a) 2 (b) .± 
3 

Miscellaneous exercise 18 (page 271) 

I . I I 1 1 -ln 2x-1 ----+k 
2 2(2x-1) 

2 2ln2-j 

ANSWERS 

3 .!tan-1 ±-x+k 
6 3 

4 1:0 
5 L.!.e3 

4 12 

6 (a) xcos-1 x-~1-x2 +k 

(b) xtan-1 x-!-ln(l+x2 )+k 

(c) x((lnx)2 -2lnx+2)+k 

7 .!;rr -1 
2 

8 .!tan-1 .!e' +k 
2 2 

9 ln(1+3x2 )+k 

10 !-lnlO 

11 ~sin 5 x+k 

12 2.fx°-2ln(l+.fx°)+k 

13 (a) ix(4x-l)i-~(4x-1)~ +k 
2 3 4 5 

(b) - 3 x(2-x)2 - 15(2-x)' +k 

(c) ~x(2x+3)i-fs(2x+3)~ +k 

16 ~(3x-1)6 +~(3x-1)5 +k 

17 l;rr+.! 
8 4 

18 (a) +x(l+x)7 -~(l+x)8 +k 

(b) fsX(3x-1)5 - 2~0 (3x-1)
6 +k 

( ) 1 x(ax+ b}13 1 (ax+ b)14 
k 

c 13 182 " + 

19 1-2e-1 

20 16 

a a 

21 ;rr(8ln2-3) 
3 4 5 

22 2x(x-1)2 - 5 (x-1)2 +k 

23 1.701; exact value is tln1201 

24 (a) 0.70 · (c) 1.69 

(d) n(-1-+~;rr)zl.71 

25 l;rr 
4 

26 3;rra2
, 5;rr2a3 

27 .!;rrc2 l;rrc3 
4 , 3 

·2s l;rra2 
8 

".:,l 
l'-

325 

29 (a) A=-1,B=l,C=l I (b) a=!-\b=-2 

30 2+2ln5-3ln3 \ 
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19 Differential equations 

Exercise 19A (page 277) 

1 (a) y = x 3 
- 5x2 + 3x + k 

(b) x = it-fi-sin6t+ k 

(c) P = 500e0
·
011 + k 

(d) u=k-50e-2' 

(e) y=~,/x(x+3)+k 
(f) x = lnsint + 2sint + k 

2 (a) x=5e0
·
4'-4 

(b) v = 3-3cos2t-2sin3t 

(c) · y = -ln( 1- t2) 

3 (a) 
1 

y=lnx+--1 (b) y=2,/x-4 
x 

(c) y=x-2ln(x+l) 

4 14.1 s 

5 2 

6 -6-~n, 2.237 

7 y=k-ix2 

8 0.483m; -O.lh+0.0483 

9 (a) A+kt (b) A+k(t-
4

1
nsin2m) 

(c) A+k(t+ }nsin~nt) 
(d) ( 1 . 5 . 

A+k t--sm2nt+-sm~nt 
4n 4n 

5 . 11 .. ·. 5 · 9 ) - --sm-n t---sm-n t 
176n 5 144n · 5 

All give A+ lOk 

Exercise 19B (page 284) 

1 (a) 
1 

y=--
k-x 

(c) x = Ae 4
' 

(e) x = cos-1(k-t) 

2 (a) x =3e-2
' 

ex 
3 (a) y=--,x<ln2 

2-e' 
-.lb.)_ __ y = -ln(3-x), x < 3 

··. - ---,11inutes 

I 
I 

(b) y = sin-1 ex-k 

(d) z = -ht+c 

(f) u=~hax+c 

1 
(b) u= ~ 

1-2t 

dh 
7 (a) - = 0 when h = 25, so the tree stops 

dt 
growing. 

(b) dh=o.2..J25-h, t='-10..J25-h+5o 
dt 

( c) (i) 1.0 years (ii) 10 years 

( d) h = t - 0 .0 lt2 for 0 :;;; t :;;; 50 

8 m = j ; enlargement factors over the 4 months for 

m = j and m = t are 25 .6 and 35 .3 respectively. 

Exercise 19C (page 289) 

1 (a) /=x3 +k (b) l=x2+k 

2 

3 

4 

l.x2 
(c) y = ce 2 

4x 
y=-

x+l 

(d) y2 =~21n\x\+k 

x 2 + y2 = k; a set of circles with centre (0,0), 

x 2 +y2 = 25 

(x + 1)2 + (y-2)2 = k, circles with centre (-1,2) 

5 (a) y=...fi_x~ (b) y = s..nx-~ 
(c) ' I smy=2-COSX (d) cosy= 2cosx 

6 v2=k-oix2; v2 =m2(a 2-x2) 

7 (a) y2+1=k(x2 +1)
2

, k>O 

(b) secy= csecx, c * 0 

8 (a) 
2 

(b) 2sinxcosy = 1 y=--
2-x 

(c) y=g x-1 
(d) y=2secx 

9 (a) y= 
2(1-kx4

) 
(b) y=ln(k+xlnx) 

l+kx4 

(c) y2 =4(k+tanix) 

IO y= kx" 

11 (a) n = 5000e O.Ql(0.051-50sin0.021) 

(b) 3150 

12 v2 = 20R2 + y2 -20R 
x 

Miscellaneous exercise 19 (page 290) 

1 y=x2+7x+31nx+2 

2 t=~ 
20-z 

3 y=x3 -4x2+5x+3; 

(1,5) maximum, (j.4#) minimum 



4 (a) 
1 

27tr' 2nr 

1 
(c) A=l-(t+l)2 

d.x 
5 -=-kx 

dt 

(b) 3 
nr(t+l) 

6 (a) The number of people served in each 

minute; x = 0.7t2 -4t + 8 

7 (a) 400x2 + 25y2 = 4 (b) (±0.1,0), (0,±0.4) 

dN 
8 N = 3000e0

.0
21 +5000, 35 days; dt = -loN - F; 

ANSWERS 

since N decreases, dN < 0 but I dN I gets larger, 
dt dt 

so N decreases with increasing rapidity. 

9 (a) T = 470- 6x, 360 °C 

dT 1 2 
(b) -=-kx T=380--x d.x , 10 

10 (a) q=Q(l-(1-A.)e-k') 

11 y=±~k(x-1)2 e 2x +l 

12 lny=t+(-t+!-x)e2
x 

13 2 minutes; t7' 

14 (a) 12, 4i, rateofincrease~O, N will 

never exceed 500 
N 4N 

(c) t=lOln---+k, t=lOln---, 
500-N 500-N 

18 years 

mAek' 
15 p=--k-t; 54000; 

l+Ae 

f 5
4 000

__,.--5---
5

.,.- dp, 3 .0 years 

30 000 p(1-(100
1
ooo p) ) 

16 y2 =l+ccosec2x 

3 3 
17 y= In x+l _k; y= lne3(x+l) 

x-2 2(x-2) 

18 y = Vt(4+6x-3sin2x) 

19 (l+y)e-y =(1-x)ex 

327 

20 P = 600ek', P = 600e0.005i-0.4 sino.o21 ; i:he model 
P = 600ek' is not consistent with the data; the 
model P = 600e 0·005•-0-4sino.ozi is consistent with 
the data, given to the nearest 100. 
Smallest number is 549. 

21 (a) 

(b) 

According to the model, £745. 

£ 4~0 .JS per hour, which is approximately 

£298 per hour. 

22 (a) p =Poesinkt (b) e 2 

23 0.185; minimum 

Revision exercise 3 

(page 296) 
I I 

1 _l _ ___L 
r r+2 

2x-2 2 
2 (x+2)(x2-2x+4), x2-2x+4- x+2' 

a=-l,b=3 

3 (a) ~.J3-j+Jhn (b) 2(.J2-1) 

(c) {n-~n2 -iln2 (d) -fs-(et" -1) 

4 (a) 2+i (b) -2±3i (c) i,2+i 
(d) z=2+i,w=i 

5 (a) (i) 1, 0 (ii) 1, n (iii) 1, 0 
(iv) 1, n (v) 1, W (vi) l, W-2n 
(vii) 1, W (viii) 1, W+2n 

(b) (i) 2, 0 (ii) 0, undefined 
(iii) 2, 0 (iv) 0, undefined 
(v) 2cos8, e (vi) -2cos8, e-n 
(vii) 2cose, e (viii) -2cose, e+n 

7 (a) (x-l)(x2 +x+l), (x+l)(x2 -x+l) 

(b) (z-l)(z+i+i.J3i)(z+i-i.J3i), 

(z + 1)( z-i +i.J3i)(z-i-i.J3i) 

(c) -1,l;noroots; -1,1 

(d) +1 + 1 + 1 r;:;3" +· + 1 r;:;3+ 1 " - '-i-i"" 1 • - 1 • -2""-21 • 

±1, ±i, ±i±i.J3i, ±i.J3 ±ii (where the 

± signs are independent of each other) 

8 l+-'-x-lx2 +-'-x3 -~x4 

2 2 2 8 

9 The point does lie on the line. 

10 (b) cos 2/3 + i sin 2/3 
(e) Plies on a circle through A and B with 

centre C. 
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11 (a) --}cos(2x+in)+ic 

(b) -}x-fz-sin6x+k (c) isin3 2x+k 

12 r =GJ+{ ~~J. (-5,2,4) 

13 1-lx+~x2 -2-x3 
2 8 16 

14 ~ 

15 r = [ ~1 J + s[ ~1 J 
16 3y = 4x +2 

17 a=nc, b=-}n(n-l)c2
; 

a 2 -2b a 2 

c=--,n=--
a a 2 -2b 

18 1-2x+3x2 -4x3 + ... , 

1- 3x + 6x2 
- 10x3 + .. . 

19 (a) ln2 (b) -f3n-~n2 

1 1 1 1 1 1 
20 _L+_L, __lL_+__lL_+ 32 + 32 ; 

l+x 3-x (l+x)2 (3-x)2 l+x 3-x 

-}In3, (fz-+~ln3)n 

22 (b) P = 108 OOOeO.OOI(IO-nr)r 

(c) E.g., no immigation or emigration. 
(d) m=l0(1-ln2) 
(e) If the death rate were zero, i.e., the lowest 

possible, the population would take 
100ln2 "'69 years to double. 

23 1.97; 500' 3550 

24 (a) 4 metres (c) -k, 2i 

(d) (~t)i-6j+(Jit-2)k, fo-t2 -~t+40, 
6.26m 

4-3x 3 
25 (a) r;::--- (b) -i

5
(4+3x)(2-x)1+k 

2'\/2-x l 

26 2x-2y+z=3 (a) 4 (b) 7.76 

27 (a) 22 (b) 12i-15j-9k; 2.27 

28 3i+4j+k, 3x-2y-2z=-1 

29 tn 2 + 3n In 2- 2n In 3 

~-- · -"""i\,minations 

,ilnation 1 for P3 (page 300) 
~ .,. 
;2 
I 

3 6 

4 (i) Inn= l+ln5000-e-0
·
01

' 

(ii) n ~ 5000e"" 13600 

s (i) 56.8° 
(ii) E.g., (-1,1,-2), (-3,0,-6) 

(iii) r=[~l]+t[!J 
6 (ii) 111.5 

7 (
. 1 x 
1) -----

x-2 x 2 +1 

8 (a) 

9 (i) 

10 (i) 

4x2 Inx--i-x2 +k (b) ln3 

y - 2x = 1 (iii) 0.77, 0.4 

I 

(ii), (iii) 

Practice examination 2 for P3 (page 302) 

1 x >- ln0.025 "" 3_36 
ln3 

2 (i) 0.551 
(ii) Overestimate, since graph of y = secx 

bends upwards 

3 (ii) 1.26 

4 
cos2x - 2xsin 2x 1 

--n 
cosy ' 2 

5 (a) 2x-1,l (b) k=~ 

6 (i) R = JlO, a= 18.4 
(ii) 69.2, 327 .7 

7 (ii) In~ 

8 (i) 4, ~7r (ii) ±(-J3 + i) 

(iii) 1- i(-J3 + '12)' - 1 + i(-J3 - '12) 

9 (i) dV=Cx 2 dx (iii) lx1=-At+k 
dt dt 5 

(iv) ~ 
31 

10 (i) [l J (ii) x+2y-4z = 9 

(iii) [ ~: J (iv) 61.9° 
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addition formulae 
for sines and cosines, 70 
for tangents, 72 

addition 
of complex numbers, 224 
of polynomials, 4 
of rational functions, 199 

algebraic fractions (see rational functions) 
angle units, 65 
Argand diagram, 231 
argument, of complex number, 241 
ascending order, 3 
astroid, 138 

binomial approximations, 191 
binomial expansion, 190 
binomial series, 190 
binomial theorem, 188 
boundary condition, 

of differential equation, 276 

cardioid, 139 
cartesian equation 

of a line in two dimensions, 175 
of a plane, 177 

circle, equation of, 141 
coefficients of polynomial, 3 

equating, 7, 203. 
common perpendicular 

to two vectors, 183 
complex numbers, 224 

addition of, 224 
Argand diagram, 231 
argument of, 241 
conjugate, 227 
division of, 225, 245 
equating real and 

imaginary parts, 225 
equations with 

complex coefficients, 236 
real coefficients, 229 

exponential form, 253 
geometrical representation of, 231 
imaginary axis, 231 
imaginary part of, 224 

complex numbers (continued) 
modulus of, 232 
modulus-argument form, 241 
multiplication of, 225, 245 
real axis, 231 
real part of, 224 
solving equations, 227 
spiral enlargement, 248 
square roots of, 236, 251 
subtraction of, 224 
triangle inequalities, 234 

conjugate complex numbers, 227 
operations with, 228 
as roots of polynomials, 229 

consistent equations, 168 
constant, 3 
constant term, 3 
cosecant, 66 
cosine 

derivative of, 85 
integral of, 90 

cotangent, 66 
cubic polynomial, 3 
cusp, 135 

decimal search, 109 
degree 

of a polynomial, 3 
of product of polynomials, 5 
of quotient of polynomials, 9 
of remainder, 9 

dependent variable, 278 
derivative 

of bx, 51, 61 
of cosine, 85 
of ex, 53 
from parametric equations, 134 
of lnx, 56 
from implicit equations, 144, 148 
of product, 100 
of quotient, 104 
of secant, 86 
of sine, 85 
of sum, 99 
of tangent, 104 
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descending order, 3 
differential equation, 275 

boundary condition, 276 
for exponential growth, 284 
general solution of, 275 
initial condition, 276 
particular solution of, 276 
separable variables, 286 
solution curve, 275 
switching variables in, 280 

differentiating, see derivative 
distance from a point to a line, 169 
divided out form 

of improper fractions, 217 
division 

of complex numbers, 225 
in polar form, 245 

of polynomials, 9 
of rational functions, 200 
rule for logarithms, 35 

divisor, of polynomial, 9 
double angle formulae, 73, 90 

e,37,52 
equating coefficients, 7, 203 
equating real and imaginary parts 

of complex numbers, 225 
equations involving modulus, 23 
equivalence, 22 

symbol for, 26 
expansion, binomial, 190 
exponential form of complex number, 253 
exponential function, 31, 52, 254 

derivative of, 51, 53, 61 
exponential growth (and decay), 30 

graph of, 41 

factor theorem, 13 
extended form, 14 

general solution 
of a differential equation, 275 

graph of exponential growth, 41 

identically equal, 7 
identity, 7 
imaginary axis, 231 
imaginary number, 224 
implicit equations, 142 
improper fraction, 

of rational fonctions, 216 
independent variable, 

of differential equation, 278 
inequalities involving modulus, 24 
initial condition, 276 

integrating 
cosine, 90 
f'(x)/f(x), 266 
1/x, 57, 60 
sine, 90 

integration 
by parts, 268 

definite integrals, 269 
by substitution, 258 

definite integrals, 262 
reverse substitution, 264 

iteration, 113 
convergent, 113, 116 
divergent, 114 

iterative solution of equations, 112 

leading coefficient of polynomial, 3 
lemniscate of Bernoulli, 151 
line, vector equation of, 161, 165 
linear polynomial, 3 
Lissajous figures, 140 
logarithm, 33 

division rule, 35 
multiplication rule, 35 
natural, 55 
nth root rule, 35 
power rule, 35 · 
properties, 35 

logarithmic differentiation, 149 
logarithmic scale, 38 

mathematical model, 44, 276 
modulus function, 18 

algebraic properties of, 20, 234 
of complex number, 232 
equations involving, 23 
inequalities involving, 24 
graphs of, 18 

modulus-argumentform, 241 
multiplication 

of complex numbers, 225 
in polar form, 245 

of polynomials, 4 
of rational functions, 200 
rule for logarithms, 35 

natural logarithm, 37, 55 
normal equation of a plane, 176 
normal to a plane, 176 
nth root rule for logarithms, 35 

parameter, 132 
parametric equations, 132 

differentiating, 134 
converting to cartesian 

equations, 133 



partial fractions, 203 
algebraic method, 208 
divided out form, 217 
equating coefficients method, 203 
for improper fractions, 217 
with quadratic denominator, 211 
with a repeated factor, 207 
with simple denominator, 204 
substitution method, 204 

particular solution 
of a differential equation, 276 

perpendicular, 
common to two vectors, 183 

plane, 176 
cartesian equation of, 177 
normal equation of, 176 
normal to, 176 

polar coordinates, 241 

polynomials, 3 
addition of, 4 
ascending order, 3 
coefficients of, 3 
constant, 3 
constant term of, 3 
cubic, 3 
degree of, 3 
descending order, 3 
division of, 9 
leading coefficient of, 3 
linear, 3 
multiplication of, 4 
non-real roots of, 229 
number of roots of, 238 
quadratic, 3 
quartic, 3 
subtraction of, 4 
terms of, 3 
zero, 4 

power law models, 45 
power rule for logarithms, 35 
product rule, for differentiating, 100 
Pythagoras' theorem, 

trigonometric forms, 67 

quadratic polynomial, 3 
quartic polynomial; 3 
quotient, 9 
quotient rule, for differentiating, 104 

radians, 65 
rational functions, 198 

adding, 199 
dividing, 200 

INDEX 

multiplying, 200 
simplifying, 198 
splitting into partial fractions, 203 
subtracting, 199 

real axis, 231 
real part of complex number, 224 
reciprocal integral, 57, 60 
remainder, 9 
remainder theorem, 10 

extended form, 11 
root, of equation, 108 

secant, 66 
derivative of, 86 

separable variables, 286 
series, binomial, 190 
sign-change rule, 108 
sine 

derivative of, 85 
integral of, 90 

skew lines, 166 
solution curves, 275 
solution, of equation, 108 
spiral enlargement, 248 
square root of complex number, 236, 252 
subtraction 

of complex numbers, 224 
of polynomials, 4 
of rational functions, 199 

sum rule, for differentiating, 99 

tangent, derivative of, 104 
terms, of polynomial, 3 
trapezium rule 

accuracy of, 124 
with n intervals, 124 
simple, 123 

triangle inequalities, 234 
trigonometric identities, see 

addition formulae, 
double angle formulae 

trigonometric limits, 83, 84 

variables 
dependent,278 
independent, 278 
separable for 

differential equation, 286 
vector equation 

of a line, 161, 165 
vector product, 183 
vectors, common perpendicular, 183 

zero polynomial, 4 
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